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MODULAR VARIETIES WITH THE FRASER-HORN PROPERTY
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Abstract. The notion of central idempotent elements in a ring can be easily
generalized to the setting of any variety with the property that proper sub-
algebras are always nontrivial. We will prove that if such a variety is also
congruence modular, then it has factorable congruences, i.e., it has the Fraser-
Horn property. (This property is well known to have major implications for
the structure theory of the algebras in the variety.)

By a variety with ~0 and ~1 we understand a variety V for which there exist unary
terms 01(w), ..., 0n(w), 11(w), ..., 1n(w) such that

V |= ~0(w) = ~1(w) → x = y,

where ~0 = (01, ..., 0n) and ~1 = (11, ..., 1n).1

Indeed this condition is equivalent to the more familiar property that no non-
trivial algebra of V has a trivial subalgebra (combine [17, Lemma 3] with [12]).

If λ ∈ A ∈ V , then we say that ~e ∈ An is a λ-central element of A if there exists
an isomorphism A→ A1 ×A2 such that
λ→ (λ1, λ2),
~e→ ((01(λ1), 11(λ2)), ..., (0n(λ1), 1n(λ2))) .

It is well known that the central elements of a ring with identity are just the
central idempotent ones. To give another example, an element in a bounded lattice
is central iff it is neutral and complemented [9].

A variety V has the Fraser-Horn property if each θ ∈ Con(A1×A2), A1, A2 ∈ V ,
is of the form θ1 × θ2, with θi ∈ Con(Ai), i = 1, 2. This property is well known to
have major implications for the structure theory of the algebras in the variety (see
for example, [1], [2], [3], [7], [8], [14]).

In [15] and [16] we used central elements for characterizing the varieties with the
Fraser-Horn property for which the Pierce sheaf [13] (is Hausdorff and) has only
directly indecomposable stalks. In this paper we will use central elements to prove
the following

Theorem 1. If V is a congruence modular variety such that no non-trivial algebra
of V has a trivial subalgebra, then V has the Fraser-Horn property.

Also, we prove a result which shows that in congruence modular varieties with
~0 and ~1 the central elements have the fundamental properties of central elements

Received by the editors April 24, 1997 and, in revised form, July 7, 1997.
1991 Mathematics Subject Classification. Primary 08A05, 08B10.
This research was supported by CONICOR and SECYT (UNC).
1If the language of V has a constant, then we can remove the variable w.

c©1999 American Mathematical Society

701



702 DIEGO VAGGIONE

in rings with identity or bounded lattices (Proposition 4). We conclude the paper
giving an example to show that even for the congruence distributive case, the
property “~e is λ-central” is not definable by a set of formulas which are either
universal or existential.

For background on universal algebra and model theory we refer the reader to
[4], [11] and [5]. Let A be an algebra. If ~a,~b ∈ An, then we use θA(~a,~b) to
denote the congruence generated by the set {(ak,bk) : 1 ≤ k ≤ n}. ∇A is the
universal congruence on A and ∆A is the trivial congruence on A. Con(A) denotes
the congruence lattice of A. A pair of congruences θ, δ ∈ Con(A), which satisfies
θ ∩ δ = ∆A and θ ◦ δ = ∇A is called a pair of complementary factor congruences.

For an algebra A in a variety with ~0 and ~1, we will use Zλ(A) to denote the set
of λ-central elements of A. If ~a ∈ An and ~b ∈ Bn, then we will use [~a,~b] to denote
the n-tuple ((a1, b1), ..., (an, bn)) .

Lemma 2. Let V be a congruence modular variety with ~0 and ~1. Let λ ∈ A ∈ V .
Let P = {(θ, δ) : θ, δ is a pair of complementary factor congruences of A}.

(a) The map

Zλ(A) → P

~e →
(
θA(~0(λ), ~e), θA(~1(λ), ~e)

)
is bijective.

(b) ~e ∈ Zλ(A) iff
(
θA(~0(λ), ~e), θA(~1(λ), ~e)

)
∈ P.

