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C! APPROXIMATIONS OF INERTIAL MANIFOLDS
VIA FINITE DIFFERENCES
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(Communicated by David R. Larson)

ABSTRACT. We construct an inertial manifold for the evolution equation as a
limit of the inertial manifolds for the difference approximations of the Trotter-
Kato type and show that this limit is taken in a C! topology.

1. INTRODUCTION

We shall study a class of nonlinear dissipative partial differential equations (PDE
for short) that have inertial manifolds (IM for short). The theory of IMs allows
us to reduce the long-time behavior of the PDE to that of a finite-dimensional
dynamical system. In order to implement the reduced finite dynamical system
computationally, one would need to know the explicit form of the IM. However,
even when existence of an IM can be established, the theory does not provide it in
an explicit form. Thus, a number of approximate IMs have been considered in the
literature. See, e.g., [2], [3], [4], [6], [9], [10], [11], [12].

In this paper, from the point of finite differences we shall construct an IM for
the PDE. Indeed, the IM is constructed as a limit of IMs for the associated finite
difference equations and the limit is taken in a C' topology. This means that on
one hand the existence of the IMs for the finite difference equations assures the
existence of an IM for the PDE, and on the other the IMs for the finite differences
can be viewed as a small C! perturbation of that for the PDE. The C' closeness of
the IMs would be a necessary and important step toward establishing a relationship
between the dynamics of the PDE and its approximation (see [8], [14]).

Each of the PDEs can be viewed as an evolution equation in a Banach space Y

(1.1) du(t)/dt = Au(t) + Fu(t), t e R =0, 00),

with a closed linear operator A in Y and F € C'(X,Y), where X is a Banach space
continuously embedded in Y.
We approximate (1.1) by the following discrete scheme:

(1.2) af = C\)ay 4+ MK Fy(xy™h), n,l €N,
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in a space Yy approximating Y in some sense, where Ay | 0 as £ — oo, C'(A\¢) and Ky
are given operators in B(Yy,Y;) and F} is a given nonlinear operator in Yy stated
below. We denote by B(W, Z) the space of bounded linear operators from a Banach
space W into a Banach space Z. The norm in B(W, Z) will be denoted by || - ||w.z-

2. ASSUMPTIONS AND RESULT

We shall make the following assumptions.

(C1) Let X and Y be reflexive Banach spaces such that X is densely and con-
tinuously embedded in Y and such that Y = Y; & Y5, the direct sum of a finite
dimensional subspace Y; and a closed subspace Ys.

(C2) For each £ € N let X, and Y; be Banach spaces with norms || - ||¢ and | - |¢,
respectively, such that X, is continuously embedded in Y,. Moreover, there exist
Vi € B(Y,Y:)NB(X, X;) and W, € B(Ys,Y)NB(Xy, X) such that limg_. [Viyle =
lyl, lime—oo [|[Vez|le = |J2||, imy—oo [WiVey —y| =0 and ViWyz =z for z € X,y €
Y, z € Yy and such that both ||Wy|ly, y and ||W;| x, x are bounded in £.

(C3) There exist closed subspaces Yy1 and Yy such that Yy, = Y @ Yio, ViP; =
Py Vy and WPy, = P,W, for i = 1,2, where P; (resp. Py;) denotes a projection
from Y onto Y; (resp. Yy onto Yy;).

(C4) The linear operators C(\;) and K satisfy: (i) there exist M > 0 and w > 0
such that |[C(\)"yle < Me“™ |yl and |Kpyle < Me“>|y|, for £,n € N,y € Yy;
(if) limy—oo |(Ke — I)Veyle = 0 for y € Y (iii) for each £,¢' € Nand i = 1,2, C(\s)
commutes with Py, C(\¢) with K, K, with P, CN'(/\Z) with C(Ag/) and O(Ag)
with f(g/, respectively, where CN'(/\Z) = Wgc()\g)Vg and f(e =Wy K,Vj.

