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A k-NORMAL, NOT DENSELY NORMAL TYCHONOFF SPACE
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ABSTRACT. We give an example of a k-normal space which is not densely
normal.

In [2] Arhangelskii introduced the definition of a densely normal topological
space and noted that every densely normal space is k-normal. The definition of a
k-normal topological space was introduced by Stchepin in [1]. Problem 25 of [2]
asked whether every x-normal space is densely normal. Here we show that the
answer is negative.!

Definition 1. A space X is xk-normal if whenever F, F' are disjoint canonical closed
subsets of X there exist disjoint open subsets of X, U and V, such that E C U and
FCV.

Recall that a canonical closed set is a set which is equal to the closure of its
interior.

One version of relative normality is the idea of X being normal on a subspace
Y, which was introduced by Arhangelskii in [2]. If A and Y are subsets of a space
X, A is concentrated on Y if A C ANY. A space X is normal on a subspace Y if
whenever E' and F' are disjoint closed subsets of X concentrated on Y, then there
are disjoint open U,V C X such that E C U and FF C V.

Definition 2. A space X is densely normal if there exists a dense subspace Y of
X such that X is normal on Y.

Theorem 1. There is a Tychonoff space which is k-normal but not densely normal.

Let Cr denote the Cantor set. For each bounded I C R, let I(I) denote the
infimum of I and let 7(I) denote the supremum of I. Let D C R\(Q U Cr) be
a countable dense subset of R. Let X = R\[D U (Cr N Q)] and let /g be the
subspace topology on X inherited from R. We will define a topology 7 on X such
that 7. € 7. In order to distinguish (X, mr) from (X, 7) we will write Xg when
considering X as a subspace of R. For each z € X we will describe the basic open
neighborhoods of x and define a local base B, at z. If x € Q, an open neighborhood
of x is any element of g that contains x. Thus, if x € Q, let B, = {U C X: U is
open in Xg,z € U}. We must go to some length to describe B, for z ¢ Q.
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ISubsequent to our result, O. Pavlov has given another example of a x-normal, not densely
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Let Cy = [0, %] and let Cq = [%, 1]. Let go = % and let ¢; = %. Also, let Ip = I} =
(0,1). Define open intervals Ioo, Io1, 10, I11 of X as follows. Let Ino, Io1 € (3, 2)N
X such that Z(IOQ) < Z(I()l) < % < T‘(Ioo) < 7‘(101) and Z(IOQ),’I‘(IOQ),Z(I()l),T‘(IQl) €
D. Choose T, 111 C (%, %)ﬂX such that Z(Il()) < 1(111) < % < 7"(110) < 7"(111) and
1(Io),7(110),!(I11),7(I11) € D. Let n € w\{0} and let s € "{0,1}, and suppose C;
has been defined. Suppose Cs = [a,b], and let Cs—~¢ = [a,a + b_T“] and Cys 1 =
[b— b_T“, b]. Also, let g5 be the midpoint of Cs and choose open intervals of Xgr, Is—g
and Is—1, such that Is—0,15~1 C OS\(CS,\O chﬂl) and Z(Is,\o) < Z(Isﬂl) <gs <
r(Is~0) < r(Is~1) and [(Is~0), 7(Is~0),l(Is~1),7(Is~1) € D. For each f € “{0,1},
let z, =lim, .o g, andlet C={z, :fe>{0,1}}NX.

Note that C is perfect, | C |= 2%, and C with the subspace topology inherited
from R is a Gs subspace of R. Hence, C is a Polish space and the Baire Category
Theorem applies.

Now partition C into two disjoint sets Ay and A; (which are not of first Baire
category in C) as follows. Let {I,,}nec. be an indexing of all open intervals of Xg
with endpoints in D such that I, N C # 0. For each n € w, let {K!}, 2%, be an
indexing of all countable collections of closed nowhere dense subsets of I,, N C. For
each o < 2% and for each n € w, choose

(0,0 T(am1) € (CNINJKD) U ULz@h00 2650}

B<ajew

U (U {2k Tk D]

k<n

such that @(a,5,0) # T(an,1)- Let Ao = {T(an0) : @ < 2%, n € w} and let A =
C\Ay.

Let {(Uq, Va)}acoro be an indexing of all pairs of disjoint open subsets of Xg
with (U, Vo) chosen such that | clxg (Up) N clxg (Vo) |= 2% and [clxy (Up) U
cxg(Vo)] N C = 0. Let 29 € [elxg(Up) N clxg(Vo)]. For 1 < a < 2% if
| clxg (Us) Nelxg (V)] < RNo, let 2z, = 20; otherwise choose z, € [clxg (Ua) N
clxr (Va)\Ug<al?s}. The construction of {z4}qa<on and the neighborhoods of
the elements of {zq}qcone Will result in the following property which will be used
to prove that (X, 7) is s-normal:

T Whenever E, F are disjoint canonical closed subsets of X, | clxg (intxE) N
chR(intXF) |§ NQ.

