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ABSTRACT. In this paper, we prove that an n-dimensional closed minimal
n
hypersurface M with Ricci curvature Ric(M) > 5 of a unit sphere S™*1(1)

14(n44)

is isometric to a Clifford torus if n < § < n+ 55,

norm of the second fundamental form of M.

where S is the squared

1. INTRODUCTION

Let M be an n-dimensional closed minimal hypersurface in a unit sphere S"*(1)
of dimension n + 1. Let S denote the squared norm of the second fundamental
form of M. From the Gauss equation (see section 2), we know that S, which
is extrinsic by definition, is actually an intrinsic quantity. It is well-known that
Chern, do Carmo and Kobayashi [3] and Lawson [4] obtained independently that
Clifford tori are the only closed minimal hypersurfaces of the unit sphere with
S = n. When the scalar curvature of M is constant, Yang and the first named
author proved in [6] and [7] that if n < S < n+ %, then M is isometric to a

Clifford torus S™ (/%) x S"~™(4/ ™). A natural problem is that, for a closed

minimal hypersurface M of a unit sphere, whether there exists a constant e(n) > 0
such that if n < S < n + €(n), then S =n and M is isometric to a Clifford torus

S™(\/E) x SmT (4 /2=). The first named author [2] gave a positive answer un-

der the additional condition that M has only two distinct principal curvatures.
In general, it still remains open and it is a very hard problem. On the other

hand, the Clifford torus S™ (/™) x S"~"(y/®=™) is a closed minimal hypersur-
n(m—1)

face in S"T1(1) with S = n and its Ricci curvature varies between and

—m—1
Lm). If 2 <m < n-—2, then Ric(M) > g Hence it is natural to ask
n—m
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whether there exists a constant e(n) > 0 such that if M is a closed minimal hyper-
surface with Ric(M) > g and n < S < n+e€(n), then S =n and M is isometric

to a Clifford torus S™ (/%) x S"~"(y/*=") (1 <m < n —1). In this paper, we
give an affirmative answer for the above problem.

Theorem 1. Let M be an n-dimensional closed minimal hypersurface of a unit
sphere S"1(1) with Ricci curvature Ric(M) > g If

14(n+4)
< < _ 7
nsSsnt g 3

then S = n and M is isometric to a Clifford torus S™(\/%) x S"7"(y/2=")
l<m<n-—1).
In particular, if n < 5, we obtain the following

Theorem 2. Let M be an n-dimensional (n < 5) closed minimal hypersurface of
a unit sphere S"T(1). If

n <8 <n+en),

then S = n and M is isometric to a Clifford torus S™(\/™) x S"~™(,/2=0),

where €(3) = ;‘—é, €(4) = 3% and €(5) = 3(2281;35\/\/1§)'

Remark. For n<5, Peng-Terng [5] proved the following: Let M be an n-dimensional
(n < 5) closed minimal hypersurface of a unit sphere S"**(1). If

n<S<n+e(n),

6—1.13n
5+ /17

Theorem 2 is larger than theirs.

then S = n, where ¢1(n) = . It is obvious that our pinching constant in

2. LOCAL FORMULAE

Let M be an n-dimensional hypersurface in a unit sphere S"**(1). We choose
a local orthonormal frame field {e1, ..., e,11} in S"T!(1), restricted to M, so that
€1,...,en are tangent to M. Let wy, ..., wy41 denote the dual coframe field in
S7+1(1). Then, in M,
Wn+4+1 = 0.

It follows from Cartan’s Lemma that

(20) Wn+1i = Z hijwj, hij = hﬂ
J

The second fundamental form « and the mean curvature of M are defined by
(21) o = Z hijwiwjenﬂ and nH = Z h“‘,

i,j i
respectively. We recall that M is by definition a minimal hypersurface if the mean
curvature of M is identically zero. The connection form w;; is characterized by the
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structure equations

dwi—l—ijij ANwj =0, wi+wj =0,
(2.2) dwij + Y wik A wij = Qj,

Q= %ZM Rijriwr A wi,

where €;; (resp. Rijri) denotes the curvature form (resp. the components of the
curvature tensor) of M. The Gauss equation is given by

(2.3) Rijii = (0irdj1 — 6udjn) + (hirhj — hithjk).

