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ABSTRACT. We provide a qualitative analysis of the n-dimensional dynamical
system:

n
. Agj .
G=-3 % w50 =1
=19

where k is an arbitrary positive integer. Under mild algebraic conditions on
the constant matrix A = (a;;), we show that every solution q(¢), ¢t € [0,a),
extends to a solution on [0,+00), such that lim;— 400 qi(t) = 400, for ¢ =
1,...,n. Moreover, the difference between any two solutions approaches 0 as
t — +o0o. We then use this result to give a complete qualitative analysis of a
3-dimensional dynamical system introduced by F. Gesmundo and F. Viani in
modeling parabolic growth of three-oxide scales on pure metals.

1. INTRODUCTION

A metal oxide is a compound containing oxygen and metal. For instance, com-
mon rust is caused by the oxidation of metal. Certain pure metals can form different
oxides, and oxidation of such metals produces a multilayer oxide scale on the metal,
where the oxide layer containing the highest concentration of metal is in contact
with the surface of the metal, while the oxide layer containing the highest con-
centration of oxygen is in contact with the gas or oxygen to which the surface of
the metal is exposed. In the article [2], F. Gesmundo and F. Viani analysed the
parabolic growth of three-layer oxide scales on those metals which can form three
oxides. They obtained the following nonlinear three-dimensional dynamical system
as a model for the growth of such scales:
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Here K; > 0 (i = 1,2, 3) are rate constants, u, v are parameters, and ¢; > 0 is the
weight of oxygen contained in oxide ¢ per unit area.

In the paper [1], H. C. Akuezue, M. W. Hirsch, and the author of the present
paper studied the following n-dimensional nonlinear dynamical system:

n
(1.2) Gi=-3 . g)>0, i=1....n.
i=1 U

In that paper we established that under mild algebraic conditions on the real n x n
matrix A = (a;;), the trajectories of (1.2) are well-behaved in the sense that every
solution q = (q1,-..,4n) : [0,a] = R™, 0 < a < 400, can be extended to a solution
on [0,400), such that lim;— o q;(t) = +00, i = 1,...,n; moreover, the difference
between any two solutions is bounded as a function of ¢. Finally, if A is also
irreducible and tridiagonal, then all solutions are eventually monotone increasing on
[0, +00). We then used this information about (1.2) to obtain a partial qualitative
analysis of the dynamical system (1.1). We obtained the result that if pu,v > 1,
then (1.1) has a unique parabolic solution of the form ¢;(t) = ¢; V%, ¢; > 0, t > 0,
i =1,2,3. We then conjectured that every solution of (1.1) in R} is attracted to
this parabolic solution, where, for n any positive integer, we define

R}, ={(z1,...,2n) eR" | 2; >0, i =1,...,n}.

In the present paper, we study equation (1.2) as a special case of the more general
n-dimensional nonlinear system:

n

s
(1.3) Gi=-> =& @t)>0, i=1,..n, te[0,+o0).
=1 9
J
Here, k > 1 is an arbitrary positive integer and A = (a;;) is a real n x n matrix.
We show that if the matrix A satisfies the same algebraic conditions mentioned

above in relation to (1.2), then every solution q = (¢1,...,¢n) : [0,a] — R},
0 < a < +0o0, of (1.3) can be uniquely extended to a solution on [0, +00), such that
lim; 400 qi(t) = 400, i = 1,...,n. Furthermore, the difference between any two

solutions approaches 0 as t — 4o00. Finally, if A is also irreducible and tridiagonal,
then all solutions are eventually monotone increasing on [0, +0c). We then use
these results to confirm the conjecture in [1] that all solutions of (1.1) in R3 | are
attracted to the parabolic solution of (1.1).

Now consider the following dynamical system, which we dub, “the generalized
Lotka-Volterra equations” [4, p. 3]:

(14) pi = pzdzaljp];7 pl(t) > 07 1= 17 cee, N, te [07 +OO)
j=1

Here, d > 1 is an arbitrary positive number and k > 1 is an arbitrary positive
integer. Observe that the change of variable p; = 1/¢; transforms (1.3) into the
specific case of (1.4) where d = 2.

