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Abstract. We show that if a bounded analytic semigroup {T (z)}Re z>0 on
L2(Ω) (Ω ⊂ Rn) satisfies a Gaussian estimate of order m and Ap is the gen-
erator of its consistent semigroup on Lp(Ω) (1 ≤ p < ∞), then iAp generates

a (1 − Ap)−α-regularized group on Lp(Ω) where α > 2n| 1
2
− 1

p
|. We obtain

the estimate of (λ − Ap)−1 (| arg λ| < π) and the p-independence of σ(Ap),
and give applications to Schrödinger operators and elliptic operators of higher
order.

0. Introduction

Let Ω be an open set of Rn and let Tp = {Tp(t)}t≥0 be the consistent semigroup
on Lp(Ω) (1 ≤ p < ∞) with generator Ap. It is known that the Gaussian estimate
of Tp is related to the p-independence of the spectrum σ(Ap). For example, Arendt
[2] proved that σ(Ap) is independent of p ∈ [1,∞) when A2 is self-adjoint and T2

has a Gaussian estimate of order 2. Another important work in this direction is
due to Davies [6]. On the other hand, the analyticity of Tp was recently studied by
some authors. Ouhabaz [17] showed that Tp is an analytic semigroup of angle π

2 if
T2 is a self-adjoint semigroup satisfying a Gaussian estimate of order 2. Ouhabaz’s
result was generalized to a more general case by Hieber [12]. That is, if Tp0 is an
analytic semigroup of angle φ ∈ (0, π

2 ] and has a Gaussian estimate of order m for
some p0 ∈ (1,∞), so is Tp. In particular, he obtained the kernel estimates of Tp(z)
(| arg z| < φ′) and (λ −Ap)−1 (| arg λ| < φ′ + π

2 ), where φ′ ∈ (0, φ).
Also, we look at the Schrödinger operator i(∆ − V ) with some potential V . It

is Hörmander [14] who showed that the Schrödinger operator, even for V ≡ 0,
generates a strongly continuous semigroup (i.e., C0-semigroup) on Lp(Rn) if and
only if p = 2. Starting from this point, Pang [18] first applied regularized semigroups
to i(∆ − V ), and his result was improved by Boyadzhiev and deLaubenfels [4] in
the language of regularized groups. It is worth noticing that, in [4], the problem
was approached by using the boundary values of analytic semigroups.

The purpose of this paper is to extend all these results to more general situations.
In section 2, we show the estimates of Tp and its kernel on the right halfplane,
and then deduce that iA generates a regularized group on Lp(Ω) with suitable
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regularizing operator. In section 3, we obtain the estimates of (λ − Ap)−1 and its
kernel on the region | argλ| < π, as well as the p-independence of spectrum σ(Ap).
Finally, the section 4 is concerned with applications to Schrödinger operators and
elliptic operators of higher order.

1. Preliminaries

Throughout this paper, for a linear operator A on a Banach space X , we will
denote by D(A) its domain, σ(A) its spectrum, ρ(A) its resolvent set, and R(λ, A)
its resolvent. Let Ω ⊂ Rn be an open set. The Banach space of all bounded linear
operators from Lp(Ω) to Lq(Ω) will be denoted by B(Lp(Ω), Lq(Ω)) with norm
‖ · ‖q,p (1 ≤ p, q ≤ ∞). Moreover, set ∆θ = {z ∈ C \ {0}; | arg z| < θ} for θ ∈ (0, π].

We start with the definitions of analytic semigroups and regularized groups (cf.
[7, 19]).

Definition 1.1. (a) Let θ ∈ (0, π
2 ]. A C0-semigroup {T (t)}t≥0 on X is said to be

an analytic semigroup on X if it has an extension {T (z)}z∈∆θ
which is analytic

in ∆θ and satisfies lim∆δ3z→0 T (z)x = x for x ∈ X and δ ∈ (0, θ). We say that
{T (z)}z∈∆θ

is bounded if there exists a constant M > 0 such that ‖T (z)‖ ≤ M for
z ∈ ∆θ.