Proof. We will see that the map of (a) is well defined. Let ~e ∈ Zλ(A). We can
suppose that A = A1×A2, λ = (λ1, λ2) and ~e = [~0(λ1),~1(λ2)]. Let π1 and π2 be the
kernels of the canonical projections. Note that θA(~0(λ), ~e) ⊆ π1 and θA(~1(λ), ~e) ⊆
π2. Furthermore note that θA(~0(λ), ~e) ∨ θA(~1(λ), ~e) ⊇ θA(~0(λ),~1(λ)) = ∇A. Thus
by modularity we have that θA(~0(λ), ~e) = π1 and θA(~1(λ), ~e) = π2. Next, we will
prove that the map of (a) is onto. Let (θ, δ) ∈ P. Let ~e be the element of An such
that (0i(λ), ei) ∈ θ and (ei,1i(λ)) ∈ δ, for every i = 1, ..., n. Since θA(~0(λ), ~e) ⊆ θ

and θA(~1(λ), ~e) ⊆ δ, the same argument as above produces θA(~0(λ), ~e) = θ and
θA(~1(λ), ~e) = δ and hence the map is onto. The injectivity and (b) are easy to
check.

Let V be a variety. For a set X of variables we use F (X) to denote the free
algebra of V freely generated by X.

Lemma 3. Let V be a congruence modular variety with ~0 and ~1.
(a) There is a set Σ of formulas of the form ∀∃∧

p = q such that for every
~e ∈ An, λ ∈ A ∈ V we have
~e is λ-central iff A |= ϕ(~e, λ), for every ϕ ∈ Σ.
(b) There is a formula ϕ of the form

∧
p = q such that for every A = A1 × A2

and λ = (λ1, λ2) ∈ A, we have
(x, y) ∈ ker(π1) iff A |= ϕ(~e, x, y, λ),

with ~e = ((01(λ1), 11(λ2)), ..., (0n(λ1), 1n(λ2))) and π1 : A → A1 the canonical
projection.

Proof. Let X = {x, y, z1, ..., zn, w}. Let θ = θF (X)(~1(w), ~z), δ = θF (X)(~0(w), ~z) and
γ = θF (X)(x, y). Since V is congruence modular, we have
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(x, y) ∈ (θ ∨ γ) ∩ (δ ∨ γ)
= (θ ∨ γ) ∩ ((δ ∨ θ) ∩ (δ ∨ γ))
= (θ ∨ γ) ∩ (δ ∨ (θ ∩ (δ ∨ γ)))
= ((θ ∨ γ) ∩ δ) ∨ (θ ∩ (δ ∨ γ))
= (δ ∩ (θ ∨ γ)) ∨ (θ ∩ (δ ∨ γ)) ,

which implies that there exist (n+ 3)-ary terms v1, ..., vk, such that:
v1(~z, x, y, w) = x,
vk(~z, x, y, w) = y,
(vi(~z, x, y, w), vi+1(~z, x, y, w)) ∈ (δ ∩ (θ ∨ γ)) , for 1 ≤ i ≤ k − 1, i odd,
(vi(~z, x, y, w), vi+1(~z, x, y, w)) ∈ (θ ∩ (δ ∨ γ)) , for 1 ≤ i ≤ k − 1, i even.

Thus we have that the following are identities of V :
(I1) v1(~z, x, y, w) = x.
(I2) vk(~z, x, y, w) = y.
(I3) vi(~0(w), x, y, w) = vi+1(~0(w), x, y, w),

vi(~1(w), x, x, w) = vi+1(~1(w), x, x, w),
for 1 ≤ i ≤ k − 1, i odd.

(I4) vi(~1(w), x, y, w) = vi+1(~1(w), x, y, w),
vi(~0(w), x, x, w) = vi+1(~0(w), x, x, w),

for 1 ≤ i ≤ k − 1, i even.
Next, let
Λ(~z, x, y, w) =

∧
1≤i≤k−1, i even

vi(~z, x, y, w) = vi+1(~z, x, y, w),

R(~z, x, y, w) =
∧

1≤i≤k−1, i odd

vi(~z, x, y, w) = vi+1(~z, x, y, w).

We will prove
(1) For every ~e ∈ An, λ ∈ A ∈ V, if θA(~0(λ), ~e) ∩ θA(~1(λ), ~e) = ∆A, then
θA(~0(λ), ~e) = {(a, b) ∈ A2 : A |= Λ(~e, a, b, λ)},
θA(~1(λ), ~e) = {(a, b) ∈ A2 : A |= R(~e, a, b, λ)}.