(C5) A is a densely defined linear operator in Y such that Y7 C D(A), the range
of I — \gA is dense in Y for some Ay > 0 and

Jim A, HC () — D)Vey — ViAyle =0 fory € D(A).

(C6) The inverse of C(\;) Py exists in B(Yy1) and there exist constants «, 5 >

0,v€1[0,1),n < —max{a, B} and My, -, M5 > 0 such that

(2.1) [ Perylle < Mi|Pexyle,

(2.2) [C(Ae)Prr] " Paryle < Mae™ (@ Fmmejy,

(2.3) IC(A)" Pea|le < Mael™ 2 |,

(24) ICA)" Pz Keylle < {Ma((n+ 1)Ae) ™7 + Ms}eT=mAe |y,

for n>0,0>1,z€ Xy,y €Yy
(C7) Fy € CY(Xy,Yy) and there exists a constant Ly > 0 satisfying
|Fe(&1) — Fe(§2)|e < Lpll&n — &lle for £ €N, &1,82 € Xy
(C8) For each x, 2z € X and each positive sequence {v,} convergent to 0 we have
Jim Fy(Vi) = ViF(z)e =0,
elinolo |DF;(Vox)Vez — Vi DF(x)z|¢ =0, and
lim ( sup [(DF(Vex + &) — DEy(Vex))Vezle) = 0.

£=00 gl <we
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Then we have

Theorem. Let (C1)-(C8) be satisfied and F € C*(X,Y). In addition we assume
MzMéK(O(, ﬁ)LF

(G) K(a,8)Lrp <1 and 1= Ko A)Lr <1
where
(2.5) k(ev, B) = M{MMaa™" + MT(1 — v)37 "1 + M3~ 1},

M! = M; max{1,im ¢ oo ||W;||x,,x } fori=3,4,5 and I" denotes the gamma func-
tion. Then, (1.1) (resp. (1.2)) has an inertial manifold M (resp. My) represented
as a graph of a function h € C*(Yy, P2 X) (resp. hy € CY (Y1, PraXy)). (See, e.g.,
[2], [5], [12] for the definitions of the IMs.) Moreover, it holds that for every bounded
set BC Y

(2.6) lim sup ||he(Vey) — Veh(y)||e = 0, and
{—o00 yEB
(2.7) lim sup || Dhe(Vey) = VeDh(y)|[v1.x, = 0.
£—o00 yEB
3. PROOF

Existence: To prove the existence of IMs we use the results of [11] and [12] (also
see [1]). By (C4) and (C5) the discrete version of the Trotter-Kato theorem (see
[13, Theorem 6.7]) shows that A, the closure of A in Y, generates a Cp-semigroup
{S(t);t > 0} on Y satisfying

(3.1) Jim OO0 Viy = VeS(t)yle =0 fory € Y.t 2 0.

In particular, (3.1) together with (C3) and (C4) implies that |P;S(t)y — S(t)Py| =
limy— oo [V2(P;S(t)y — S(t)Py)|e = 0, which shows that P;S(t) = S(¢)P; for i = 1,2
and t > 0. Set A; = Aly,. Then, D(A4;) = Y1 by (C5), so that A; € B(Y7) by
the closed graph theorem. The family {S1(¢)} defined by S1(¢t) = S(t)|y, forms a
uniformly continuous group on Y; with the infinitesimal generator A;. This proves
conditions (S2) and (S3) in [11]. To show condition (S4) in [11] we fix y € Y and
t > 0. By (2.2) and (3.1) we have one of the inequalities in (S4):