We state our main result in terms of system (1.4). For n a positive integer, we
use the notation

R} ={(z1,...,2n) eR" | 2; 20, i =1,...,n}.
We say that a real n x n matrix A = (a;;) is irreducible if for each distinct pair of

indices 4,7 with 1 < ¢ # j < n, there exists a finite sequence i = kg,...,kyn = j
such that Ag,_, r. #0,r=1,...,m.
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Theorem I. Assume that the n xn matric A = (a;;) in (1.4) satisfies the following
four conditions:

(i) det A #0 and a;; > 0, for i # j;
(i) A is irreducible;
(iii) for all x = (x1,...,2,) € R}, if x5 Z?:l a;jz; =0 fori=1,...,n, then
x = 0;
(iv) every real eigenvalue of A is negative.

Then every solution of (1.4) of the form
X = (x1,...,2,) : [0,a] = R}, 0<a< 4o,
extends uniquely to a solution
x:[0,+00) = R,
such that

lim x;(t) =0, i=1,...,n.
t——+4o00

Moreover, if the matriz A is also tridiagonal, then x(t), t € [0,+00), is eventually
monotone decreasing on [0, +00). Finally, in case d = 2, any two solutions x(t),
y(t), t € [0,+00), of (1.4) in R" satisfy

For d = 2, the following is an immediate corollary of Theorem I.

Corollary I. Let the real n x n matric A = (ai;) satisfy conditions (1)—(iv) of
Theorem 1. Then every solution of (1.3) of the form

q:(QM"'?qn):[Oaa]_)Ri_i_, O<a<—|—OO7
extends uniquely to a solution
q:[0,400) = R},
such that

tl}rllooqi(t):—i—oo, i=1,...,n.
Moreover, if the matriz A is also tridiagonal, then q(t), t € [0,+00), is eventually
monotone increasing on [0, +00). Finally, if v(t), t € [0, +00), is any other solution
of (1.3) in R, then we have
Jim_ () —x(0)] = 0.

Theorem II. Assume that in the dynamical system (1.1), we have m,n > 1. Then
every solution p : [0,a] — Ri+, 0 < a < 400, of (1.1) extends uniquely to a
solution p : [0,+00) — R3, such that limy_ o0 pi(t) = +o0, i = 1,2,3, and this
solution is eventually monotone strictly increasing on [+00). Moreover, the system
(1.1) has a unique parabolic solution q;(t) = c;vt, ¢; >0,i=1,2,3, 0 <t < 4o0.
Finally, if p : [0,4+00) — R3 | is any other solution of (1.1), then

Jim [p(t) —a(®)] = 0.
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2. PRELIMINARIES

In this section we present the background material and preliminary lemmas that
we will use in the proofs of Theorem I and Theorem II.

Definition 2.1. Let W C R"™ be an open set and F : W x Ry — R” a continu-
ously differentiable vector field, and let E be any subset of W. Then the system

(2.1) ;= Fi(z1,...,2n,t), x=(21,...,2,) € E, i=1,...,n, te Ry,
is said to be cooperative in E if OF;/Ox;(a) > 0 for i # j,a € E.

The following lemma is the Miiller-Kamke comparison principle (see Hirsch [3,
Theorem 1.1]). For vectors x,y, we use the notation x < y to mean that x; < y;
fori=1,...,n; in a similar manner, we write x <y if x; <y; fori=1,...,n.

Lemma 2.2 (Miiller-Kamke Comparison Principle). Let F' and W be as in Defi-
nition 2.1. Let E be a convex subset of W having nonempty interior. Suppose that
the system (2.1) is cooperative in E. Let x,y : [a,b] — E be solutions of (2.1) such
that x(a) < y(a) (resp., x(a) < y(a)). Then x(t) X y(t) (resp., x(t) 2 y(t)) for all
t € la,b)].

The next lemma, due to J. Smillie [5] with improvements by H. Smith [6], demon-
strates long-term monotonicity of solutions to autonomous cooperative dynamical
systems that are irreducible and tridiagonal.

Lemma 2.3. Suppose that the system (2.1) is autonomous, cooperative, irreducible
and tridiagonal in a conver set E C W having nonempty interior. Let x(t) be a
solution in E of (2.1) on a mazimal interval of the form [0,a), 0 < a < 4+00. Then
each coordinate x;(t) is eventually monotone increasing or decreasing.

We borrow the next lemma from [1].

Lemma 2.4. Suppose that the real n x n matriz A satisfies conditions (i), (ii) and
(iv) of Theorem I. Then A has an eigenvector v € R} | with real eigenvalue X < 0.

