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ABSTRACT. The determination of the support of the equilibrium measure in
the presence of an external field is important in the theory of weighted polyno-
mials on the real line. Here we present a general condition guaranteeing that
the support consists of at most two intervals. Applying this to the external
fields associated with fast decreasing polynomials, we extend previous results
of Totik and Kuijlaars-Van Assche. In the proof we use the iterated balayage
algorithm which was first studied by Dragnev.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let w(z) = exp(—Q(z)) be a positive continuous weight defined on a compact
set ¥ C R. The study of weighted polynomials w™P,,, deg P, < n, has found
important applications in the theory of orthogonal polynomials on the real line; see
e.g. [4], [10], [12], [17]. See also [14] where other applications can be found as well.

In this theory a fundamental role is played by a probability measure pu,, with
compact support S,, C X characterized by the equations

Ut (x) + Q) = Fy, q.e. on Sy,
(1.1) Urv(z) + Q(z) > Fy, g.e. on X.

Here F), is a uniquely determined constant, U#* denotes the logarithmic potential
of iy, i.e.,

1
Uk (z) = /log mduw(t)v z € C,

and q.e. means quasi-everywhere, i.e., except for a set of logarithmic capacity zero.
The measure fi,, is called the equilibrium measure (or extremal measure) associated
with the external field Q. Its support S,, is called the extremal support. See [8] for
an interpretation of (1.1) as a contact problem in elasticity theory.

A complicating factor in solving (1.1) is that the support S, is not known in
advance. It is part of the problem to determine the nature of S,,. The simplest
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case is that S, is an interval, since then there are explicit formulas available for
the measure p,,. This holds for example, if ¥ is an interval and the external field
@ is convex, which is the case that is studied most in the literature.

Recently, external fields of the form

(1.2) Q(z) = —cz®, z €10,1],

were found to be of interest in connection with the construction of fast decreasing
polynomials. In this context, a sequence of polynomials {P,}22,, deg P, < n, is
fast decreasing if for some M > 0, we have

(1.3) P,(0) =1, | P, (z)| < M exp(—cnz®), = €]0,1].

The right-hand side gives a prescribed rate of decrease of the polynomials on the
interval [0,1]. The existence of polynomials satisfying (1.3) depending on the pa-
rameters « and ¢ was investigated in a number of papers [6], [7], [16]. The results
may be summarized as follows. Let w(x) = exp(cz®) on [0,1] and let p,, be the
equilibrium measure associated with the external field (1.2). Then fast decreas-
ing polynomials (1.3) exist if and only if equality holds in (1.1) for 2 = 0, i.e.,
Ut (0) = F,. In particular, a sufficient condition is that 0 € S,,. Therefore, the
determination of the support of p,, is of importance here.

The case a < 1 was studied by Lubinsky and Totik [11] and Totik [16], [17], who
found that polynomials satisfying (1.3) exist if and only if

2y/Al(«)
(14) CSCQ(OZ) = m, 1/2<O{§17
while for o < 1/2, fast decreasing polynomials satisfying (1.3) do not exist if ¢ > 0.
For @ < 1, the external field is convex and the extremal support is an interval
containing 1 for every c¢. Thus the problem comes down to determining whether
the support is [0, 1].

The case a > 1 is more complicated, since @ is no longer convex and the extremal
supports are not necessarily intervals. This case was studied by Kuijlaars and Van
Assche [7], who determined the optimal constant ¢o(«), thereby solving a problem
posed in [18]. Tt is not given by (1.4) but by a more complicated formula; see [7] for
details. What was proved is that for ¢ > ¢g(«), the extremal support is an interval
of the form [b,1] with b > 0. For ¢ = ¢o(«), the support does not contain 0, but
still the equality U#+ (0) = F, holds.

What remained open is what the extremal support looks like for ¢ < ¢p(a) and
it is one of the purposes of this paper to fill this gap. We prove that the extremal
support can consist of at most two intervals.

Theorem 1. Let o > 1 and ¢ > 0. Let w(z) = exp(—Q(x)) with Q given by (1.2).
Then there are positive constants c¢1(a) < co(«), depending only on «, such that
the following hold.

(1) If ¢ < c1(a), then Sy, =[0,1].
(2) If c € (e1(a), co(w)), then Sy, has the form [0,a] U [b,1] with 0 < a <b < 1.
(3) If ¢ > co(w), then Sy, has the form [b,1] with 0 < b < 1.