(b) Let C be a bounded injective operator on X . A strongly continuous family
{S(t)}t∈R of bounded operators on X is called a C-regularized group if S(0) = C
and S(t)S(s) = S(t + s)C for t, s ∈ R. Its generator is Ax = C−1 d

dtS(t)x|t=0 with
maximal domain.

We remark that if A generates a bounded analytic semigroup {T (z)}z∈∆π/2on
X , then by Theorem 17.9.1 and 17.9.2 in [13] iA generates a bounded C0-group
{T (is)}s∈R, where T (is)x = limt↓0 T (t+ is)x for x ∈ X . Furthermore, it is obvious
that A generates a bounded analytic semigroup on a Hilbert space if A is self-adjoint
and non-positive.

Let n ∈ N, m ∈ N \ {1} and cmn =
∫
Rn exp(− 1

4 |x|m/(m−1))dx. For every
p ∈ [1,∞), define the family {Gp(t)}t≥0 of operators on Lp(Rn) by Gp(0) = I and
Gp(t)f = kt ∗ f (t > 0), where

kt(x) =
1

cmntn/m
exp

{
− 1

4

( |x|m
t

)1/(m−1)}
for x ∈ Rn and t > 0.

(1.1)

Then {Gp(t)}t≥0 is strongly continuous and, by Young’s inequality, ‖G(t)‖p,p ≤
‖kt‖1 = 1 for t ≥ 0. In the case m = 2, {Gp(t)}t≥0 coincides with the Gaussian
semigroup on Lp(Rn) with the Laplacian ∆p as its generator.

The following definitions and results can be found in, e.g., [2, 12].

Definition 1.2. We say that a C0-semigroup {T (t)}t≥0 on Lp(Ω) has an (upper)
Gaussian estimate of order m if there exist constants M, b > 0 such that

|T (t)f | ≤ MGp(bt)|f | for t ≥ 0 and f ∈ Lp(Ω).(1.2)

If a C0-semigroup {T (t)}t≥0 on L2(Ω) has a Gaussian estimate of order m,
it follows from ‖Gp(t)‖p,p ≤ 1 (t ≥ 0) that ‖T (t)f‖p ≤ M‖f‖p for f ∈ Lp(Ω) ∩
L2(Ω). By the Riesz-Thorin interpolation theorem, there exists a family {Tp(t)}t≥0

of bounded operators on Lp(Ω) such that Tp(t)f = T2(t)f ≡ T (t)f for f ∈ Lp(Ω)∩
L2(Ω). Then for every p ∈ [1,∞), {Tp(t)}t≥0 is a C0-semigroup on Lp(Ω) and has
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a Gaussian estimate of order m. We call {Tp(t)}t≥0 the consistent semigroup on
Lp(Ω).

Definition 1.3. Let 1 ≤ p, q ≤ ∞. T ∈ B(Lp(Ω), Lq(Ω)) is called an integral
operator, if there exists a measurable function k : Ω × Ω → C such that for all
f ∈ Lp(Ω), k(x, ·)f(·) ∈ L1(Ω) x-a.e. and (Tf)(x) =

∫
Ω k(x, y)f(y)dy x-a.e.. In

this case, we say that k is the kernel of T and write T ∼ k.

Lemma 1.4. (a) Let 1 ≤ p, q ≤ ∞ and T ∈ B(Lp(Ω), Lq(Ω)) be an integral
operator with kernel k. Suppose T0 ∈ B(Lp(Ω), Lq(Ω)) such that |T0f | ≤ T |f | for
f ∈ Lp(Ω). Then T0 is an integral operator and |k0(x, y)| ≤ k(x, y) x,y-a.e., where
k0 ∼ T0.