The covariant derivative Va of the second fundamental form « of M with compo-
nents h;jx, is given by

Z hijrwr = dhi; + Z hjpwik + Z hikwik -
k k k

Then the exterior derivative of (2.0) together with the structure equation yields the
following Codazzi equation:

(2.4) hijk = hikj = hjik-

From the Codazzi equation, we know that h;j; is symmetric in the indices ¢, j and
k. Similarly, we have the covariant derivative V2« of Va with components hijri as

follows:
Z hijriwr = dhgjr, + Z hijrwa + Z harwji + Z hijiwrt,
l 1 l 1
and it is easy to get the following Ricci formula:
(2.5) hijit = hijik = Y Dim Rt + > o Rt
Similarly, we also have

(26) hijklm - hijkml = Z hrijrilm + Z hirerjlm + Z hierrklma

where the h;;iim s are the components of the covariant derivative V3a of V2a. We
should remark that h;ji; and hijrm are symmetric in the first three indices 7, j
and k and generally not symmetric in the other ones. The components of the Ricci
curvature and the scalar curvature are given by

(2.7) Rij=(n—1)0 Z hikhjk,

(2.8) R=n(n—-1) Zh

Now we compute certain local formulae. For any fixed point p in M, we can choose

a local orthonormal frame field ey, ..., e, such that
PR
(2.9) hij = 0 ol 7& ¥
A if =

The following formulas can be obtained by a direct computation (cf. [1]). Let

Si=> hi =Y ),
i,j i



822 QING-MING CHENG AND SUSUMU ISHIKAWA

(2.10) %AS > b — S(S—mn),

1,5,k

(2.11) —AZh”k = > b+ @n+3-9)> bl

5,k 1,5,k,1 1,5,k
3
+3(2B - A) - —|VS|2,

where A =37, - ANPhZ, and B =37, ) Nidjhi,.

3. PROOFS OF THE THEOREMS

At first we give two algebraic lemmas which will play a crucial role in the proofs
of our theorems.

Lemma 1. Let a; (i =1,2,3,4) be real numbers satisfying Y, a; =0 and Y, a? =
a. Then ), at < %a?

Proof. We maximize the function >, a} with the constraints Y, a; =0and >, af =
a. By means of the method of the Lagrango multiplier, we solve the following

problem:
f= Za —l—)\Zaz—i—u Za —a),

where A and g are the Lagrange multipliers. The maximum point of ), at is a
critical point of f. Taking the derivative of f with respect to a;, we have

fa, = 4a3 + X+ 2pa; = 0.

Hence, at most three of the a;’s are distinct with each other at a critical point of
f. We consider the following three cases.
(1) Three of the a;’s are distinct with each other. Without loss of generality, we
denote them by a1, a2, a3 and assume a; = a4; then

2a1 + as + a3z =0, 2a?+a§+a§:a.

Hence,
2 2\2
Zag1 =2af +a3+a3 = w — 14a}
i
2
a 7

=3 + 2aa? — 12a] < Ea,

ie.,

Zi:a‘il < %az

(2) Two of the a;’s are distinct with each other. Without loss of generality, we
denote them by a1, as and assume a1 = a4 and as = a3 or a1 = a3z = a4; then
a4 < T 2
i > 139
(3) If all of the a;’s are the same, then >, a} = 0.
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Therefore, we conclude

Za <—a

This completes the proof of Lemma 1. O

Lemma 2. Let a;; and b; (i,j = 1,...,n) be real numbers satisfying »_.b; = 0,
S =b>0, > biai = $b(n —b) and > bjai = $b(n —b). Then

3b(n — b)?
Za“—l—fiz ZJ = Z—_’_4)

i#£]

