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A CHARACTERIZATION OF THE CLIFFORD TORUS

QING-MING CHENG AND SUSUMU ISHIKAWA

(Communicated by Christopher Croke)

Abstract. In this paper, we prove that an n-dimensional closed minimal

hypersurface M with Ricci curvature Ric(M) ≥ n

2
of a unit sphere Sn+1(1)

is isometric to a Clifford torus if n ≤ S ≤ n + 14(n+4)
9n+30

, where S is the squared

norm of the second fundamental form of M .

1. Introduction

Let M be an n-dimensional closed minimal hypersurface in a unit sphere Sn+1(1)
of dimension n + 1. Let S denote the squared norm of the second fundamental
form of M . From the Gauss equation (see section 2), we know that S, which
is extrinsic by definition, is actually an intrinsic quantity. It is well-known that
Chern, do Carmo and Kobayashi [3] and Lawson [4] obtained independently that
Clifford tori are the only closed minimal hypersurfaces of the unit sphere with
S = n. When the scalar curvature of M is constant, Yang and the first named
author proved in [6] and [7] that if n ≤ S ≤ n + n

3 , then M is isometric to a

Clifford torus Sm(
√

m
n ) × Sn−m(

√
n−m

n ). A natural problem is that, for a closed
minimal hypersurface M of a unit sphere, whether there exists a constant ε(n) > 0
such that if n ≤ S ≤ n + ε(n), then S = n and M is isometric to a Clifford torus

Sm(
√

m
n )× Sn−m(

√
n−m

n ). The first named author [2] gave a positive answer un-
der the additional condition that M has only two distinct principal curvatures.
In general, it still remains open and it is a very hard problem. On the other

hand, the Clifford torus Sm(
√

m
n ) × Sn−m(

√
n−m

n ) is a closed minimal hypersur-

face in Sn+1(1) with S = n and its Ricci curvature varies between
n(m− 1)

m
and

n(n−m− 1)
n−m

. If 2 ≤ m ≤ n − 2, then Ric(M) ≥ n

2
. Hence it is natural to ask
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whether there exists a constant ε(n) > 0 such that if M is a closed minimal hyper-
surface with Ric(M) ≥ n

2
and n ≤ S ≤ n + ε(n), then S = n and M is isometric

to a Clifford torus Sm(
√

m
n )× Sn−m(

√
n−m

n ) (1 < m < n− 1). In this paper, we
give an affirmative answer for the above problem.

Theorem 1. Let M be an n-dimensional closed minimal hypersurface of a unit
sphere Sn+1(1) with Ricci curvature Ric(M) ≥ n

2
. If

n ≤ S ≤ n +
14(n + 4)
9n + 30

,

then S = n and M is isometric to a Clifford torus Sm(
√

m
n ) × Sn−m(

√
n−m

n )
(1 < m < n− 1).

In particular, if n ≤ 5, we obtain the following

Theorem 2. Let M be an n-dimensional (n ≤ 5) closed minimal hypersurface of
a unit sphere Sn+1(1). If

n ≤ S ≤ n + ε(n),

then S = n and M is isometric to a Clifford torus Sm(
√

m
n ) × Sn−m(

√
n−m

n ),

where ε(3) = 42
85 , ε(4) = 8

31 and ε(5) = 3(21−5
√

17)

28+3
√

17
.

Remark. For n≤5, Peng-Terng [5] proved the following: Let M be an n-dimensional
(n ≤ 5) closed minimal hypersurface of a unit sphere Sn+1(1). If

n ≤ S ≤ n + ε1(n),

then S = n, where ε1(n) =
6− 1.13n

5 +
√

17
. It is obvious that our pinching constant in

Theorem 2 is larger than theirs.

2. Local formulae

Let M be an n-dimensional hypersurface in a unit sphere Sn+1(1). We choose
a local orthonormal frame field {e1, . . . , en+1} in Sn+1(1), restricted to M , so that
e1, . . . , en are tangent to M . Let ω1, . . . , ωn+1 denote the dual coframe field in
Sn+1(1). Then, in M ,

ωn+1 = 0.