|S1(=t)Pryl = lim [ViSi(—t)Piyle
kedg—t

< My lim em@FMFA Vg |, = Myem(@Fmty).
kedg—t
Moreover, we have by (2.4)
(3.2) |[WeC (Ne)*e Poa K Ve ||
<IWellx, x{Ma((ke + 1)Ae) ™Y + M5 ek vy,
which implies that ||[W,C(\¢)** Pro K,Vyyl| is bounded as k¢Ay — t > 0. Note that
by (3.1) W,C(\¢)* Pro K,Vyy converges as £ — oo to S(t)Pyy in Y. Since X is
reflexive and Y™* is dense in X™* by assumption, it also converges weakly in X to
S(t)Pay. Then, passing to the limit in (3.2) yields
1S () Py | < lim oo Wl x,, x {Mat ™ + Ms}e ="y,
the second inequality in (S4). Likewise, the remainder inequalities in (S4) will be
proved.
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Finally, let us prove condition (S1) in [11]. Note that S(t)Y = PS@)Y +
S{t)PY C X for t > 0 and S(-)z € C(R";Y) for x € X. Since |S(t)z| < C|z||
by (S4), we find that S(-)z is weakly continuous in X and hence S(-)z € C(RT; X)
(see [7, Theorem 10.6.5]). Thus (S1) is proved. Consequently, we can conclude
from [11] and [1] that (1.1) has an IM, provided (G) is satisfied. The existence of
an IM for (1.2) is already proved in [12] under the same assumptions as above.

Convergence: Next we prove (2.6) and (2.7). To this end recall ([12]) that the
IM M for (1.1) is constructed as the graph of the function h : Y7 — X defined by
h(y) = f(y,0) —y, where f(y,t) is the unique function in C*(Y1, C,1-(RT, X)) for
all € € [0, o) satisfying

(3.3)
Fly.s) = S(—t)y - / S(s — )PLE(f(y, 5))ds + / S(s — )PLF(f(y. 5))ds
0 t

for y € Y7 and ¢ > 0. Here C,)(R™, X) denotes the Banach space of continuous
functions u : Rt — X with the norm |ju||" = sup;sqe™||u(t)||. Similarly, the IM
M, for (1.2) is constructed as the graph of the function hy : Yy — X, defined by
he(€) = ¢e(£,0) — &, where (€, n) is the unique function in C (Y1, ¢pre (N, Xy))
for all € € [0, ) satisfying

(3.4) pe(§n) = RPE— X Y Ry~ Py K Fu(e(€, 1))
=1

+ A Z QY "' PrKFy(pe(€,1))
1=n+1

for £ € Y1 and n > 0. Here Ry = [C(\o)Pn]™", Q¢ = C(M\e)Pra and ¢, (N, Xy)
denotes the Banach space of bounded sequences & = {z, }n>0 in X, with the norm
2[5 = sup,s0 €™ 2.

Since (2.6) is proved in [12], we shall show (2.7) only. Fix an arbitrary bounded
set B C Y7 and set for y € B

(3.5) Qly) = Sg%{ sup e | Doy (Vey, m)Ve — VD f(y, )|l v1 . x, }
n>0 teGypn

where Gy, = ((n — 1)\, nA¢] NRT. Here Df(y,-) denotes the Fréchet derivative
of fat y € Y1, and so Df(y,t) € B(Y1,X). Likewise, Dygy(§,n) € B(Ye1, Xe) for
& €Y. To prove (2.7) it suffices to show

(3.6) lim sup Q(y) = 0.

L—o00 yeB

For n € N,t € Gy, and y € B we write

8

Dey(Vey,n)Ve = VeDf(y,t) = > H;
i=1
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with
Hy = RpV, — VeS(—nAo) P,

n

Hy ==Y | Ry"™'KDF(oe(Vay, i) {Doe(Vay, i)Ve = VeDf (y, 5)}ds,
i=1"Gei

n

H3=—Z Ry K DF)(pe(Vey, 1))Ve — ViDF(f(y, 8)) Y Df (y, s)ds,

Hy = - Z - {R?_MKM = ViS(s = nA) PLYDF(f(y, 5)) D f(y, s)ds,

Hy = Z g Q" P KeDFi(e(Vey, ){ Dpe(Vey, i)Ve = VeD f (y, 5) }ds,
i=n+1 4

Ho= 2 | Q7" PaKdDFoi(Viy, )V = ViDE(f (3, )} DS 3 )ds
i=n+41Y Gt

Hr= % | {Qy " "PuKVy = ViS(s —n\)P2}DF(f(y, ) Df (y, 5)ds
i=n+17Gei

Hg = W(Df(yvn)‘f) - Df(yvt))
By [12, Lemma 3.7] we have that for e > 0,a+en >0,z € Y] and k,n € N
"M Hizlle < Cepr(€,2) + Cpa(k, 2)