(b) The formula (Tkf)(x) =
∫
Ω k(x, y)f(y)dy establishes an isometric isomor-

phism k 7→ Tk of L∞(Ω×Ω) onto B(L1(Ω), L∞(Ω)).

2. Estimates of analytic semigroups and regularized groups

The first result is about the kernel estimate of analytic semigroups. In the sequel,
we will denote by M a general positive constant, and let p ∈ [1,∞).

Theorem 2.1. If a bounded analytic semigroup {T (z)}z∈∆π/2 on L2(Ω) has a
Gaussian estimate of order m, then T (z) is an integral operator for every z ∈ ∆π/2,
and there exists a constant c > 0 such that

|k(z, x, y)| ≤ M
(
Re z

)−n/m exp{−c Re z(|x− y|/|z|)m/(m−1)}(2.1)

for x, y ∈ Ω and Re z > 0, where k(z, ·, ·) ∼ T (z).

Proof. Since {T (t)}t≥0 satisfies a Gaussian estimate, it follows from Lemma 1.4(a)
that for every t > 0, T (t) is an integral operator and its kernel satisfies

|k(t, x, y)| ≤ Mkbt(x− y) for x, y ∈ Ω(2.2)

where kt is given by (1.1). By duality and Hölder’s inequality we have

‖T (t)‖2,1 = ‖T (t)‖∞,2 ≤ M‖kbt‖2 ≤ Mt−n/(2m) for t > 0.

If z = t + is with t > 0, then by the remark after Definition 1.1

‖T (z)‖∞,1 ≤ ‖T (t/2)‖∞,2‖T (is)‖2,2‖T (t/2)‖2,1 ≤ Mt−n/m.(2.3)

Thus, from Lemma 1.4(b), the kernel of T (z) exists and satisfies

|k(z, x, y)| ≤ Mt−n/m for x, y ∈ Ω and Rez > 0.(2.4)

Similarly to (2.3), we can show that z 7→ T (z) is analytic in norm ‖ · ‖∞,1, and so
z 7→ k(z, x, y) also is analytic for fixed x, y ∈ Ω. The estimate (2.1) now follows
from (2.2), (2.4) and Lemma 9 in [6].

Now, we can show the estimate of analytic semigroups on the right halfplane.

Theorem 2.2. Let the conditions of Theorem 2.1 be satisfied. Then {Tp(t)}t≥0 can
be extended to an analytic semigroup {Tp(z)}z∈∆π/2 on Lp(Ω) satisfying Tp(z) ∼
k(z, ·, ·) and

‖Tp(z)‖p,p ≤ M(|z|/ Re z)2n| 12− 1
p | for Re z > 0.(2.5)
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Proof. Define

(Tp(z)f)(x) =
∫
Ω

k(z, x, y)f(y)dy for f ∈ Lp(Ω) and Re z > 0.

To observe that the family is well defined, let

k0(z, x) = exp{−c Re z(|x|/|z|)m/(m−1)} for x ∈ Rn and Rez > 0.

Then by (2.1)

|Tp(z)f(x)| ≤ M(Re z)−n/m

∫
Rn

k0(z, x− y)|f̃(y)|dy for f ∈ Lp(Ω)

where f̃(y) = f(y) if y ∈ Ω and 0 if not. It therefore follows from Young’s inequality
that

‖Tp(z)‖p,p ≤ M(Re z)−n/m

∫
Rn

k0(z, x)dx

= M(|z|/ Re z)n

∫
Rn

exp{−c|y|m/(m−1)}dy

≤ M(|z|/ Re z)n for Rez > 0.

(2.6)

By the analyticity of z 7→ k(z, x, y) we can show that {Tp(z)}z∈∆π/2 is an analytic
semigroup on Lp(Ω) (cf. the proof of Theorem 2.4 in [17]). Let 1 ≤ p ≤ 2. It follows
from (2.6), our assumptions and the Riesz-Thorin interpolation theorem that

‖Tp(z)‖p,p ≤ M‖T1(z)‖
2
p−1

1,1 ‖T (z)‖2− 2
p

2,2 ≤ M(|z|/ Re z)2n( 1
p− 1

2 )

for Rez > 0. By duality (2.5) still holds for 2 ≤ p < ∞.

