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ABSTRACT. The notion of central idempotent elements in a ring can be easily
generalized to the setting of any variety with the property that proper sub-
algebras are always nontrivial. We will prove that if such a variety is also
congruence modular, then it has factorable congruences, i.e., it has the Fraser-
Horn property. (This property is well known to have major implications for
the structure theory of the algebras in the variety.)

By a variety with 0 and 1 we understand a variety V for which there exist unary
terms 01(w), ..., 0p (w), 11(w), ..., 1,,(w) such that

VEO(w) =1(w) -z =y,

where 0 = (01, ...,0,) and T = (1y,...,1,,).!

Indeed this condition is equivalent to the more familiar property that no non-
trivial algebra of V has a trivial subalgebra (combine [17, Lemma 3] with [12]).

If A€ A€V, then we say that € € A" is a A-central element of A if there exists
an isomorphism A — A7 x As such that

A— (/\1, )\2),

€= ((01(A1), 11(A2)), s (0n (A1), 1n(A2))) -

It is well known that the central elements of a ring with identity are just the
central idempotent ones. To give another example, an element in a bounded lattice
is central iff it is neutral and complemented [9].

A variety V has the Fraser-Horn property if each 8 € Con(A; X As), A1, Ay € V,
is of the form 61 x 0, with 0; € Con(A4;), i = 1,2. This property is well known to
have major implications for the structure theory of the algebras in the variety (see
for example, [1], [2], [3], [7], [8], [14]).

In [15] and [16] we used central elements for characterizing the varieties with the
Fraser-Horn property for which the Pierce sheaf [13] (is Hausdorff and) has only
directly indecomposable stalks. In this paper we will use central elements to prove
the following

Theorem 1. IfV is a congruence modular variety such that no non-trivial algebra
of V has a trivial subalgebra, then V has the Fraser-Horn property.

Also, we prove a result which shows that in congruence modular varieties with
0 and 1 the central elements have the fundamental properties of central elements
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in rings with identity or bounded lattices (Proposition 4). We conclude the paper
giving an example to show that even for the congruence distributive case, the
property “€ is A-central” is not definable by a set of formulas which are either
universal or existential.

For background on universal algebra and model theory we refer the reader to
[4], [11] and [5]. Let A be an algebra. If @b € A", then we use 64(a@,b) to
denote the congruence generated by the set {(arbx) : 1 < k < n}. VA is the
universal congruence on A and A4 is the trivial congruence on A. Con(A) denotes
the congruence lattice of A. A pair of congruences 6,6 € Con(A), which satisfies
6N =A% and §od =V is called a pair of complementary factor congruences.

For an algebra A in a variety with 0 and 1, we will use Z(A) to denote the set
of A-central elements of A. If @ € A" and b € B", then we will use [d@,b] to denote
the n-tuple ((a1,b1), ..., (an,bn)) .

Lemma 2. Let V be a congruence modular variety with 0 and 1. Let X € A € V.
Let P ={(0,0) : 0,0 is a pair of complementary factor congruences of A}.
(a) The map

Zx(A) — P
= (6400, 2,04 (1), )

€
is bijective.

(b) &€ Zx(A) iff (914(6@)7@),9%1(1*@),5)) eP

Proof. We will see that the map of (a) is well defined. Let & € Z5(A4). We can
suppose that A = A; x As, A = (A1, A2) and &= [0(\1), I(\2)]. Let 71 and 75 be the
kernels of the canonical projections. Note that 84(0()), &) C m; and 4(I(\),€) C
Ty. Furthermore note that 4 (0(\), &) V #4(1(\),&) 2 84(0(\), 1(\)) = VA. Thus
by modularity we have that 84(0()\), &) = m; and 04(1(\), &) = mo. Next, we will
prove that the map of (a) is onto. Let (0,9) € P. Let € be the element of A™ such
that (0;(\),e;) € 0 and (e;,1;(\)) € 6, for every i = 1,...,n. Since 84(0()),€) C 0
and 04(1(\),é€) C 4, the same argument as above produces 04 (0(\),&) = 6 and
04(1(\),&) = d and hence the map is onto. The injectivity and (b) are easy to
check. |

Let V be a variety. For a set X of variables we use F'(X) to denote the free
algebra of V freely generated by X.