Now we describe the basic open neighborhoods of elements of X\Q. This con-
struction will prevent the separation of Ay and A; by disjoint open subsets of
X. For each z € X\Q and for each n € w, we will define a set I and let
Be = {{z} UU, >, Iy 1 k € w}.

Case 1: 2 ¢ ({za}a <omo U Ag U Ay).

Let {¢n}tnew € QN X such that ¢, — z. Also, let {I*},,c., be a sequence of
pairwise disjoint open intervals of Xg with endpoints in D such that g, € I*.

Case 2 : = € {Zaacoro \ (Ao U A7).

Then z = 25 for some 3 < 2%°. Choose a sequence {g, }neo € QN X such that
¢n — x and ¢, € Ug if n is even and ¢, € Vg if n is odd. Also, let {IZ},c. be a
sequence of disjoint open intervals of Xg with endpoints in D such that ¢, € I¥.

Case 3: 7 € Ao\{za}acoro- [ € Ai1\{2a}acaro]-

Then there exists f € “{0, 1} such that z = 2. Let I§ = ((0,1)NXgr)\(CoUCh).
For n € w\{0}, let I} = Iy~ [I} = I|~1].
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Cased:x € AgN{za}acoro [ € A1 N {20} acaro]-

Then z =z, for some f € “{0,1} and & = 23 for some § < 2%,

Subcase da_: Iy~ oNUg # 0 [I;~1 NUg # 0] for infinitely many n € w and
Ipi~oNVg#0 [If~1N Vs #0] for infinitely many n € w.

For each n € w, let I} = Iy~ [I}; = I~ ].

Subcase 4b : Iy |~oNUg # 0 [If~1 NUp # 0] for infinitely many n € w and
I ~oNVg =0 [I;~1 NV = 0] for all but finitely many n € w.

Choose a sequence {gp tnew € QN Vs such that ¢, — x. Also, choose a sequence
{IP},.c., of pairwise disjoint open intervals in Xr with endpoints in D such that
dn S Ig and Ig M (Ume If|;‘n\0) = (Z) [Ig n (Ume If"r,r: 1) = (Z)] Let N3 Q {3” .
n € w} be such that | N3 |= R and | {n € w : Iy|~oNUs # 0}\N3 |= R
[[{n €w:lf~1NUs# O}\N3 |= No]. For each n € w, if n € N3, let I} = 15;
Oth(%I'WiSG7 let Iﬁ = If -0 [Iﬁ = If I 1].

Subcase 4c : If|~oN Vs # 0 [I;|~1 N Vs # (] for infinitely many n € w and
If1~oNUpg =0 [I;~1NUs = 0] for all but finitely many n € w.

Choose a sequence {gn tnew € QNUg such that g, — . Also, choose a sequence
{IP},.c., of pairwise disjoint open intervals in Xr with endpoints in D such that
gn € Iﬁ and Iﬁ n (UmEUJIf\,:O) = [Iﬁ n (Ifl;\l) = @] Let Ny C {2” tn e LU}
be such that | Ny |= Ng and [ {n € w : Ip|~oN Vs # 0}\Na [= R [| {n € w:
Ip =1 NV # 0}\Na |=Ro]. For each n € w, if n € Ny, let I}; = I7; otherwise, let
In=1Igi~0 Iy =174l

Subcase 4d : If|~oNUs = 0 [I;|~1 NUg = (] for all but finitely many n € w
and Iy~ 9N Vg =0 [I;~1NVs=0] for all but finitely many n € w.

Choose a sequence {gn}ncw € Q N X such that ¢, — = and ¢, € Ug if n
is even and ¢, € Vj if n is odd. Also, let {I’},c. be a sequence of pairwise
disjoint open intervals of Xg with endpoints in D such that ¢, € I? and such that
(Unew I7)n (Unew Ir 7 0) = 0 [(Unew I)n (UnewIriz1) = 0]. If n is a power of
2 or a power of 3, let I¥ = I”. Otherwise, let I? = I; ~o Iy =1 ~1]

Let 7 be the topology on X generated by (J, .y Be. Note that (X, 7) is Hausdorff
since 7 is stronger than the subspace topology on X inherited from R. Also, note
that (X, 7) is Tychonoff since 7 has a base of clopen sets.

Lemma 1. (X,7) is k-normal.

Proof. Let E, F be disjoint canonical closed subsets of X. Note that clx (intxg (F))
Cx(intx(E)) =cx(intx(E) N Q) = clx(intxg (E) N Q) C clx (intxgy (E)).
Therefore, E = clx(Ey) and F = clx(Fp) where Ey = intxg(E) and Fy =
intxg (F). Let A = clxg (Eo) Nclxg(Fo). By the construction of {z4}acone, and
cases 2 and 4 of the definition of 7, | A |< V. Enumerate A = {aj}rew and
note that ANQ = (. For each x € E U F, we need to define W, open in X
with x € W,. First, let £ € w and consider a;. If ap € F, choose njx € w such
that ({ax} U Ujsp, L) N (FUU{W,, @ n < k and a, € F}) = () and such
that {ar} U Ui>nk I C (ar — %,ak + %) If ar € F, choose ni € w such that
({ar} U Uisn, I"YN(EUU{W,, : n < k and a, € E}) = 0, and such that
{ar} UUisp, I C (ar — T,ak + ). Let Wo, = {ax} U Uisn, I Now suppose
that = € E\A [z € F\A]. Then there exists § > 0 such that (z — &,z +8) N F = ()
[(z—6,2+0)NE = 0]. Choose ns € w\{0} such that n—lg < $. Then for each n > ng