Proof. We consider F = . a? + 3217é ;a3; as a function of a;; with constraints

> biai = 2b(n —b) and > bjai = 2b(n —b). Let

f —Za”—I—ESZa”—F/\Zba” b(n — b)] —l—,qu aij — ;b(n—b)],

i#£] i,J
where \ and p are the Lagrange multlphers. It is obvious that the minimum point
of F'is a critical point of f. Taking the derivative of f with respect to a;;, we get

(31) fam: = 2a + Ab; + pub; =0, for 1,
(3.2) fa;; = 6as; + by +pb; =0, for # 7.
Hence

Zaiifa“. = ZZafi + /\Za“bl + uZaiibi =0

and
Zaijfaij = GZafj + )\Z aijbi + uZaijbj =0.
i#] i#] i#] i#£j
Therefore,
(3.3) Za” +3) al]=Asb(b—n) + 1y b(b n).
i#]

From (3.1) and (3.2), we have
(3.4) 23 “biaii + (A+p) Y b7 =0,

Gsza”-i-/\Zb?-‘rqule =0

i£] i#] i#]
and
Gijaij -‘r/\Zble -‘rﬂbe =0.
i#] i#£j i#]

From (3.4) and the two equalities above, we get

—4> “biai; + 3b(n — b) + Anb =0
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and

—4 “bia; + 3b(n — b) + unb = 0,

Atn= 6(5?+ Z))
According to (3.3), we obtain
foi = =0
e 2(n+4)
Thus we have finished the proof of Lemma 2. O
For any fixed point p in M, we can choose a local frame field ey, .. ., e, such that
(3.5) hij = Aibij.

Defining f3 = >, A3 and fy = Y_; A}, then f5 and f4 are functions defined globally
on M.

Proposition 1. Let M be a minimal hypersurface in S"*1(1). Then
35(S —n)?

_ _ 2
Z h/’ijl e 2 Sf4 f3 257+ S) 2(n+4)

1,5,k,1
holds.

Proof. From the Ricci formula (2.5) and the Gauss equation (2.3), we have
(3.6) Riiji — Pjjis = Rijij — hijje = Z himBomjij + Z Romj Romiij

= AiRijij + AjRjiij = (A = Aj) Rijij
=N = X)) (1 + X)),

We define
1
(3.7) Uijkl = Z(hijkl + hgijie + hitig + M)
Since h;ji is symmetric in the indices 1, j, k, from formula (3.6), we obtain
3
(3.8) SThiu= > ul+ S5 - f2—25% +ns).
i,k igokl

Since Ah;; = (n — S)hi; and Y, hiirg = 0, we have
1
Zuiijj)\i = Zuiijj/\j = §S(Tl - S)
4, ,J

From Y, \; =0 and Y ; \? = S and defining a;; := u;;j; and b; := )\;, then a;; and
b; satisfy the conditions in Lemma 2. From the definition of uwkl, we know that
Uijkt is symmetric in the indices i, 7, k,!. From Lemma 2, we infer

2

(3.9) Z uz]kl > Zumz + 32 Wiijj = n—i_—Z)) '

i,5,k,1 i#£j
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Hence, from (3.8) and (3.9) we obtain

35(S —n)?
2
S hliu> Sf4 — 2252 4 nS) + S CE
i,5,k,0
This completes the proof of Proposition 1. O

Proposition 2. Let M be a closed minimal hypersurface in S"t1(1). Then

35(S-n)? 9 9
— - 7 — >
/ (S —2n Ejkh”k —n)fa 2t ) +8|VS| J[dM >0

holds.
Proof. The following integral formula (3.10) can be found in [2]:
(3.10) / (A—2B)dM = / [Sfy—S%— f5— l|v5|2’]dM
M M 4
From the Ricci formula (2.5), by a direct computation, we obtain
1
ZAf4 =(n—-95)fs+24A+ B.
Integrating both sides of the above equality, we have
(3.11) / (S —n) fadM = / (2A + B)dM.
M M
Formulas (3.10) and (3.11) yield
(3.12) / [(S —4n)fs+3f3 +35%+ Z|VS|Q]dM > 0.
M