It follows from Cartan’s Lemma that

ωn+1i =
∑

j

hijωj , hij = hji.(2.0)

The second fundamental form α and the mean curvature of M are defined by

α =
∑
i,j

hijωiωjen+1 and nH =
∑

i

hii,(2.1)

respectively. We recall that M is by definition a minimal hypersurface if the mean
curvature of M is identically zero. The connection form ωij is characterized by the
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structure equations
dωi +

∑
j ωij ∧ ωj = 0, ωij + ωji = 0,

dωij +
∑

k ωik ∧ ωkj = Ωij ,

Ωij = 1
2

∑
k,l Rijklωk ∧ ωl,

(2.2)

where Ωij (resp. Rijkl) denotes the curvature form (resp. the components of the
curvature tensor) of M . The Gauss equation is given by

Rijkl = (δikδjl − δilδjk) + (hikhjl − hilhjk).(2.3)

The covariant derivative ∇α of the second fundamental form α of M with compo-
nents hijk is given by∑

k

hijkωk = dhij +
∑

k

hjkωik +
∑

k

hikωjk.

Then the exterior derivative of (2.0) together with the structure equation yields the
following Codazzi equation:

hijk = hikj = hjik.(2.4)

From the Codazzi equation, we know that hijk is symmetric in the indices i, j and
k. Similarly, we have the covariant derivative ∇2α of ∇α with components hijkl as
follows: ∑

l

hijklωl = dhijk +
∑

l

hljkωil +
∑

l

hilkωjl +
∑

l

hijlωkl,

and it is easy to get the following Ricci formula:

hijkl − hijlk =
∑
m

himRmjkl +
∑
m

hmjRmikl.(2.5)

Similarly, we also have

hijklm − hijkml =
∑

r

hrjkRrilm +
∑

r

hirkRrjlm +
∑

r

hijrRrklm,(2.6)

where the hijklm ’s are the components of the covariant derivative ∇3α of ∇2α. We
should remark that hijkl and hijklm are symmetric in the first three indices i, j
and k and generally not symmetric in the other ones. The components of the Ricci
curvature and the scalar curvature are given by

Rij = (n− 1)δij −
∑

k

hikhjk,(2.7)

R = n(n− 1)−
∑
i,j

h2
ij .(2.8)

Now we compute certain local formulae. For any fixed point p in M , we can choose
a local orthonormal frame field e1, . . . , en such that

hij =

{
0 if i 6= j,

λi if i = j.
(2.9)

The following formulas can be obtained by a direct computation (cf. [1]). Let

S :=
∑
i,j

h2
ij =

∑
i

λ2
i ,
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1
2
∆S =

∑
i,j,k

h2
ijk − S(S − n),(2.10)

1
2
∆

∑
i,j,k

h2
ijk =

∑
i,j,k,l

h2
ijkl + (2n + 3− S)

∑
i,j,k

h2
ijk(2.11)

+ 3(2B −A)− 3
2
|∇S|2,

where A =
∑

i,j,k λ2
i h

2
ijk and B =

∑
i,j,k λiλjh

2
ijk.

3. Proofs of the theorems

At first we give two algebraic lemmas which will play a crucial role in the proofs
of our theorems.

Lemma 1. Let ai (i = 1, 2, 3, 4) be real numbers satisfying
∑

i ai = 0 and
∑

i a2
i =

a. Then
∑

i a4
i ≤ 7

12a2.

Proof. We maximize the function
∑

i a4
i with the constraints

∑
i ai = 0 and

∑
i a2

i =
a. By means of the method of the Lagrange multiplier, we solve the following
problem:

f =
∑

i

a4
i + λ

∑
i

ai + µ(
∑

i

a2
i − a),

where λ and µ are the Lagrange multipliers. The maximum point of
∑

i a4
i is a

critical point of f . Taking the derivative of f with respect to ai, we have

fai = 4a3
i + λ + 2µai = 0.