with the functions p;(m,y),j = 1,2, such that the family {p;(m,y)}m>1 is equicon-
tinuous in y € Y and lim;,—o pj(m,y) = 0 for each y. Here and in what fol-
lows, C' denotes various constants and C.; denotes a constant depending on €
and k. Set By = {z € Yi;|z|] < 1}. Since By is compact in Y7, we have
limy, 00 SUP,c g, Pj(M,2) = 0, and hence

(3.7) hm sup ennMHHl”Yl x, =0.

£—o00 n>0
By a similar way as in [12, p.176] we can compute
(3.8) M| Hylly, x, < €™M N MM, MyLpa™'Qy(y).
For a fixed T' > 0 take Ty € N so that T/A¢ — 1 < Ty < T'/A¢. Set
de,r = sup {DFe(pe(Vey,i))Ve = VeDE(f (y, $))}D f (y, 5)ze,

where the supremum is taken with respect to s,i,y and z satisfying s € Gy1,1 <
1 <Ty,y € B and z € By. Observing
{DEu(pe(Vey,))Ve = VeDF (f(y, s))} D f(y, s)2[e
<{DFu(pe(Vey,i)) — DE(Vef(y,$))}VeD f(y, 5)zle
+ {DFe(Vef(y,8))Ve — VeDF (f(y,8))}Df(y, s)zle
and limy—,o ||0e(Vey,i) — Vof(y,s)|le = 0 uniformly for y € B,s € Gy and 1 <

i < Ty by (2.6) (also see [12, (4.3)]), we see that lim;_. dg,r = 0 by (C8) because
the sets {f(y,s);y € B,s € [0,T]} and {Df(y,s)z;y € B,z € By,s € [0,T]} are
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compact in X and Y, respectively. We also observe that || Vi x,x, and |Vi|ly,y, are
bounded in ¢ by the uniform boundedness principle and that

(3.9) IDf(y, s)llvi.x <e” T IDF(W)lvs 0ot x)
<Ce~ )X for s € Gy and y € B.

Hence, by (C3)-(CT7) ||Hsz||¢ for z € By is estimated by

Ty
Cle—(atmni {de T Z )\ee(a+n)(i—1)>\e

i=1

n

oy 30 e | ||Df<y,s>z||ds},
Gyi

i=Tp+1
and so by (3.9)
(3.10) e Hsllyy x, < Cldgr +e 7).

To estimate Hy we take z € By and put w = DF(f(y,s))Df(y,s)z. By [12
Lemma 3.7] again e || Hyz||¢ is estimated by

enn/\zZ/ (=it D et/ (=) (C_ 1 p1 (€, w) + Cpa(k,w))ds
G

roem 3 [ e e L Dy, ds
i=T,+17 Gei

<e=(AMT/A=e) (O pt(0) + Cpi(k) + Ce==T).
Here we set
pj(m) =sup{p;(m,w);y € B,z € B1,s € [0,T]}, j =1,2.

Since the set {w;y € B,z € Bj,s € [0,T]} is compact in Y, it holds that
lim,, — oo p;‘(m) = 0. Hence, letting £ — 0o,k — oo and T" — oo in this order,
we get

(3.11) lim sup €| Hyly,,x, = 0.
f—>00n>1,yeB

By a similar manner as in [12, p.178] we can compute
(3.12) e || Hslvy,x, < €™M Lp{MuT(1=~)37"" + M3~ }u(y).