Lemma 3. Let V be a congruence modular variety with 0 and 1.

(a) There is a set ¥ of formulas of the form Y3 A\p = q such that for every
ee A", Ae AeV we have

€ is A\-central iff A = @(€,\), for every ¢ € X.

(b) There is a formula @ of the form \p = q such that for every A = Ay x Ag
and A = (A1, \2) € A, we have

(x,y) € ker(m) iff A= (€, z,y,N),
with € = ((01(A1),11(A2)), s (00, (A1), 1 (A2))) and m : A — Ay the canonical
projection.

Proof. Let X = {x,y, 21, ..., zn, w}. Let 6 = 0FX) (T(w), 2), 6 = 07X (0(w), Z) and
v = 07X (z,y). Since V is congruence modular, we have
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1) (GV)
MNNBVO)N(EVY))
)N @ V(ON(0Vy))
@vVy)no)v(ENn(@GVy))
N OVy)VON(@Vy))
which nnph s that there exist (n + 3)-ary terms vy, ..., vg, such that:
’Ul(Z,ZIJ,y, ) =Z,
’U].C(Z,l',y, w) =Y,
(vi(Z, 2, y, w), vix1(Z, z,y,w)) € (6N (OVy)), for 1 <i<k—1,7o0dd,
(vi(Z, 2, y, w), vix1(Z, 2, y,w)) € (BN (6 V7)), for 1 <i<k—1,ieven.
Thus we have that the following are identities of V:
(M) v (2, z,y,w) = x.
(12) vk(zlx,y,w) =y. B
(13) ’Ul(O(’LU), T, Y, w) = Ui+1(0(w)v LY, ’LU),
vi(T(w), z, 2, w) = vip (I(w), z, , w),
for 1 <i<k-—1,iodd. .
(14) Ui(l(w)v T, Y, w) = Ui+1(1(w)v LY, ’LU),
v;(O(w), z, 2, w) = vig1 (0(w), z, , w),
for1 <i<k-—1,1ieven.

)

Next, let

A(Z,:c,y,w) = /\ ’Ui(gaajava) :Ui-i-l(gvxvyaw)a
1<i<k—1, i even

R(Z,xz,y,w) = A vi(Z 2y, w) = vig1 (2, 2, Yy, w).

1<i<k—1, i odd
We will prove
(1) For every €€ A", A€ A€V, if 04(0()\), &) NOA(T(N), &) = A4, then
04(0(N), &) = {(a,b) € A% : A = A(€,a,b,\)},
04(T(N), &) = {(a,b) € A% : A |= R(€,a,b,\)}.
Using (I1), (I2) and (I3) it can be proved that A = A(€,a,b,A) implies (a,b) €
04(0(N), €). If (a, b) € 64(0(N), &), then, by (I3) and (14), the equations of A(€,a, b, \)
hold modulo 64 (0()), &) N4 (I()), &), which concludes the first equality. The other
one is similar.
We observe that (b) follows from (1). Next, let X = {z1,..., zn,x,y, z,w}, F =
F(X) and let v be the following congruence:

\/ GF(Ui(gv z,Y, ’UJ), Vi41 (Za z,Y, ’UJ)) \ GF(’Ul(Zv Y, z, w)a Ui—i—l(zv Y, z, w))
1<i<k-1,
7 even

Note that, by (I4), v C 07 (I(w), 2). Let 1 <i < k — 1, i even. By (I3) we have
(Uj (57 x,Y, w)a Vj+1 (Za T, Y, ’UJ)) € GF(ﬁ(w)v 2)7 .] Oddv
and then

(’Ui(za vl(Z,x,y,w),z,w),vi(Z', Uk(zvxvyaw)azaw)) SR oF(ﬁ(w)vg)a
(’Ui+l(ga vk(Z,x,y,w),z,w),vi+1(5, Ul(gvxvyaw)azaw)) €y \ HF(O(w),E)
Since
(Ui(gu vk(zuxay7w)727w)7vi+1(gu vk(zuxayaw)727w)) €7,
we have that