That the support cannot be worse than two intervals may come somewhat as
a surprise, since numerical calculations of weighted Leja points seemed to indicate
that several intervals could appear and it was even suggested that for some «,
chaos might appear [18]. Knowing the above result one has to conclude that the
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numerical calculations were not reliable. The calculation of a large number of Leja
points seems to be a process which is very unstable.

Theorem 1 will follow from a result which gives general conditions guaranteeing
that the extremal support consists of at most two intervals. To describe these
conditions, we assume that ¥ = [a,b] and that @ is differentiable with a Holder
continuous derivative, i.e., Q@ € C1*¢([a,b]) for some € > 0. Then it is well-known
[3], [13] that the singular integral equation

(1.5) /b v(®) dt = Q'(x), a<x<b,

—1
has a unique solution satisfying
b
(1.6) / v(t)dt = 1.

Note that v(t) is not necessarily > 0. But if it is, then it follows that v(t) dt is
the equilibrium measure with external field @). The solution v(t) is given by the
explicit expression

1 l L[ Q(s)
(L.7) »(t) = 1+ — Vb=38)(s—a)ds|, a<t<b,

T/ (b—1t)(t —a) TJa s—1

where the integral is again a Cauchy principal value integral, see [3, p. 428].
Then we have the following result.

Theorem 2. Suppose w = exp(—Q) with Q € CT¢([a,b]) for some € > 0 and let
v(t) be given by (1.7).

(1) If m/(b—t)(t — a) v(t) is increasing on [a,b], then the extremal support S,
s an interval containing b.

(2) If m\/(b—t)(t — a) v(t) is decreasing on [a,b], then the extremal support is an
interval containing a.

(3) If there is a tg € (a,b) such that w+/(b—t)(t — a) v(t) is decreasing on [a, to]
and increasing on [to,b], then the extremal support is either an interval con-
taining a, or an interval containing b, or the union of an interval containing
a with an interval containing b.

We note that also parts (1) and (2) have not appeared in the literature before.

The proof of Theorem 2 is based on an algorithmic approach to solve the equi-
librium problem (1.1). This so-called iterated balayage algorithm was first studied
by Dragnev [1] in his thesis. It is described in Section 2 and the properties that
are needed for Theorem 2 are proved. In Section 3 we give the proof of Theorem 2
and in Section 4 we prove Theorem 1 by showing that for the external field @ from
(1.2), the condition of Theorem 2(1) is satisfied.

Throughout the paper we use o™ and o~ to denote the positive and negative
parts, respectively, in the Jordan decomposition of a signed measure ¢ = o™ — 0™

2. THE ITERATED BALAYAGE ALGORITHM
We start with a lemma.
Lemma 3. Suppose w(z) = exp(—Q(z)), x € £, and

(2.1) Qz)+U%(z)=C for ge.x €X
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where C' is a constant and o is a signed measure on ¥ such that [ do = 1. Suppose
U°" is continuous and U°  is bounded on ¥. Then

(2.2) po < 0t and S Csupp(o™).
Proof. From (1.1) and (2.1) it follows that

U (z) =U"* (2)+C —F,,  qe. on Sy,
(2.3) Ut (z) S UM T7 (z) + C — F, g.e. on Y.

Since [do =1, we have |[oT || —|lo~| = 1, so that ||o™|| = ||w+0"||. Therefore we
can apply the principle of domination for logarithmic potentials (see e.g. [14], [15]),
and we obtain that the inequality (2.3) holds for every x € C. Then by a theorem
of de La Vallée Poussin (see [14] or [17]), we have (tty, +07) |5, < (0) |, - Hence
i < o7 and the lemma follows. O

The lemma is closely related to Theorem 2.6 of [2].

Lemma 3 provides the basis for the iterated balayage algorithm. We recall the
notion of balayage onto a compact set; see [9], [14], [15], [17]. If K is a compact
subset of the real line with positive logarithmic capacity and v is any finite positive
measure on C with compact support, then there is a unique positive measure

supported on K such that ||?]| = ||v||, ¥ vanishes on the irregular points of K and
for some constant C,
(2.4) UP(z) =U"(2) + C, g.e. on K.

The measure © is called the balayage of v onto K and we denote it by Bal(v; K).
For a signed measure v, we define Bal(v; K) := Bal(v"; K) — Bal(v™; K).

We introduce an operator J defined on a subset of the space of finite signed
measures with compact support in R. The domain of J consists of all signed
measures o with [ do = 1 having the property that cap(supp(c™)) > 0. For such
o, we define

(2.5) J(o) := 0t — Bal(oc~;supp(c™)) = Bal(o;supp(c™)).