Hence, at most three of the ai’s are distinct with each other at a critical point of
f . We consider the following three cases.

(1) Three of the ai’s are distinct with each other. Without loss of generality, we
denote them by a1, a2, a3 and assume a1 = a4; then

2a1 + a2 + a3 = 0, 2a2
1 + a2

2 + a2
3 = a.

Hence, ∑
i

a4
i = 2a4

1 + a4
2 + a4

3 =
(a + 2a2

1)
2

2
− 14a4

1

=
a2

2
+ 2aa2

1 − 12a4
1 ≤

7
12

a2,

i.e., ∑
i

a4
i ≤

7
12

a2.

(2) Two of the ai’s are distinct with each other. Without loss of generality, we
denote them by a1, a2 and assume a1 = a4 and a2 = a3 or a1 = a3 = a4; then∑

i a4
i ≤ 7

12a2.
(3) If all of the ai’s are the same, then

∑
i a4

i = 0.
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Therefore, we conclude ∑
i

a4
i ≤

7
12

a2.

This completes the proof of Lemma 1.

Lemma 2. Let aij and bi (i, j = 1, . . . , n) be real numbers satisfying
∑

i bi = 0,∑
i b2

i = b > 0,
∑

i,j biaij = 1
2b(n− b) and

∑
i,j bjaij = 1

2b(n− b). Then∑
i

a2
ii + 3

∑
i6=j

a2
ij ≥

3b(n− b)2

2(n + 4)
.

Proof. We consider F =
∑

i a2
ii + 3

∑
i6=j a2

ij as a function of aij with constraints∑
i,j biaij = 1

2b(n− b) and
∑

i,j bjaij = 1
2b(n− b). Let

f :=
∑

i

a2
ii + 3

∑
i6=j

a2
ij + λ[

∑
i,j

biaij − 1
2
b(n− b)] + µ[

∑
i,j

bjaij − 1
2
b(n− b)],

where λ and µ are the Lagrange multipliers. It is obvious that the minimum point
of F is a critical point of f . Taking the derivative of f with respect to aij , we get

faii = 2aii + λbi + µbi = 0, for i,(3.1)

faij = 6aij + λbi + µbj = 0, for i 6= j.(3.2)

Hence ∑
i

aiifaii = 2
∑

i

a2
ii + λ

∑
i

aiibi + µ
∑

i

aiibi = 0

and ∑
i6=j

aijfaij = 6
∑
i6=j

a2
ij + λ

∑
i6=j

aijbi + µ
∑
i6=j

aijbj = 0.

Therefore,

2[
∑

i

a2
ii + 3

∑
i6=j

a2
ij ] = λ

1
2
b(b− n) + µ

1
2
b(b− n).(3.3)

From (3.1) and (3.2), we have

2
∑

i

biaii + (λ + µ)
∑

i

b2
i = 0,(3.4)

6
∑
i6=j

biaij + λ
∑
i6=j

b2
i + µ

∑
i6=j

bibj = 0

and

6
∑
i6=j

bjaij + λ
∑
i6=j

bibj + µ
∑
i6=j

b2
j = 0.

From (3.4) and the two equalities above, we get

−4
∑

i

biaii + 3b(n− b) + λnb = 0
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and

−4
∑

i

biaii + 3b(n− b) + µnb = 0,

λ + µ =
6(b− n)
(n + 4)

.

According to (3.3), we obtain

fmin =
3b(n− b)2

2(n + 4)
.

Thus we have finished the proof of Lemma 2.

For any fixed point p in M , we can choose a local frame field e1, . . . , en such that

hij = λiδij .(3.5)

Defining f3 =
∑

i λ3
i and f4 =

∑
i λ4

i , then f3 and f4 are functions defined globally
on M .

Proposition 1. Let M be a minimal hypersurface in Sn+1(1). Then∑
i,j,k,l

h2
ijkl ≥

3
2
(Sf4 − f2

3 − 2S2 + nS) +
3S(S − n)2

2(n + 4)

holds.