Using (I1), (I2) and (I3) it can be proved that A |= Λ(~e, a, b, λ) implies (a, b) ∈
θA(~0(λ), ~e). If (a, b) ∈ θA(~0(λ), ~e), then, by (I3) and (I4), the equations of Λ(~e, a, b, λ)
hold modulo θA(~0(λ), ~e)∩θA(~1(λ), ~e), which concludes the first equality. The other
one is similar.

We observe that (b) follows from (1). Next, let X = {z1, ..., zn, x, y, z, w}, F =
F (X) and let γ be the following congruence:∨
1≤i≤k−1,

i even

θF (vi(~z, x, y, w), vi+1(~z, x, y, w)) ∨ θF (vi(~z, y, z, w), vi+1(~z, y, z, w)).

Note that, by (I4), γ ⊆ θF (~1(w), ~z). Let 1 ≤ i ≤ k − 1, i even. By (I3) we have
(vj(~z, x, y, w), vj+1(~z, x, y, w)) ∈ θF (~0(w), ~z), j odd,

and then
(vi(~z, v1(~z, x, y, w), z, w), vi(~z, vk(~z, x, y, w), z, w)) ∈ γ ∨ θF (~0(w), ~z),
(vi+1(~z, vk(~z, x, y, w), z, w), vi+1(~z, v1(~z, x, y, w), z, w)) ∈ γ ∨ θF (~0(w), ~z).

Since
(vi(~z, vk(~z, x, y, w), z, w), vi+1(~z, vk(~z, x, y, w), z, w)) ∈ γ,

we have that

(vi(~z, x, z, w), vi+1(~z, x, z, w))
= (vi(~z, v1(~z, x, y, w), z, w), vi+1(~z, v1(~z, x, y, w), z, w))
∈ γ ∨ θF (~0(w), ~z).
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By (I4)
(vi(~z, x, z, w), vi+1(~z, x, z, w)) ∈ θF (~1(w), ~z)

and hence, by modularity we have
(vi(~z, x, z, w), vi+1(~z, x, z, w)) ∈ γ ∨

(
θF (~0(w), ~z) ∩ θF (~1(w), ~z)

)
.

Thus there exist terms P tra
i,l (~z, x, y, z, w), 1 ≤ l ≤ hi, such that the following hold

in V :
P tra

i,1 (~z, x, y, z, w) = vi(~z, x, z, w),
P tra

i,hi
(~z, x, y, z, w) = vi+1(~z, x, z, w),

Λ(~z, x, y, w) ∧ Λ(~z, y, z, w) → ∧
1≤l≤hi−1,

l odd

P tra
i,l (~z, x, y, z, w) = P tra

i,l+1(~z, x, y, z, w),

∧
1≤l≤hi−1, l even

P tra
i,l (~0(w), x, y, z, w) = P tra

i,l+1(~0(w), x, y, z, w),∧
1≤l≤hi−1, l even

P tra
i,l (~1(w), x, y, z, w) = P tra

i,l+1(~1(w), x, y, z, w).

Let
TRANSΛ(~z, w) = ∀x, y, z ∧

1≤i≤k−1, i even
1≤l≤hi−1, l even

P tra
i,l (~z, x, y, z, w) = P tra

i,l+1(~z, x, y, z, w).

We observe that for every ~e ∈ An, λ ∈ A ∈ V :
(2) If θA(~0(λ), ~e) ∩ θA(~1(λ), ~e) = ∆A, then A |= TRANSΛ(~e, λ).
(3) A |= TRANSΛ(~e, λ) → (∀x, y, z Λ(~e, x, y, λ) ∧ Λ(~e, y, z, λ) → Λ(~e, x, z, λ)) .

Using a similar argument we can define a formula SYMΛ such that
(4) If θA(~0(λ), ~e) ∩ θA(~1(λ), ~e) = ∆A, then A |= SYMΛ(~e, λ).
(5) A |= SYMΛ(~e, λ) → (∀x, y Λ(~e, x, y, λ) → Λ(~e, y, x, λ)) .

Next, let f be am-ary function symbol. LetX = {z1, ..., zn, x1, ..., xm, y1, ..., ym, w}
and F = F (X). Let
γ =

∨
1≤i≤k−1, i even

1≤j≤m

θF (vi(~z, xj , yj, w), vi+1(~z, xj , yj, w)).