The conclusion that {Tp(t)}t≥0 can be extended to an analytic semigroup
{Tp(z)}z∈∆π/2 on Lp(Ω) is due to Hieber [12, Theorem 2.3].

Combining Theorem 2.2 with [4, Theorem 2.1] we obtain the following result.

Theorem 2.3. Let the conditions of Theorem 2.1 be satisfied, and let Ap be the
generator of {Tp(t)}t≥0. If α > 2n| 12 − 1

p |, then iAp generates a (1 − Ap)−α-
regularized group {Sp(t)}t≥0 on Lp(Ω) satisfying

‖Sp(t)‖p,p ≤ M(1 + |t|2n| 12− 1
p |) for t ∈ R.(2.7)

3. Estimates of resolvents and the spectrum of generators

Throughout this section, we assume that Ap is the generator of {Tp(t)}t≥0. We
start with the kernel estimate of R(λ, Ap) (λ ∈ ∆π).

Theorem 3.1. Let the conditions of Theorem 2.1 be satisfied. Then for every
λ ∈ ∆π, R(λ, Ap) ∼ kR(λ, ·, ·) where

kR(λ, x, y) =
∫

Γ

e−λzk(z, x, y)dz for x, y ∈ Ω(3.1)

with Γ = {re−iθ/2; r ≥ 0} and θ = argλ. Moreover, there exists a constant γ > 0
such that

(a) If m > n, then for x, y ∈ Ω and λ ∈ ∆π,

|kR(λ, x, y)| ≤ M |λ| n
m− 1

2 (|λ|+ Re λ)−
1
2 e−α|x−y|(3.2)

where α = γ|λ| 1
m− 1

2 (|λ| + Re λ)
1
2 .
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(b) If m = n, then for x, y ∈ Ω (x 6= y) and λ ∈ ∆π,

|kR(λ, x, y)| ≤ M(1 + Re λ/|λ|)−1/2(1 + | log |λ||
+| log(|λ|+ Re λ)|+ | log |x− y||)e−α|x−y|.

(3.3)

(c) If m < n, then for x, y ∈ Ω (x 6= y) and λ ∈ ∆π,

|kR(λ, x, y)| ≤ M(1 + Re λ/|λ|)(m−n−1)/2|x− y|−(n−m)e−α|x−y|.
(3.4)

Proof. The following proof is a modification of the proof of Theorem 2.2 in [12].
By (3.1) and (2.1) we have

|kR(λ, x, y)| ≤ M

∫ ∞

0

e−δ|λ|r(δr)−n/m exp
{
− cδ

( |x− y|m
r

) 1
m−1

}
dr

(3.5)

where δ =cos(θ/2). Also, we note the following fact:

ar + br−1/(m−1) ≥ ma1/m(b/(m− 1))1−1/m for a, b, r > 0.(3.6)

(a) Substituting a = δ|λ|/2 and b = cδ|x− y|m/(m−1) in (3.6) and using (3.5) we
obtain

|kR(λ, x, y)| ≤ Mδ−n/me−α|x−y|
∫ ∞

0

r−n/me−δ|λ|r/2dr

≤ Mδ−1|λ|−1+n/me−α|x−y|.