(i(Z,x, 2z, w), viqp1(Z, 2, 2, w))
= ( i(Z, _}(5’ Z,y,w), 2, W), vit1(Z, 11(Z, z,y, w), z,w))
€ 7\/9F(O( ), Z).
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By (I4)
(vi(Z, @, 2, w), vi11 (2, 2, 2, w)) € OF (T(w), )
and hence, by modularity we have
(vi(Z, 2, z,w),vi41(Z, 2, 2, w)) €y V (GF(ﬁ(w),Z) N 9F(T(w),5’)) .
Thus there exist terms Pfj“(é’, x,y,z,w), 1 <1< h;, such that the following hold
in V:
PI"(Z z,y, z,w) = vi(Z, 2, 2, w),
R-’f%‘?(é’,x,yw?w) =vi41(Z, x, z, W),
A(27x7y7w)/\A(zvyvsz)_> /\ Piiga(gvzvyvsz) Pztlil(zvxvyazaw)a

1<I<h;—1,
{"odd

Piii?lda(o(w)?zayvsz) P)zt}dil(o(w)azayvsz%
1<I<h;—1, l even
P (L(w), z,y, 2z, w) = Plj, (L(w),z,y, z,0).
1<I<h;—1, l even
Let
TRANSA(Z,w) =Vx,y, 2 A P2 2.y, 2,w) = P14 (22,9, 2,w).

1<i<k—1, i even
1<I<h;—1, l even

We observe that for every €€ A", A€ A e V:

(2) If 64(0(N), &) NOA(T(N),8) = A4, then A = TRANSA(E, \).

(3) AETRANSA(E,N) — (Vo,y, 2z A€, 2, y, \) ANA(E,y, 2, \) — A(€,x,2,N)).
Using a similar argument we can define a formula SY M, such that

(4) If 04(0(N), €) N OA(T(N), &) = A4, then A = SY Ma(E,\).

(5) A E SYMp(EN) — (Vo,y A€, z,y,\) — A€, y,x,N)).
Next, let f be a m-ary function symbol. Let X = {21, ..., 2Zn, 1, ooy T, Y1y ovs Y, W}
and F = F(X). Let

V= V 0% (vi(Z, 25,95, w), vit1 (2, 25, Y5, 0)).

1<i<k—1, i even
1<j<m

Let 1 <i<k—1, ieven. By (I3) we have

(w(Z, x5, w), vip1(Z, 25, y;,w)) € 07 (0(w), ), L odd, 1 < j < m,
and then B

(vi(Z, f(Z), F(7),w), vi(Z, f(7), F (i), w)) € vV 07 (O(w), 2),

(ir1(Z f(§), F(§), w), vig1 (2, f(D), f(§),w)) € vV O (0(w), 2).
By (I14)

(’Ui(ga f(?j)v f(g)7w)7vi+1 ('Zv f(?j)v f(flj),’LU)) € GF(ﬁ(w)v 2)7
which implies that
(0s(Z, (@), F@)w),vi1 (5, @), F@w)) € (V07 [O(w), 7)) 167 (T(w), 2)

=y v (67 (0(w), 2) N 07 (I(w), 9))

Thus there exist terms Pf (2. ), 1 <1< 0, such that the following hold in V:

Z,C,Y,w
Pl (2,2, 7.0) = v(Z, f(2), f(7),
P/, (2.2,5,w) = vig1 (. (), £(7),w),
A;i;n A(‘Zv xivylv ) - Pifl(ﬂa fv Hv ’UJ) = Pf

1<i<0;—1, l even
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Let
f-PRES)(Z,w) = VI, A Pl(z.2,7,w) = P/, (2.7, §,w).
1<i<k—1, i even
1<l<0;—1, 1 even
We note that for every €€ A™, A€ V:
(6) If 6(0 ( ),E)NO(ET(N) = A4, then A = f-PRESA(E, \).