Let 1 ≤ i ≤ k − 1, i even. By (I3) we have
(vl(~z, xj , yj , w), vl+1(~z, xj , yj , w)) ∈ θF (~0(w), ~z), l odd, 1 ≤ j ≤ m,

and then
(vi(~z, f(~x), f(~y), w), vi(~z, f(~y), f(~y), w)) ∈ γ ∨ θF (~0(w), ~z),
(vi+1(~z, f(~y), f(~y), w), vi+1(~z, f(~x), f(~y), w)) ∈ γ ∨ θF (~0(w), ~z).

By (I4)
(vi(~z, f(~y), f(~y), w), vi+1(~z, f(~y), f(~y), w)) ∈ θF (~0(w), ~z),

which implies that
(vi(~z, f(~x), f(~y), w), vi+1(~z, f(~x), f(~y), w)) ∈

(
γ ∨ θF (~0(w), ~z)

)
∩ θF (~1(w), ~z)

= γ ∨
(
θF (~0(w), ~z) ∩ θF (~1(w), ~z)

)
.

Thus there exist terms P f
i,l(~z, ~x, ~y, w), 1 ≤ l ≤ oi, such that the following hold in V :

P f
i,1(~z, ~x, ~y, w) = vi(~z, f(~x), f(~y), w),
P f

i,oi
(~z, ~x, ~y, w) = vi+1(~z, f(~x), f(~y), w),∧i=m

i=1 Λ(~z, xi, yi, w) → ∧
1≤l≤oi−1, l odd

P f
i,l(~z, ~x, ~y, w) = P f

i,l+1(~z, ~x, ~y, w),∧
1≤l≤oi−1, l even

P f
i,l(~0(w), ~x, ~y, w) = P f

i,l+1(~0(w), ~x, ~y, w),∧
1≤l≤oi−1, l even

P f
i,l(~1(w), ~x, ~y, w) = P f

i,l+1(~1(w), ~x, ~y, w).
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Let
f -PRESΛ(~z, w) = ∀~x, ~y ∧

1≤i≤k−1, i even
1≤l≤oi−1, l even

P f
i,l(~z, ~x, ~y, w) = P f

i,l+1(~z, ~x, ~y, w).

We note that for every ~e ∈ An, A ∈ V :
(6) If θ(~0(w), ~e) ∩ θ(~e,~1(λ)) = ∆A, then A |= f -PRESΛ(~e, λ).
(7) A |= f -PRESΛ(~e, λ) →

(
∀~x, ~y ∧i=m

i=1 Λ(~e, xi, yi, λ) → Λ(~e, f(~x), f(~y), λ)
)
.

In a similar manner, formulas TRANSR, SYMR and f -PRESR can be defined
with the corresponding properties with respect to R. Let

Σ1 = {∀x Λ(~z, x, x, w), SY MΛ(~z, w), TRANSΛ(~z, w)},
Σ2 = {∀x R(~z, x, x, w), SY MR(~z, w), TRANSR(~z, w)},
Σ3 = {f -PRESΛ(~z, w), f -PRESR(~z, w) : f is a function symbol},
Σ4 =

{∧i=n
i=1 Λ(~z, 0i(w), zi, w),

∧i=n
i=1 R(~z, 1i(w), zi, w)

}
,

Σ5 = {∀x, y ∃z Λ(~z, x, z, w) ∧R(~z, z, y, w)} .
We will prove that Σ = Σ1 ∪ Σ2 ∪ Σ3 ∪ Σ4 ∪ Σ5 is the required set of axioms. If
~e ∈ Zλ(A), then by (1),(2),(4) and (6) we have that A |= ϕ(~e, λ), for every ϕ ∈ Σ.
Suppose that A |= ϕ(~e, λ), for every ϕ ∈ Σ. Let
L = {(a, b) ∈ A2 : A |= Λ(~e, a, b, λ)},
D = {(a, b) ∈ A2 : A |= R(~e, a, b, λ)}.