(3.2) follows now from the fact δ = 2−1/2(1 + Re λ/|λ|)1/2.
(b) Set s = |x − y|−mr and v = (|λ|1/m|x − y|)1−m. Then by (3.5) and (3.6)

(with a = δ|λ||x− y|m/2, b = cδ/2) we obtain

|kR(λ, x, y)| ≤ Mδ−1

∫ ∞

0

1
s

exp
{− δ

(|λ||x− y|m + cs
−1

m−1
)}

ds

≤ Mδ−1 exp
{− 1

2
cδv−

1
m−1

}∫ v

0

1
s

exp
{− 1

2
cδs

−1
m−1

}
ds

+Mδ−1e−α|x−y|
∫ ∞

v

1
s

exp
{− 1

2
δ
(|λ||x− y|m + cs

−1
m−1

)}
ds

≤ Mδ−1e−α|x−y|
{∫ 1

0

1
s

exp
{− 1

2
cδs

−1
m−1

}
ds

+
∫ max(v,1)

1

1
s
ds +

∫ ∞

1

1
s
e−δs/2ds

}
≤ Mδ−1(1− log δ + | log v|)e−α|x−y|

and therefore (3.3) follows from δ = 2−1/2(1 + Re λ/|λ|)1/2.
(c) It follows from (3.5) and (3.6) (with a = δ|λ|, b = 1

2cδ|x− y|m/(m−1)) that

|kR(λ, x, y)| ≤ Me−α|x−y|
∫ ∞

0

(δr)−n/m exp
{
− cδ

2

( |x− y|m
r

) 1
m−1

}
dr

≤ Mδm−n−1|x− y|m−ne−α|x−y|.

Hence (3.4) holds.
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Finally, we conclude by Young’s inequality that kR(λ, x, ·)f(·) ∈ L1(Ω) for f ∈
Lp(Ω). Since we have (cf. [19, p.62])

R(λ, Ap)f =
∫

Γ

e−λzTp(z)fdz for f ∈ Lp(Ω),(3.7)

the claim R(λ, Ap) ∼ kR(λ, ·, ·) follows from Tp(z) ∼ k(z, ·, ·) and Fubini’s theorem.

When m = 2, Arendt [2] proved that R(λ, Ap) is an integral operator by a
different method.

Next, we give the Lp-estimate of the resolvent R(λ, Ap) (λ ∈ ∆π).

Theorem 3.2. Let the conditions of Theorem 2.1 be satisfied. Then

‖R(λ, Ap)‖p,p ≤ M |λ|n| 12− 1
p |− 1

2 (|λ|+ Re λ)−n| 12− 1
p |− 1

2 for λ ∈ ∆π .

(3.8)

Proof. Let θ = arg λ. Then by (3.7) and (2.5) we obtain that

‖R(λ, Ap)‖p,p ≤ M

∫ ∞

0

e−|λ|r cos(θ/2)(cos(θ/2))−2n| 12− 1
p |dr

= M |λ|−1(cos(θ/2))−2n| 12− 1
p |−1

= M |λ|n| 12− 1
p |− 1

2 (|λ|+ Re(λ))−n| 12− 1
p |− 1

2

as claimed.

Finally, as a direct consequence of Theorem 2.2 and [6, Theorem 3], we obtain
the p-independence of σ(Ap), which generalizes Corollary 4.3 in [2].

Theorem 3.3. Let the conditions of Theorem 2.1 be satisfied. Then the spectrum
σ(Ap) is independent of p ∈ [1,∞).

4. Applications

In this section, we will apply the results in sections 2 and 3 to some differential
operators.

Example 4.1. Consider the Schrödinger operator i(∆−V ) where V is real valued,
V+ ∈ L1

loc(R
n) and V− ∈ Kn (the Kato class). Let Ap = ∆ − V with D(Ap) =

{f ∈ Lp(Rn); ∆f ∈ Lp(Rn} ∩ D(V+), where D(V+) is the maximal domain of V+

in Lp(Rn). Then A2 is self-adjoint, and {e(A2−ω)t}t≥0 has a Gaussian estimate of
order 2 for some constant ω ∈ R [20, Proposition B.6.7]. Thus by our theorems

(a) Ap generates an analytic semigroup {Tp(z)}z∈∆π/2 on Lp(Rn) satisfying

‖Tp(z)‖p,p ≤ Meω Re z(|z|/ Re z)2n| 12− 1
p | for Rez > 0.