Lemma 2.5. Let ' : R}, x Ry — R" be a continuously differentiable time-
dependent vector field on R™ x Ry such that the system

(2.2) iy = Fy(x,1)
is cooperative in R . Suppose that

(i) there exists xo € R, with F(xo,0) < 0;

(ii) there exists a solution y : [0,4+00) — R of (2.2) such that y(0) = xo.
Letx(t), t € [0,a], 0 < a < 400, be any solution of (2.2) in R™ such that x(0) = x¢.
Then this solution extends to a unique, monotone decreasing solution

x:[0,400) = R,

such that y(t) = x(t) for t € [0, +00).

Proof. Extend the solution x(t), t € [0, a], to a unique maximal solution x : [0,b) —
R% . It follows from the Miiller-Kamke comparison principle (Lemma 2.2) that
this maximal solution is strictly decreasing on [0,b). We claim that b = +o0.
Suppose that b < +o0c. Then lim;_;,_ x(t) € ORY, C R’. Therefore, there exists
1 < i < n such that limy,— x;(¢) = 0; then by the comparison principle, we
have 0 < y;(t) < z;(¢), t € [0,b); consequently, 0 = limy_p— z;(¢) > lims—p— y;(t) =
yi(b) > 0. This contradiction proves the claim. The remainder of the lemma follows
from the comparison principle. O
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Lemma 2.6. Suppose that the matriz A = (a;;) in (1.4) satisfies conditions (i)—
(iil) of Theorem I. Then every solution of (1.4) of the form

p:(plv"'vpn):[oaa]_)Ri_i_, O<a<—|—OO7
extends uniquely to a solution
p= (pl,...,pn) : [0,—|—oo) — Ri+,

such that lim;— oo p;i(t) =0, i =1,...,n. Consequently, every solution of (1.3) of
the form

q:(‘11a--~;Qn)3[0,a]—>Ri+, 0<a<+OO,
extends uniquely to a solution

a=(q1,---,qn): [0,—|—OO)—>]_:{,7_;__i_7

such that lim;— 1o ¢;(t) = 400, i =1,...,n

Proof. Let v = (v1,...,v,) > 0 be an eigenvector of A given in Lemma 2.4 with
1 1

eigenvalue A < 0. Let u= (vf,...,vf). Chose ¢ > 0 so large that cu > pg. Define

the vector field F': R} — R" by
Fi(;vl,...wn):foaijx?, i=1,...,n.

Set xo = cu; then we have Fj(xg) = Ac?tFu, +’“ < 0, fori =1,...,n. Also,
F;(0) =0.

By the comparison principle, p(t) is strictly decreasing on [0, a], and p(0) > 0.
Because F'(0) = 0, we see that the constant function 0 is a solution of (1.4) in R},
and hence, because (1.4) is cooperative in R}, the comparison principle implies
that p(¢) = 0, t € [0,a]. The usual compactness argument then implies that the
solution p(t) extends over [0,+00). Since p(t) is strictly decreasing on [0, a] and
bounded below by 0, we necessarily have that p(t) converges to an equilibrium
point in R’} . Condition (iii) of Theorem I implies that 0 is the only equilibrium
in R7, hence we have lim;_, ;o p(t) = 0. This proves the first part of the lemma.
The remainder of the lemma follows from making the substitution p;(t) = 1/4;(¢),
i=1,...,n,te€0,al. |

Lemma 2.7. Let p(t)=(p1(t),...,pn(t)) and q(t)=(q1(t),- .., qu(t)), t € [0, +00),

be solutions of (1.3) in R}, with p < q. Fori=1,...,n, let 1y, s;,u;,vi, Py, Q;
be defined by

1 1
_ _ _ k41 k+1
Ty = Pi — 4, Si——, uz‘——7 =D; - q;

k+1
k—j j—1 k+1 —J ] 1
zp i / .