such that a, € F [a, € E], we have (z— 3,2+ 3)NW,, = 0. For each n < ns such
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that a,, € F [a,, € E], there exists d,, > 0 such that (z — 0,z + d,) NW,, = 0. Let
6z = min{g, min{, : n < ns and a, € F [a, € E]}}. Choose an interval I, which
is open in Xg with endpoints in D such that I, C (z — %,x + %). Let W, = I.
Let U = J,ep W and let V = | W,. To see that U NV = 0, choose s € E
and ¢t € F' and consider W, N W,.

Case 1: s,t € A.

Then there exists ns,n; € w such that s = a,, andt = ap,. Then W, ﬁWant =0
by design.

Case 2 : Exactly one of s and t is an element of A.

Without loss of generality suppose t € A. Then Wj is chosen such that W,NW, =

zEF

0.

Case 3:s,t ¢ A.

Without loss of generality suppose d; > 6. If Wy N W; # 0, then (s — %,
s+ %5) N(t— %, t+ %) # (), which implies ¢ € (s — ds, 5 + d5) and contradicts the
choice of §,. Hence, Wy, N W; = 0.

Therefore, X is x-normal. O

Lemma 2. (X,7) is not densely normal.

Proof. Let Y be dense in X. For each n € w\{0} and for each s € "{0,1} choose
Ys~0 € (Is~0\Is~1) NY, and choose ys—~1 € (Ls~1\Is—~0) NY. Let Yo = {y, _, :
fe“{0,1} andz, € C} and let Y1 ={y, _, : f€“{0,1} and =, € C}.

Claim : ¢lx(Yo) = Yo U Ap and clx (Y1) = Y7 U A;.

Proof. By design, Yy U Ag C clx(Yp). To see that clx(Yy) C Yo U Ag, let y €
clx(Yo)\Yo. Note that y € clxg(Yp) which implies that y € clxz({g, : f €
“{0,1},n € w}). Let By = {q,, : f € “{0,1},n € w, and f(0) = 0} and let
B} = {a,, + f € “{0,1},n € w, and f(0) = 1}. Then y € clxgy(BY) or y €
clxg (B}). If y € clxg (BY), let By = BY; otherwise, let By = Bj. For k € w\{0},
let BY = {a,, € By-1:f€“{0,1},n € w, and f(k) = 0} and let B} = {a,, €
Bjy_y : f € “{0,1},n € w, and f(k) = 1}. Then y € clxy(BY) U clxq (Bi). If
y € clxg (BY), let By, = BY; otherwise, let B, = Bj. Now define f, : w — {0,1} by
fy(k) =i where By = Bj. Then y € o, clxp(Br) = cxe ({4, tnew) = {z,}.
Hence, y € AgU A7 but y ¢ Ay by the construction of Yy and Y;. Therefore, y € Ag
as desired. Similarly, clx (Y1) = Y7 U A;. O

To see that X is not normal on Y, suppose that U, V' are open subsets of X
such that clx(Yo) C U and clx (Y1) C V. Let D§ = {z € Ay : {z}UU,,>, IZ CU}.
Note that Ay = Uyey Db C Upew clxn (D). Recall that Ay is constructed such
that A is not of first Baire category in C. So there exists kg € w such that
int xp (clxg (DE°)) # 0. Let fo € “{0,1} such that T, € DEo. and let Lo be an
open interval of Xg such that x 50 € Lo Cclxg (Dlg") and such that Ly has endpoints
in D. Let D¥ = {, € AyNLo: {x,} UU, . In’ € LoNV}. Note that A, N Lo =
Upew DF- Since Ay is not of first Baire category in C, there exists k; € w such that
intxg (clxg (D)) # 0. Note that clxg (DY) C clxg (D). Let k = maz{ko, k1}.
Choose g1 € “{0,1} such that x4, € lel. Also, choose L; to be an open interval
of Xg with endpoints in D such that x5, € L; C clxg (D) C clxg (D) and

such that z, € L; implies that f|, ., = g1[,,4. Now choose go € “{0,1} such
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that z, € Dlgo N Ly. Then g,y = 91144 Choose m € w,k < m < k+ 4,
such that m is not a power of 2 and m is not a power of 3. Since x,, € D,
24, € D', and k < m, {z, Ul I;%° C U and {7, }UU,>m I, C V. Also,

n>m "
I = Iy~ 0 and Iy = Iy, |~ 1 since m is not a power of 2 or a power of 3. Since
90 |y = 91 |ip> Lgo |0 N Iy, |~ 1 # 0. This implies that U NV # (). Hence, X is not
normal on Y. O
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