(b) For α > 2n| 1p − 1
2 |, iAp generates a (1 + ω − Ap)−α-regularized group on

Lp(Rn) satisfying (2.7).
(c) The resolvent R(λ + ω, Ap) (λ ∈ ∆π) satisfies the estimate (3.8).
(d) The spectrum σ(Ap) is independent of p ∈ [1,∞).
Here (a) and (d) are respectively due to [17] and [10]. (b) and (c) improve

respectively Theorems 2.7 and 2.6 in [18]. We can choose other potentials, such as
V+ ∈ Kn, V− ∈ L∞(Rn). In this case, (b) is due to [4]. Moreover, when V ≡ 0,
the index α in (b) can be improved (see [8, 11] and the references therein).
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Example 4.2. Let Dj = ∂/∂xj (1 ≤ j ≤ n). Consider the symmetric sesquilinear
form

a(f, g) =
∑

1≤j,k≤n

∫
Ω

aj,kDjfDkgdx +
∫
Ω

V fgdx

on L2(Ω), where aj,k = ak,j ∈ L∞(Ω), 0 ≤ V ∈ L1
loc(Ω), and

∑n
j,k=1 aj,kξjξk ≥

δ|ξ|2 x-a.e. for some δ > 0 and all ξ ∈ Rn. Let D(V ) be the maximal domain of V ,
and let D(a) = H1

0 (Ω) ∩D(V ) (Dirichlet boundary condition) or = H1(Ω) ∩D(V )
(Neumann boundary condition, in this case Ω has the extension property). If −A
is associated with a, A is self-adjoint and {et(A−ω)}t≥0 has a Gaussian estimate of
order 2 for some ω ∈ R [5]. Hence the conclusions (a)-(d) in Example 4.1 still hold,
in which (a) and (d) are essentially due to [17] and [2], respectively.

Example 4.3. Consider the symmetric operator

A(x, D)f(x) =
∑

|µ|,|ν|≤m

Dµ{aµ,ν(x)Dµf(x)}

where aµ,ν = aν,µ ∈ W |µ|,∞(Rn) (|µ|, |ν| ≤ m) and aµ,ν (|µ| = |ν| = m) are Hölder
continuous, uniformly on Rn. Assume that A(x, D) is strongly elliptic, i.e., there
exists δ > 0 such that∑

|µ|=|ν|=m

(−1)maµ,ν(x)ξµξν ≥ δ|ξ|2m for x, ξ ∈ Rn.

Define Ap := A(·, D) with D(Ap) = {f ∈ Lp(Rn); A(·, D)f ∈ Lp(Rn) distribu-
tionally}. Then the conditions of Theorem 2.1 are satisfied by (et(A2−ω))t≥0 for
some ω ∈ R [9], and so the conclusions (a)-(d) hold, in which (a) (besides the
estimate) and (d) are essentially due to [15]. In particular, using a result of Amann
[1, Theorem 12.1] and [7, Theorem 3.14] we obtain that the Cauchy problem{

∂
∂tf(t, x) = iA(x, D)f(t, x) for x ∈ Rn and t > 0,

f(0, x) = f0(x) for x ∈ Rn

has a unique solution f ∈C([0,∞), W 2m,p(Rn)) ∩ C1([0,∞), Lp(Rn)) for every
f0 ∈Wα,p(Rn), where α > 2m(2np + 1) and 1 < p < ∞.

If the coefficients only are bounded measurable, i.e. aµ,ν = aν,µ ∈ L∞(Rn)
(|µ|, |ν| ≤ m), then Davies [6] showed that the conclusion (d) is true for 2m > n. In
the case 2m < n, he proved that the spectrum σ(Ap) only is independent of p for
p in a certain interval around p = 2. Moreover, in the case of constant coefficients,
we refer to [3, 11, 16] for some related results.
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