Thus the operator J sweeps the negative part of the measure o onto the support of
the positive part, so that in particular J(o)* < ot. For each k > 1, J*¥(0) denotes
the kth iterate of o under J, if it is defined.

Suppose we are in the situation of Lemma 3. Then it follows from (2.2) that
cap(supp(c™)) > cap(Sy) > 0, so that o1 := J(0) is defined. Put X1 := supp(c™).
Then we have by (2.1) and the property (2.4) of balayage that

Qz) + U (z) = C4, for g.e. x € ¥;.

It can be shown that Lemma 3 applies again so that p,, < Uf < o*. Continuing
in this way, we obtain that oy, := J* (o) exists for every k, and that

(2.6) Sw C supp(a,j) and cr,:' > Ulj—rl > > g

It seems reasonable to expect from (2.6) that the sequence {0} } converges to i,
and indeed, this can be proved under quite general assumptions (see [1]). It is
not known if the algorithm converges to p,, in the full generality presented here.
However, for the proof of Theorem 2 we need it only in a very special case where
the convergence can be easily shown. This will be done in the next section.
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3. PROOF OF THEOREM 2
We need one more lemma about balayage.

Lemma 4. Let K be a compact subset of R. Let v be a positive measure with
compact support with v(K) =0, and let U be the balayage of v onto K.

(1) Suppose K = [a,b]. Then ¥ is absolutely continuous with respect to Lebesgue
measure. If supp(v) C (—o0,al, then /(b —t)(t — a) dD/dt is decreasing on
[a,b]. If supp(v) C [b,00), then w4/ (b —t)(t — a) dv/dt is increasing on [a, b].

(2) Suppose K = [a,b] U [e,d] with a < b < ¢ < d. If supp(v) C [b, ], then ¥ is
absolutely continuous and m+\/(d — t)(t — a) dv/dt is increasing on [a,b] and

decreasing on [c,d].

Proof. (1) This is immediate from the explicit representation

dp V(b—=3)(a—2s)
W — =X t<b;
m ( )( CL) dt |S—t| V(5)7 a<t<o;
see e.g. [14, Section I1.4].
(2) It is enough to prove (2) for v = d5, the point mass of a point s where
b < s < ¢, since for general v we have
di © do,
— = d .
= ), @ )
Without loss of generality we may further assume that s = 0. We note that the
usual equilibrium measure (with external field Q = 0) of the set [1/b,1/a]U[1/d,1/c]
has a density given by

u(t) == [t = X]
my/It = 1/allt = 1/b[]t = 1/cl[t = 1/d]’

with X some point in the interval (1/a,1/d); see [15, Lemma 4.4.1]. This means
that for some constant C1,

te(1/b,1/a]U1/d,1/d,

_ /log o —tlu(t)dt = Cy, e [1/b1/a]U[1/d,1/c].

If we change variables t — 1/t and write 1/ instead of z, we obtain after simple
calculations

12
with a (different) constant Cy. Thus

dy ) DXl b e Ul
dt 2 it 7/t —allt —bllt — |t —d| ’ ’

Then (2) easily follows, since X € (1/a,1/d). |

1
—/10g|x—t|u( /t)dt: —log|z| + Cs, x € [a, b U e, d],

Lemma 5. (1) Let a < b and v € C((a,b)) such that f;v(t) dt = 1. Put
do(t) = v(t)dt. Suppose /(b —1t)(t —a)v(t) is increasing on [a,b]. Then
supp(c™) = [a*,b] for some a* € [a,b), and J(o) exists and has density v*
on [a*,b] such that /(b —t)(t — a*) v*(t) is increasing on [a*,b].
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(2) Let a < b and v € C((a,b)) such that f:v(t) dt = 1. Put do(t) = v(t)dt.
Suppose w+/ (b —t)(t — a) v(t) is decreasing on [a,b]. Then supp(c™) = [a, b*]
for some b* € (a,b], and J(o) exists and has density v* on [a,b*] such that
m/ (b* — t)(t — a) v*(t) is increasing on [a, b*].

(3) Leta<b<c<dandv e C((a,b) U (c,d)) with flfv(t) dt + fcdv(t) dt = 1.
Put do(t) = v(t) dt. Suppose w1/ (d —t)(t — a)v(t) is decreasing on [a,b] and
increasing on [c,d|. Then there are 3 possibilities:

(a) supp(c™) = [a,b*] for some b* € (a,b]. Then J(o) exists and has a
continuous density v* on (a,b*) such that w/(b* — t)(t — a) v*(t) is decreasing
on [a, b*].