Let r,s,u,v be defined by

r=(ry,...,"), S$S=(81,--,80), u=(Ur,...,up), v=_v1,...,0,).
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Then fori=1,...,n, the function (r(t),s(t),u(t),v(t)), t € [0,+00), is a solution
mn Ri’ﬂr of the following dynamical system:

(2.3.1) 7 = Hy(r,s,u,v,1) Z%QJ )ryshu®,

(232) 51 = H’LQ (I', s,u,Vv, t) = Sf Z aijs?’
j=1

(233) i = Haglr,s,u,v.1) ==} Y ayul,

j=1
(2.3.4)  0; = Hiy(r,s,u,v,t)
—(k+1) ;pf(t) Pi(tyv; + (k+ 1)gk(t ;%QJ )rish

Moreover, this system is cooperative in Rfﬁ_. Finally, for any vector (rg, sp, U, Vo)
mn Ri"+, there ezists a vector (r,s,u,v) > (ro,So, W, Vo) such that

H;;(r,s,u,v,0) <0, i=1,...,n, j=1,2,3,4.

Proof. First, note that p¥ — ¢¥ = (p; — ¢;)Qi, i = 1,...,n. Using this identity, it is
straightforward to prove (2.3.1). Equations (2.3.2) and (2.3.3) follow directly from
the definitions. Using the identity p¥ — ¢¥ = (pF*! — ¢F™1)P;, the details of (2.3.4)
are as follows:

b = (k+ 1)pfpi — (k+ 1)gf g

=—(k+1)p Z”+k+1 Zn:—,j
j=1 J

n n

= —(k+ Dag — (k+ 1)y 2l ”pz +(k+ Dag + (k+1) Y 22 ”ql
el el
n k k
pi q’L
=—(k+1)zaij (1? q_k>
i i

) (0B R R e DY [_( ‘—k%‘)Qj]

k
i P ol Pits
n s n
=—(k+1) (> | Pvi+ (k+1)g Y ai;Qryskul
i Pi j#i

Therefore (2.3.4) holds. Because a;; > 0 for ¢ # j, it is clear that the system (2.3)
is cooperative in R .
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To prove the last statement of the lemma, let a = (a,...,a,) = 0 be an
eigenvector of A such that Aa = Aa, where A < 0. By Lemma 2.4, such an
a and A exist. Let (rg,sp,up,vg) be a given vector in Ri’ﬁr. Select b > 0 so

1
large that ba) > max{se;,u0;}, for i = 1,...,n. Then choose ¢ > 0 so large
that ¢/[b**a;Q;(0)] > i, for i = 1,...,n. Finally, pick e > 0 so large that for
i=1,...,n,e/P;(0) > vy and

cqf(O)Zaijaj — ez k(jo) < 0.

i#i i#i L
Fori=1,...,n, define r;, s;, u;, v; by
C 1 1 e
A o) M R A A (1}
Then (r,s,u,v) > (ro, S, Ug, vo). Moreover, for i = 1,...,n, we have
Hii(r,...,v,0) = cha; <0,
24ky 17
HiQ(I',...,V,O):b )\Ozi <0,
2
His(r,...,v,0) = b2+k)\ca3+ k<0,
Hi4(l‘, .,V O) = qu(O) Z aijaj — ez kzi))
i i#i Py
This proves the lemma. O

Lemma 2.8. Let the n x n matriz A = (a;;) satisfy conditions (i), (ii), and (iii) of
Theorem I. Let p(t) and q(t), t € [0,4+00), be solutions of (1.3) in R . Assume
that q(0) < p(0). Then fori=1,...,n, we have

(2.4) sup i) — gf T (1)] < +o0.
0<t<+o0

Proof. For t € [0,400) and i = 1,...,n, define

— (1) — a, () = L PR R S R S
ri(t) =pi(t) —q(t), si(t) = pit)’ ui(t) = () vi(t) = p; q; -
For d = 2, the functions s and v are solutions of the cooperative system (1.4).
Hence, because q(0) < p(0), we have x(0) < u(0). Consequently, by the com-
parison principle, we have 0 < s,u, from which it follows that 0 < r,v. Next,
fori=1,...,nand j = 1,2,3,4, let H;;(r,s,u,v,t), t € [0,+00), be defined as
in Lemma 2.7. By this lemma, the function (r(t),s(t),u(t),v(t)), t € [0,+00), is
a solution of the dynamical system (2.3) in R4"; moreover, there exists a vector

xo = (ro, S0, uo, vo) € RY™, such that xo = r(0),s(0),u(0)v(0)) and

Hij(ro,...7V0,0)<0, i=1,...,n, 7=1,2,3,4.