Proof. From the Ricci formula (2.5) and the Gauss equation (2.3), we have

hiijj − hjjii = hijij − hijji =
∑
m

himRmjij +
∑
m

hmjRmiij(3.6)

= λiRijij + λjRjiij = (λi − λj)Rijij

= (λi − λj)(1 + λiλj).

We define

uijkl =
1
4
(hijkl + hlijk + hklij + hjkli).(3.7)

Since hijkl is symmetric in the indices i, j, k, from formula (3.6), we obtain∑
i,j,k,l

h2
ijkl ≥

∑
i,j,k,l

u2
ijkl +

3
2
[Sf4 − f2

3 − 2S2 + nS].(3.8)

Since ∆hij = (n− S)hij and
∑

i hiikl = 0, we have∑
i,j

uiijjλi =
∑
i,j

uiijjλj =
1
2
S(n− S).

From
∑

i λi = 0 and
∑

i λ2
i = S and defining aij := uiijj and bi := λi, then aij and

bi satisfy the conditions in Lemma 2. From the definition of uijkl, we know that
uijkl is symmetric in the indices i, j, k, l. From Lemma 2, we infer∑

i,j,k,l

u2
ijkl ≥

∑
i

u2
iiii + 3

∑
i6=j

u2
iijj ≥

3S(S − n)2

2(n + 4)
.(3.9)
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Hence, from (3.8) and (3.9), we obtain∑
i,j,k,l

h2
ijkl ≥

3
2
(Sf4 − f2

3 − 2S2 + nS) +
3S(S − n)2

2(n + 4)
.

This completes the proof of Proposition 1.

Proposition 2. Let M be a closed minimal hypersurface in Sn+1(1). Then∫
M

[(S − 2n− 3
2
)
∑
i,j,k

h2
ijk + 2(S − n)f4 − 3S(S − n)2

2(n + 4)
+

9
8
|∇S|2]dM ≥ 0

holds.

Proof. The following integral formula (3.10) can be found in [2]:∫
M

(A− 2B)dM =
∫

M

[Sf4 − S2 − f2
3 −

1
4
|∇S|2]dM.(3.10)

From the Ricci formula (2.5), by a direct computation, we obtain

1
4
∆f4 = (n− S)f4 + 2A + B.

Integrating both sides of the above equality, we have∫
M

(S − n)f4dM =
∫

M

(2A + B)dM.(3.11)

Formulas (3.10) and (3.11) yield∫
M

[(S − 4n)f4 + 3f2
3 + 3S2 +

3
4
|∇S|2]dM ≥ 0.(3.12)

According to Stokes’ formula, we integrate the formula (2.11) and obtain∫
M

∑
i,j,k,l

h2
ijkldM(3.13)

=
∫

M

[−(2n + 3− S)
∑
i,j,k

h2
ijk − 3(2B −A) +

3
2
|∇S|2]dM.

From Proposition 1, (3.10) and (3.13), we infer

∫
M

{(S − 2n− 3
2
)
∑
i,j,k

h2
ijk +

3
4
|∇S|2 +

3
2
[Sf4 − f2

3 − S2]− 3S(n− S)2

2(n + 4)
}dM ≥ 0.

(3.14)

(3.12)+2× (3.14) yields∫
M

[(S − 2n− 3
2
)
∑
i,j,k

h2
ijk + 2(S − n)f4 − 3S(S − n)2

2(n + 4)
+

9
8
|∇S|2]dM ≥ 0.

Thus Proposition 2 is valid.

Proof of Theorem 1. According to (2.10) and Stokes’ Theorem, we obtain∫
M

∑
i,j,k

h2
ijkdM =

∫
M

[S(S − n)]dM(3.15)
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and

−
∫

M

1
2
|∇S|2 =

∫
M

[S
∑
i,j,k

h2
ijk + (n− S)S2]dM.(3.16)

From formula (2.7) and the assumption in Theorem 1, we have

Rii = n− 1− λ2
i ≥

n

2
.