By (3),(5) and (7), the axioms of Σ1 ∪ Σ2 ∪ Σ3 guarantee that L and D are con-
gruences of A. By (I1) and (I2), we have V |= Λ(~z, x, y, w) ∧R(~z, x, y, w) → x = y
and hence L ∩ D = ∆A. The axioms of Σ5 imply that L ◦ D = ∇A and the ax-
ioms of Σ4 guarantee that θA(~0(λ), ~e) ⊆ L and θA(~1(λ), ~e) ⊆ D. By modularity we
have that θA(~0(λ), ~e) = L and θA(~1(λ), ~e) = D, and hence Lemma 2 implies that
~e ∈ Zλ(A).

Remark. For the case in which we have an equational proof of {identities of V} ∪
{~0(w) = ~1(w)} ` x = y, we can use the techniques from [10] to construct (via the
Day-terms [6]) the axioms of Σ.2

Proof of Theorem 1. Since no non-trivial algebra of V has a trivial subalgebra, com-
bining [17, Lemma 3] with [12] we obtain that V is a variety with ~0 and ~1. Let θ, δ
be a pair of complementary factor congruences of an algebra A ∈ V . By Lemma
2, there exists ~e ∈ Zλ(A), such that θ = θA(~0(λ), ~e) and δ = θA(~1(λ), ~e). Let σ ∈
Con(A). Note that for every ~a,~b ∈ An, we have θA/σ(~a/σ,~b/σ) = (θA(~a,~b) ∨ σ)/σ,
where ~a/σ = (a1/σ, ..., an/σ). By (a) of Lemma 3, ~e/σ ∈ Zλ/σ(A/σ), and therefore

∆A/σ = θA/σ(~0(λ/σ), ~e/σ) ∩ θA/σ(~1(λ/σ), ~e/σ)
(θA(~0(λ), ~e) ∨ σ)/σ ∩ (θA(~1(λ), ~e) ∨ σ)/σ.

Thus (θ ∨ σ) ∩ (δ ∨ σ) ⊆ σ, and hence by [8, Theorem 2] the theorem follows.

For a congruence modular variety with ~0 and ~1, define
Λ(~z, ~x, ~y, w) =

∧i=n
i=1 Λ(~z, xi, yi, w),

R(~z, ~x, ~y, w) =
∧i=n

i=1 R(~z, xi, yi, w),
where Λ(~z, x, y, w) and R(~z, x, y, w) are as in the proof of Lemma 3. Note that by
(1) in that proof, for ~e ∈ Zλ(A) we have
A |= Λ(~e,~a,~b, λ) iff (ai, bi) ∈ θA(~0(λ), ~e), for every i = 1, ..., n,
A |= R(~e,~a,~b, λ) iff (ai, bi) ∈ θA(~1(λ), ~e), for every i = 1, ..., n.

2Note that the vi’s of the proof of Lemma 3 provide such an equational proof.
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Proposition 4. Let V be a congruence modular variety with ~0 and ~1.
(a)

〈
Zλ(A),∨,∧,c ,~0(λ),~1(λ)

〉
is a Boolean algebra, where

~e ∨ ~f = unique ~g ∈ An such that A |= Λ(~e,~g, ~f , λ) ∧R(~e,~g,~1(λ), λ),
~e ∧ ~f = unique ~g ∈ An such that A |= Λ(~e,~g,~0(λ), λ) ∧R(~e,~g, ~f, λ),
(~e)c = unique ~g ∈ An such that A |= Λ(~e,~g,~1(λ), λ) ∧R(~e,~g,~0(λ), λ),
~e ≤ ~f iff A |= Λ(~f,~0(λ), ~e, λ).
(b) The map
Zλ(Π{Ai : i ∈ I}) → Π{Zλ(i)(Ai) : i ∈ I}

~e → (~e(i))i∈I = ((e1(i), ..., en(i)))i∈I

is an isomorphism.
(c) If Φ : A→ B is a surjective homomorphism, then the map
Zλ(A) → ZΦ(λ)(B)

~e → Φ(~e) = (Φ(e1), ...,Φ(en))
is a homomorphism.