By Lemma 2.7, (2.3) is cooperative in Ri’ﬁr, and hence by Lemma 2.6, there exists
a monotone decreasing x(t), t € [0, 400), of (2.3) in R4", such that (r(¢),s(t), u(?),
v(t)) < x(t), t € [0,400). This proves (2.4). O
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3. PROOF OF THEOREM I
In this section we prove Theorem I.

Lemma 3.1. Suppose that the matriz A = (a;;) satisfies the hypothesis of Theorem
I. Let x(t) and q(t), t € [0,400), be solutions of (1.3) in R . Then

i ([e(t) — a(t)] = 0.
Proof. By Lemma 2.3, lim;—, o r;(t) = ¢i(t) = +o00, for ¢ = 1,...,n. Therefore
there exists a tg > 0 such that r;(tg) > ¢;(0), for ¢ = 1,...,n. Define p;(t) =
ri(t +to), i = 1,...,n. Then p(t), t € [0,4+00), is a solution of (1.3) such that
p(0) = q(0). Therefore, by the last statement of Lemma 2.7 and the Comparison

Principle, the functions pk+1 qf“, i=1,...,n, are bounded on [0, +00). Now,
byk Lemmg 2.3, fc;€r+f ;+11 ’rlL we have lim;— 4o pi(t) = 400, and p; — qi =
(s V) S ’q]

, therefore, we have lim;_. 1o (pi(t) — ¢:(t)) =
Finally, for 1<i<n, hmt—>+oo rz( ) = 0, hence we have lim;_, y o (p;(t) —74(t)) = O
This proves the lemma. O

Proof of Theorem I. To prove Theorem I, let the n x n matrix A = (a;;) satisfy
the hypothesis of Theorem I, and let x(t), t € [0,a), 0 < a < +00, be a solution of
(1.4) in R . Then by Lemma 2.6, this solution extends uniquely to a solution

x:[0,+00) = R,

such that lim; 4o x;(t) = 0, ¢ = 1,...,n. Moreover, by Lemma 2.3, if A is
irreducible and tridiagonal, then each coordinate x;(t) is eventually monotone de-
creasing on [0, +00).

Finally, consider the case where d = 2. Let y(¢), t € [0, +00), be another solution
of (1.4) in R} . Fori=1,...,n,let pi(t),q;(t) be defined by

1 1
pi(t) = —=, qi(t) = ——=;
(t) prEy (t) e
then we have [z;(t) — y;(¢)]/[x:(t)y:(t)] = ¢:(t) — pi(t), and hence, by Lemma 3.1,
we have x; — y; = o(a;y;). This completes the proof of Theorem I. O

4. PROOF OF THEOREM II

In this final section we prove Theorem II. First, we need the following result
from [1].

Lemma 4.1. Let K1, Ko, K3 > 0 and p,v > 1 be given constants. Define the 3 x 3
matric A = (ai;) by

_ B, LKy
2 u 2 0
= piy o pml v Ko el K
A 2 [ n +p, 2 v ] 2
v Ky K
0 ©o2 2

Then A satisfies conditions (1)—(iv) of Theorem I.

Proof of Theorem II. Assume that in the dynamical system (1.1), we have p, v > 1.
Let p(t) = (p1(t),p2(t),ps(t)), t € [0,a), 0 < a < 400, be a solution of (1.1) in
Ri’r 4. By Corollary I and Lemma 4.1, this solution extends to a unique solution
p: [0,+00) — R3 | such that lim; ;o p;i(t) = +oo for i = 1,2,3.
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From the results in [1], there exists a unique parabolic solution of (1.1) of the
form

at) = (aVt, eavt, esv't), ¢ >0, 1=1,2,3, 0 <t < +oo.

From Corollary I and Lemma 4.1, we have that lim; 4 ||p(t) — q(t)]| = 0.
Finally, because q(t) is a solution of (1.1), we see that

Kl ILL—lKQ
cL=pp— - ——
! 'u201 o 2co’
Kl /L—]. 14 K2 V—1K3
4.1 = —u— —_—t - ) —= - —,
(4.1) 2 u201+< " +,u> 2¢o v 2c3
VKQ Kg
cg=——— 4+ —.
3 w2co  2cs

For 1 < i < j < 3, we have limy_, o pi(t)/p;(t) = ¢i/c;, and hence by (1.1) and
(4.1), we see that p;(t) > 0 for ¢ sufficiently large, i.e., each coordinate p;(t) is
eventually monotone strictly increasing on [0, +00). This completes the proof of
Theorem II. |
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