Therefore,

λ2
i ≤

n− 2
2

,

∑
i

λ4
i ≤

n− 2
2

∑
i

λ2
i ,

that is,

f4 ≤ n− 2
2

S.(3.17)

From Proposition 2 and (3.17), we have∫
M

{(S − 2n− 3
2
)
∑
i,j,k

h2
ijk + (n− 2)S(S − n)− 3S(S − n)2

2(n + 4)
+

9
8
|∇S|2}dM ≥ 0.

From (3.15), (3.16) and the above inequality, we infer∫
M

{(−5
4
S − n− 7

2
)
∑
i,j,k

h2
ijk + [

9
4
S − 3(S − n)

2(n + 4)
]S(S − n)}dM ≥ 0.

Since

n ≤ S ≤ n +
14(n + 4)
9n + 30

,

we have ∫
M

{(−5
4
S − n− 7

2
)
∑
i,j,k

h2
ijk + (

9n

4
+

7
2
)S(S − n)}dM ≥ 0.

Hence ∫
M

5
4
(S − n)

∑
i,j,k

h2
ijkdM = 0.

Since S and
∑

i,j,k h2
ijk are continuous functions, we have S = n. Thus, M is

isometric to a Clifford torus Sm(
√

m
n )× Sn−m(

√
n−m

n ) (1 < m < n− 1) from the
result due to Chern, do Carmo and Kobayashi [3] or Lawson [4]. This completes
the proof of Theorem 1.

Proof of Theorem 2. In the case n = 3, because
∑

i λi = 0, we have f4 =
∑

i λ4
i =

S2

2 . From Proposition 2, we have∫
M

{(S − 2n− 3
2
)
∑
i,j,k

h2
ijk + S2(S − n)− 3S(S − n)2

2(n + 4)
+

9
8
|∇S|2}dM ≥ 0.
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From (3.16) and the above inequality, we have∫
M

{(−5
4
S − 2n− 3

2
)
∑
i,j,k

h2
ijk +

13
4

S2(S − n)− 3S(S − n)2

2(n + 4)
}dM ≥ 0.

Since

n ≤ S ≤ n +
42
85

,

we have ∫
M

{−5
4
(S − n)

∑
i,j,k

h2
ijk}dM ≥ 0.

Hence ∫
M

5
4
(S − n)

∑
i,j,k

h2
ijkdM = 0.

By making use of the same proof as in Theorem 1, we know that Theorem 2 is true
in the case n = 3.

In the case n = 4, from Lemma 1, we have f4 ≤ 7
12S2. By using this inequality,

we obtain, from Proposition 2,∫
M

{(S − 2n− 3
2
)
∑
i,j,k

h2
ijk +

7
6
S2(S − n)− 3S(S − n)2

2(n + 4)
+

9
8
|∇S|2}dM ≥ 0.

By the same proof as in the case n = 3, we know that Theorem 2 is also valid in
the case n = 4.

In the case n = 5, from Proposition 1, (3.10) and (3.13), we have∫
M

{(S − 2n− 3
2
)
∑
i,j,k

h2
ijk +

3
2
(A− 2B)− 3S(S − n)2

2(n + 4)
+

9
8
|∇S|2}dM ≥ 0.(3.18)

Since

3(A− 2B) =
∑
i,j,k

(λ2
i + λ2

j + λ2
k − 2λiλj − 2λjλk − 2λkλi)h2

ijk

=
∑

i6=j 6=k 6=i

[2(λ2
i + λ2

j + λ2
k)− (λi + λj + λk)2]h2

ijk

+ 3
∑
i6=k

(λ2
k − 4λiλk)h2

iik − 3
∑

i

λ2
i h

2
iii

≤
√

17 + 1
2

S
∑
i,j,k

h2
ijk,

by making use of this inequality and (3.18), a similar proof as in the case n = 3
yields that Theorem 2 is also valid in this case. We have finished the proof of
Theorem 2.
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