According to Stokes’ formula, we integrate the formula (2.11) and obtain

(3.13) / > hidM

1,7k,

3
:/M[ (20+3=8) Y b3y —3(2B = 4) + 5[VSJdM

1,4,k
From Proposition 1, (3.10) and (3.13), we infer
(3.14)
3 3S(n — 9)?
—2—— 20 216, — 262 = 2200 g > .
/{ n ;hww VS + 5181 = 1} = 8% = S M 20
(3.12)+2 x (3.14) ylelds
35(S—-n)? 9 5
_Z =\ U 4 2 > 0.
/ (S —2n %h”k —n)fs T D) +5IVSPlaM > 0
Thus Proposition 2 is valid. O

Proof of Theorem 1. According to (2.10) and Stokes’ Theorem, we obtain

(3.15) / B2 pdM = /

1,5,k
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and
1
(3.16) —/ Lvsp = / S5 K2, + (n— 8)S%J.
M 2 Mk !
From formula (2.7) and the assumption in Theorem 1, we have

Rii:n—l—)\fzﬁ.

2
Therefore,
9 M —2
- <
A5 < 5
4 _n—2 2
doar< >N
that is,
n—2
(3.17) fr<25=s.
From Proposition 2 and (3.17), we have
38(S—n)?2 9 9
~2 - —p) 22 - > 0.
/ (S—2n ”Zkh”k—k n=2)S(8 - m) = S5+ (VS 2 0
From (3.15), (3.16) and the above inequality, we infer
3(S—n)
25 _p- L 22 h6(S — n)YdM > 0.
JRGEEET Zh S = S 1S(8 — mdd =0
Since
14(n+4)
<8< _—
e T
we have
7
/ {(—- - Zhw,ﬁ— —+ 1)S(S = n)yam > o.
M i,k 2
Hence

/ (S —n) thde:o.

i,k
Since S and ), ; kh?jk are continuous functions, we have S = n. Thus, M is

isometric to a Clifford torus S™ (/%) x S~ (y/2=%) (1 <m < n — 1) from the

result due to Chern, do Carmo and Kobayashi [3] or Lawson [4]. This completes
the proof of Theorem 1.

Proof of Theorem 2. In the case n = 3, because Y, \; = 0, we have fy =Y, A} =
%2. From Proposition 2, we have
38(S—-n)?2 9
2( 2
/{ —2n——Zhwk+S -n)— —+§|VS| M > 0.

5 2(n+4)
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From (3.16) and the above inequality, we have

35(S —n)?
_Zqg_ _Z 2 _ 2 >
/{ o ;Chwk—i- Bors_n) M =0,
Since
42
< < —
n757n+85,
we have
/{—— —n) > i }dM > 0.
5,k
Hence

5
/ 1(8-n) > hZdM = 0.
M ijk
By making use of the same proof as in Theorem 1, we know that Theorem 2 is true
in the case n = 3.

In the case n = 4, from Lemma 1, we have f; < 1—7252. By using this inequality,
we obtain, from Proposition 2,

35(S-n)? 9

—2n— — h? 82 = 4 Z|VS|PYdM > 0.
[ 15— Z o 98 =) — 5o+ SIS >
By the same proof as in the case n = 3, we know that Theorem 2 is also valid in
the case n = 4.

In the case n =5, from Proposition 1, (3.10) and (3.13), we have

35(S—-n)? 9 5
(3.18) —om—2)Y 2 A 2B) — 2222 ) 4 Z|VS|2YdM > 0.
) [ (s —2m Zk )= S+ §IVSEa >
Since
B(A—2B) = > (A + X+ A% = 2X; — 20\ — 2X6 00y,
7,k
= > ROV HAD) - (A + ) TR
iFjFRF
+3) (AF — ANy — 32A3h3“
i#k
\/_+1
8 hZy,
.5,k

by making use of this inequality and (3.18), a similar proof as in the case n = 3
yields that Theorem 2 is also valid in this case. We have finished the proof of
Theorem 2. O
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