(1) A 1-PRESAEN) — (2.7 NZJ A 21,31.3) — MG 1@, 7). ).
In a similar manner, formulas TRAN SR, SY Mg and f-PRESg can be defined
with the corresponding properties with respect to R. Let

¥ ={Va A(Z,z, z,w), SY Mp(Z,w), TRAN Sx(Z, w)},

Yo ={Va R(Z,z,z,w), SYMg(Z,w), TRANSr(Z,w)},

Y3 ={f-PRES\(Z,w), f-PRESgR(Z,w) : [ is a function symbol},

1= { AT AE0(w), z,w), AZTR(Z Lifw), 2,w) |

Y5 ={Va,y Iz A(Z,z,z,w) A R(Z, z,y,w)}.

We will prove that ¥ = 31 U X5 U X3 U 34 U X5 is the required set of axioms. If
€ € Zx(A), then by (1),(2),(4) and (6) we have that A = ¢(€, ), for every ¢ € X.
Suppose that A = (€, A), for every ¢ € X. Let
L={(a,b) € A% : A= A(€,a,b,\)},
D = {(a,b) € A% : AE R(€,a,b,\)}.
By (3),(5) and (7), the axioms of X7 U Xs U X3 guarantee that L and D are con-
gruences of A. By (I1) and (I12), we have V = A(Z,z,y,w) A R(Z,z,y,w) > x =y
and hence L N D = A4, The axioms of ¥5 imply that L o D = V4 and the ax-
ioms of ¥4 guarantee that #4(0()\), &) C L and #4(1()\), &) C D. By modularity we
have that 04(0(\), &) = L and #4(I()\),€) = D, and hence Lemma 2 implies that
e€e ZX(A). (|

Remark. For the case in which we have an equational proof of {identities of V} U
{0(w) = I(w)} F & = y, we can use the techniques from [10] to construct (via the
Day-terms [6]) the axioms of 3.2

Proof of Theorem 1. Since no non-trivial algebra of V has a trivial subalgebra, com-
bining [17, Lemma 3] with [12] we obtain that V is a variety with 0 and 1. Let 0,6
be a pair of complementary factor congruences of an algebra A € V. By Lemma
2, there exists & € Zx(A), such that § = 04(0(\), €) and 6 = 04 (1(\),é). Let o €
Con(A). Note that for every @,b € A", we have 04/9(i@/o,b/o) = (04(@,b) V o) /o,
where @/o = (a1/0,...,an/0). By (a) of Lemma 3, €/0 € Zy,,(A/0), and therefore
AAlT = 9‘“"(6@\/0),6/0) N oA (1(\/o),E/o)
(64(0(A),€) v o) /o N (64(I(A),&) V o) /0.
Thus (0 V o) N (6 Vo) C o, and hence by [8, Theorem 2] the theorem follows. O

For a congruence modular variety with 0 and 1, define

A(Zv 'fa g) w) = Ai;? A(‘Zv Lis Yis w)a

R(g7 fu g? ’U}) = /\7;;711 R(Z_: Tiy Yiy ’U}),
where A(Z,z,y,w) and R(Z,z,y,w) are as in the proof of Lemma 3. Note that by
(1) in that proof, for € € Z)(A) we have

A R(8,a@,b,\) iff (a;,b;) € 02(I(N), &), for every i = 1,...,n

2Note that the v;’s of the proof of Lemma 3 provide such an equational proof.
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Proposition 4. Let V be a congruence modular variety with 0 and 1.
(a) <Z,\(A), VoA, 0N, f()\)> is a Boolean algebra, where

gV f = unique § € A" such that A = A€, G, f,\) A R(€,G,1(\), \),
€A f = unique § € A™ such that A = A(€,F,0(\), \) A R(€, G, f, \),
(€)° = unique § € A™ such that A = A(€,F,T(\), \) A R(€,§,0(\), \),

e< fiff A= A(F,0(N), & N).
(b) The map
¢ = (@@))ier = ((e1(2), -, en(d))ier

s an isomorphism.

(c) If ® : A — B is a surjective homomorphism, then the map

Zx(A) — Zy\)(B)
€ — )= (P(er),...,P(en))

is a homomorphism.