(b) supp(c™) = [c*,d] for some ¢* € [c,d). Then J(o) exists and has a
continuous density v* on (c*,d) such that w+/(d — t)(t — ¢*) v*(t) is increasing
on [c*,d].

(c) supp(c™) = [a,b*] U [c*,d] for some b* € (a,b] and ¢* € [c,d). Then
J(o) exists and has a continuous density v* on (a,b*) U (c*,d) such that

7w/ (d —t)(t — a) v*(t) is decreasing on [a,b*] and increasing on [c*,d].

Proof. (1) Since [do =1, it is clear that supp(c™) has the form [a*, b] with a* < b.
Thus cap(supp(c™)) > 0, so that J(o) exists. This measure has a continuous
density

)=o) - T, te ()

where 67 is the balayage of ¢~ onto supp(c™). From Lemma 4(a) we see that

m/(b—t)(t — a*)dé~ /dt decreases on [a*,b], while we get from the assumptions
that w4/ (b — t)(t — a*) v(¢) increases on [a*, b]. This proves (1).

(2) The proof of part (2) is analogous.

(3) It is clear that supp(c™) has one of the forms (a), (b) or (c) and that in all
cases J (o) exists and has a continuous density

d6-
o'(B) = v(t) = —(8),  t€int(supp(o)),

where 67 is the balayage of ¢~ onto supp(c™). Using Lemma 4(1) in cases (a) and

(b) and Lemma 4(2) in case (c), we obtain (3) in the same way as we obtained part

(1). |
Having Lemma 5 we are ready for the proof of Theorem 2.

Proof of Theorem 2. (1) Let dog(t) := v(t) dt and put oy, := J*(0g), k > 1. Using
Lemma 5(1) repeatedly, we see that these measures exist. It is also clear from
Lemma 5(1) that for some non-decreasing sequence {ay}$° , we have supp(o;_;) =
[ak, b], so that o is the balayage of o¢ onto [ag, b], and that /(b — ¢)(t — ag)vk(t)
increases on [ag, b], where vy, is the density of oj. Now let

Uso := lim ay.
k—oo

Since p,, < o for every k, see (2.6), it follows that supp(p,) C [aeo, b] and therefore

aoo < b. Let 0o denote the balayage of og onto [ax,b]. Since o is the balayage
onto [a, b, we have

(31) lim Ok = 0o

k—oo
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where the convergence is in weak™ sense. Since supp(c, ) = [ag, ar+1] and the total
masses |0, || are decreasing (because of (2.6) and the fact that ||} || =1+ |0} ]]).
it follows that

(3.2) lim o, = cq.,

k—o0

with ¢ > 0. Next we note that vg41 < vp < v on [ag41,b]. This readily implies that
(3.3) klim o = vao(t) dt, (oo < t < b,
—00

with veo(t) 1= limy vk (t), ace < ¢t < b. Then by (3.1), (3.2), (3.3), we have that
Ooo = Voo(t)dt — ¢d,_ . This implies that ¢ = 0 since 0o has no point masses,
being the balayage onto [as,b]. Consequently, o, is a non-negative measure and
it follows that oo = . Since /(b — t)(t — aoo) Voo(t) is increasing on [aso, b], it
follows that Sy, is an interval containing b. It could be strictly smaller than [a, b]
if voo vanishes on some interval containing a,. This proves part (1) of the theorem.

(2) The proof of (2) is analogous to the proof of part (1).

(3) We closely follow the proof of part (1). We put dog(t) := v(t) dt and oy, :=
J¥(00), k > 1. Also put ap = a, bp = co = to and dy = b.

Using Lemma 5(3)(c) repeatedly, we find that there is an N > 0, a non-increasing
sequence {bx}7_, and a non-decreasing sequence {cj }2_, such that

Supp(olj_l) = [(lo, bk] U [Ck7 d0]7 k 2 17

and w1/ (dp — t)(t — ag) doy/dt(t) decreases on [ag, b| and increases on [c, do]. The

number N may be finite or infinite, depending on whether Lemma 5(3)(c) applies
a finite or infinite number of times. If it is finite, then we have that cases (a) or
(b) of Lemma 5(3) apply to o and we are back to parts (1) or (2). It then follows
from what has been proven there that S,, is an interval containing a or an interval
containing b.
If N is infinite, we put
boo := lim by, Coo := lim ¢y,
k—oo

k—oo
and we have that oy, is the balayage of og onto [ag, bi] U [ck, do]. Then

lim o = 0
k—oo

where 04 is the balayage of o9 onto [ag, boo] U [coo, do]. Now, just as in the proof
of part (1) it follows that p, = 0o with a density vy, given by