(d) If A ⊆ Π{Ai : i ∈ I} is a subdirect product, then Zλ(A) is a subalgebra of
Zλ(Π{Ai : i ∈ I}), for every λ ∈ A.
Proof. Since V has the Fraser-Horn property, by [2, 1.4], the factor congruences of
A form a Boolean sublattice of Con(A). By Lemma 2, the map ~e→ θA(~0(λ), ~e) is a
bijection between Zλ(A) and the Boolean algebra of factor congruences of A. Thus
the partial ordering

~e ≤ ~f iff θA(~0(λ), ~e) ⊆ θA(~0(λ), ~f )
iff A |= Λ(~f,~0(λ), ~e, λ)

defines a Boolean algebra structure on Zλ(A). At this point we can prove (b) since,
by (a) of Lemma 3, the map of (b) is well defined and bijective, and this map and
its inverse are order preserving. To prove the remainder of (a), let ~e, ~f ∈ Zλ(A).
We can suppose that A = A1 × A2, λ = (λ1, λ2) and ~e = [~0(λ1),~1(λ2)]. By (b)
~f = [~f1, ~f2] for some ~fk ∈ Zλk

(Ak), k = 1, 2, and
~e ∨ ~f = [~0(λ1),~1(λ2)] ∨ [~f1, ~f2]

= [~0(λ1) ∨ ~f1,~1(λ2) ∨ ~f2]
= [~f1,~1(λ2)]
= unique ~g ∈ An such that A |= Λ(~e,~g, ~f, λ) ∧R(~e,~g,~1(λ), λ).

The other equalities are similar. (c) and (d) follow directly from (a).

We conclude the paper with an example. Let A = 〈{0, a, 1},∧, D,M, 0, 1〉 , where
〈{0, a, 1},∧, 0, 1〉 is the bounded meet semilattice given by the order 0 ≤ a ≤ 1, and

D(x, y) =
{

1 if x = y,
0 if x 6= y,

M(x, y, z) = 1, if {x, y, z} has three elements,
M(x, x, y) = M(x, y, x) = M(y, x, x) = x.

Let V be the variety generated by A. Note that V is a variety with ~0 and ~1 because
V |= 0 = 1 → x = y. Since M(x, y, z) is a majority term, V is congruence
distributive [4].

We will prove that there is no set Σ defining the property “e is 0-central” such
that every ϕ ∈ Σ is either universal or existential. Suppose to the contrary that
there exists such a set Σ. Since the language of V is finite, by Lemma 3 and com-
pactness, we can suppose that Σ is finite and hence we can suppose that

Σ = {∀x1, ..., xm ψ1(x1, ..., xm, z), ∃x1, ..., xk ψ2(x1, ..., xk, z)},
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with ψ1, ψ2 open formulas. Let X be an infinite set of variables. Since (0, 1) ∈
F (X)×F (X) is 0-central, we have that there exist p1, ..., pk, q1, ..., qk ∈ F (X) such
that
F (X)× F (X) |= ψ2((p1, q1), ..., (pk, qk), (0, 1)).

Let x, y be elements of X which do not occur in p1, ..., pk, q1, ..., qk. Let B be the
subalgebra of F (X)× F (X) generated by the set
{(p1, q1), ..., (pk, qk), (0, 1)} ∪ {(x, x), (y, y)}.

Let π1 and π2 be the kernels of the canonical projections B → F (X). Note that
(0, 1) is a 0-central element of B. Hence, by modularity, θB((0, 0), (0, 1)) = π1 and
θB((1, 1), (0, 1)) = π2, which implies that (x, y) ∈ B. Then there exist a (k+ 3)-ary
term u such that
u((x, x), (y, y), (0, 1), (p1, q1), ..., (pk, qk)) = (x, y),

which implies that
u(x, y, 0, p1, ..., pk) = x,
u(x, y, 1, q1, ..., qk) = y

are identities of V . Note that for every A ∈ V , the subset {0, 1} is a subalgebra of
A. Thus the above identities produce the following ones:
v(x, y, 0, 1) = x,
v(x, y, 1, 0) = y,

for some term v. It is easy to check that if t is a unary term of the language of V ,
then
A |= t(a) = a→ t(0) = 0,

which for t = v(1, x,M(x, 0, 1), D(M(x, 0, 1), 0)) produces a contradiction.
We observe that in contrast with the above example, in [17] we proved that in a

congruence permutable variety with ~0 and ~1 the central elements can be defined in
a natural way using ∀p = q axioms. Moreover, the fundamental operations of the
Boolean algebra Zλ(A) can be expressed by n-tuples of terms.
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Córdoba, Ciudad Universitaria, Córdoba 5000, Argentina
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