(d) If A CTI{A; : i € I} is a subdirect product, then Zx(A) is a subalgebra of
Z\(II{A; : i € I}), for every A € A.
Proof. Since V has the Fraser-Horn property, by [2, 1.4], the factor congruences of
A form a Boolean sublattice of Con(A). By Lemma 2, the map & — 64(0()), &) is a
bijection between Z»(A) and the Boolean algebra of factor congruences of A. Thus
the partial ordering

e<f it 0AO(N),e) < 040N, f)
iff A A(f,0(0), & N)

defines a Boolean algebra structure on Zy(A). At this point we can prove (b) since,
by (a) of Lemma 3, the map of (b) is well defined and bijective, and this map and
its inverse are order preserving. To prove the remainder of (a), let € f € Z\(A).
We can suppose that A = A; x Ay, A = (A1, A2) and € = [0(\1), I(\2)]. By (b)
F=1f1, f2] for some f, € Zy, (Ax), k = 1,2, and

evf =0, (q)] [f1, f2]

= [0(2) Vv /1, T(2) V fol

= [[1,T(%2)]
— unique § € A" such that A = A(2,§, f,\) A R(E,§, T(\), \).
The other equalities are similar. (c¢) and (d) follow directly from (a). O

We conclude the paper with an example. Let A = ({0,a,1}, A, D, M,0,1), where
({0,a,1}, A, 0,1) is the bounded meet semilattice given by the order 0 < a < 1, and

lif x =y,
0if x # vy,

M(z,y,z) =1, if {x,y, 2z} has three elements,

M(x,z,y) = M(z,y,z) = M(y,z,x) = z.

Let V be the variety generated by A. Note that V is a variety with 0 and 1 because
VEO=1— 2 =y. Since M(x,y,z) is a majority term, V is congruence
distributive [4].

We will prove that there is no set 3 defining the property “e is 0-central” such
that every ¢ € ¥ is either universal or existential. Suppose to the contrary that
there exists such a set X. Since the language of V is finite, by Lemma 3 and com-
pactness, we can suppose that ¥ is finite and hence we can suppose that

Y =AVr1, .., xm V1(x1, o, T,y 2), IT1, o T Y2(X1, e, TR, 2) T

D(xvy) =
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with 11,192 open formulas. Let X be an infinite set of variables. Since (0,1) €
F(X) x F(X) is 0-central, we have that there exist p1, ..., Pk, q1, ..., & € F(X) such
that

F(X) x F(X) = (1, 1), s (1o 38, (0, 1)).

Let x,y be elements of X which do not occur in p1, ..., Pk, q1, ..., qx. Let B be the
subalgebra of F(X) x F(X) generated by the set

{(p1,q1)s s (Pr> ar), (0, 1)} U{(2, 2), (y,9)}

Let m; and 7o be the kernels of the canonical projections B — F(X). Note that
(0,1) is a 0-central element of B. Hence, by modularity, 62((0,0), (0,1)) = 7, and
6B((1,1),(0,1)) = w2, which implies that (x,y) € B. Then there exist a (k + 3)-ary
term wu such that

u((z, ), (y, ), (0,1), (P1,q1), -+ (Pk> @&)) = (,9),
which implies that

’U,(.T, y705p17 ---7pk) =7,

U(I‘, Y, 1a q1y - qk) =Y
are identities of V. Note that for every A € V, the subset {0,1} is a subalgebra of
A. Thus the above identities produce the following ones:

v(z,y,0,1) =z,

v(:c,y, 170) =Y,
for some term v. It is easy to check that if ¢ is a unary term of the language of V,
then

A Et(a) =a— t(0) =0,
which for ¢ = v(1, 2, M (2,0,1), D(M(x,0,1),0)) produces a contradiction.

We observe that in contrast with the above example, in [17] we proved that in a
congruence permutable variety with 0 and T the central elements can be defined in
a natural way using Vp = g axioms. Moreover, the fundamental operations of the
Boolean algebra Z(A) can be expressed by n-tuples of terms.
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