Voo (t) := lim ﬂ(t), t € (ag, boo) U (Coo, do)-
k—oo dt
Since w4/ (do — t)(t — ap) Voo (t) decreases on [ag, bs] and increases on [coo, do], it
follows that S,, is either an interval containing ag or an interval containing dy or
consists of two intervals. It is, e.g., an interval containing ag if co, = dy or if v
vanishes on (¢, dp).
This completes the proof of Theorem 2. O

4. PROOF OF THEOREM 1

For o > 1, we define

(4.1) Gult) = _1/1 S A sds. 0<i<l,

T™Jo s—t
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where the integral is a principal value integral if 0 < ¢ < 1. For the proof of
Theorem 1 we need the following property of the function G, .

Lemma 6. Let o > 1. There is a tg € (0,1) such that G, decreases on [0, o] and
increases on [to, 1].

Proof. Put k := [a]+1, where [a] denotes the integer part of a. The lemma follows
from the following three properties of G,,.
1) GP)<0foralll=0,1,... k—1.
(2) Go(1) > 0.
3) GP ) >0for0<t <1
Indeed, it follows from (3) that GYY s increasing on [0,1] and therefore it has at
most one zero. If there were no zero, then we first get from (1) that G <0on
(0,1) and then it would follow from (1) that G4 < 0 on (0,1), which is impossible
because of (2). Thus GY¥Y has exactly one zero and so GY¥=? decreases until it
reaches a minimum and then increases. By (1) with | = k — 2, G((f_Q) has at most
one zero and in the same way as before it has exactly one zero. Continuing in this
way, we obtain that G/, has exactly one zero ¢y € (0,1) and the lemma follows.
So what remains is to prove (1), (2) and (3).
(1) For Il < k —1, it is easy to obtain from (4.1) that

not
GaWV(0) = ——/ s27173/2(1 — 5)1/2ds < 0,
T Jo
which is (1). Here it may be noted that ij)(o) =—oc0ifl>a—-1/2.
(2) follows immediately from (4.1).
(3) Put ¢(x) := %! — 2%, From (4.1) we note that

(;5( ) ds B(t) ds
(42) Ga(t)—ﬂ_ 0 S—tm / t—S (1—8)

The Taylor expansion of ¢ with remainder term gives
k

(s tp_ )k
M2y sy o0+ [0

t—s ‘ S
Jj=1

The kth derivative of the polynomial part vanishes. Thus

(' () &) (42 i

t k
_ (z —s) (k+1)
Observe that ¢**1(z) > 0 by the choice of k. Thus (4.3) is non-negative for all
s,t € (0,1) and then (3) follows from this and (4.2). O

Remark. The function G, can be expressed in terms of the Gauss hypergeometric
function as

Ia+1/2)
Val(a+1)
see formula 3.228.3 in [5]. The proof of Lemma 6 can also be based on this formula.
We thank Walter Van Assche for this remark.

Ga(t): F(_a71;1/2;1_t);
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Proof of Theorem 1. Let v(t), 0 < ¢t < 1, be given by (1.7) with ¢ = 0 and b = 1,
so that

(4.4) v(t) = _ [1+ acGq(t)], 0<t<1,

m/t(1 —t)

with G4 given by (4.1). Then by Lemma 6 and (4.4), m/t(1 — t) v(t) is decreasing
on [0,%] and increasing on [to,1]. It follows from Theorem 2(3) that S,, is either
an interval containing 0, or an interval containing 1, or the union of an interval
containing 0 and an interval containing 1.

If v is non-negative on [0, 1], then S,, = [0,1] and this is the case if and only if
¢ < ¢1(a) with

1
c1(a) = _7(16*&(&))

which is a positive number. Hence we have (1).
It was proved in [7, Theorem 4] that there exists a constant cy(«) such that S,
is an interval containing 1 for ¢ > ¢p(a) and 0 € Sy, for ¢ < ¢o(e). This gives (3).
In the remaining case ¢ € (c1(a),co()) the support S, has to consist of two
intervals, one containing 0 and the other containing 1. This proves (2) and we have
completed the proof of the theorem. O
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