By using (2.4) one can estimate ||Hslly, x, by

T
C > M{((i—n)Ae) ™7 + el AGmn=Deg, o
1=n—+1

+C Z {((i = m)A) ™7 + 13 ACE=DNML LD f(y, 5) v, x ds.
i=Tp+1 Gri
Hence, by (3.9)

(3.13) ™| Hlly, x, < C(der + e 7).
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Next, by using [12, Lemma 3.10] we obtain for z € By and v = DF(f(y,s))Df(y, s)z

T—n\p
| Hyzle < / (577 + 1) =DO=0)3(C oy (6, v) + Cora(k, v))ds
0

+C (s77 + 1)6(’7—5)5||Df(y, s)z||ds
T—’n,)\e

with the functions o;(m.w), 7 = 1, 2, such that the family {o;(m, w)}mm>1 is equicon-
tinuous in w € Y and lim,,,—,o 0;(m, w) = 0 for each w. Hence, by (3.9)
(3.14) "M || Hyllyy,x, < Cepof(0) + Coj(k) + Ce =T,
Here we set
o;(m) = sup{oj(m,v);y € B,z € By,s € [0,T]}, j = 1,2.

Just as in the case of p} we see that lim,_. 0 (m) = 0.
Finally, set

or(h) = sup |[Df(y,s)z — Df(y,3)z|

where the supremum is taken over all y € B,z € By and s, § € [0,27] with |s —§| <
h. It is easy to see that limp o d7(h) = 0. A similar computation as in [12, p.179]
yields that for z € B1,y € B

(3.15) || Hyzlle < C(6r (M) + e~ D ()llvi, 0 rF )
We are now in a position to prove (3.6). By virtue of (3.7), (3.8) and (3.10)-(3.15)
we obtain

lim g o0 sup Q(y) < K (o, B)Lp lim p— o sup Q(y).
yeB yeb

Since K(«, 8)Lr < 1 by (G), we conclude that (3.6) holds.

4. EXAMPLE

We briefly consider the renormalized Kuramoto-Sivashinsky equation (KSE)
ug + D*u + D?*u +uDu = 0, (z,t) € R x RT,

subject to periodic boundary condition, with period L. We refer to [4], [6], [12]
in the notation and some results concerning the KSE. We view it as an evolution
equation in the Hilbert space Y = {u € L?_.(0,L);u is odd} with the usual L?

per

norm. Since the KSE in Y has a bounded absorbing set in X = H2 (0,L)NY,
i.e., there exists a constant rq > 0 such that for every r > 0 we can choose a
time T*(r) > 0 satisfying ||u(t)|| gz < ro for all ¢ > T*(r) and all u(0) € Y with

[|[w(0)||z2 < 7, we may consider the prepared equation instead of the KSE

(4.1) du/dt = Au + Fu, t € RY,
where Au = —D*u and Fu = —D?u — p(||u|| g2)uDu with a smooth function p
satisfying 0 < p <1 and p(r) = 1if |r| <r, p(r) =0if |r| > 2r.

Let Y; be the Hilbert space Sﬁdd,per, the set of vectors £ = (€, - - -, &—1) satisfy-

ing & =0 and & = & for j =1,--- £ — 1, with norm |€|, = (h Y _} &)/, h =
L/¢. For convenience { will be extended periodically to an infinite sequence by
&j+e =& Define Ay : Y, — Y, by

(A& = h™2(&—1 — 26 + &t1) for £€Yy,
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where (A€) denotes the k-th element of Ay{. We also consider St as a

odd,per
Hilbert space with norm ||£]|¢ = |A¢]e, which is denoted by X,.
We approximate (4.1) by the finite difference scheme

(42)  AMET =) F AL - 0)E + 08T — Fip(¢) =0, &€Y,, ieN

(1/2 < 0 < 1), where Fy(&) = —Aué—p([|€12) BY(€) and BY : Yy x Yy — Yy is defined
by
(BE)k = (6h) 7 (€1 + &k + Ekv1) (i1 — &rm1)  forE € Ve,
Then, (4.2) is rewitten as the form (1.2) by setting
C(\e) = (I — (1= O)NAD + XA and K, = (I + 0N A7) ™

By some operational calculi and spectral theorems one finds that conditions (C1)-
(C8) hold with M = My = M3 = 1,My =2,y =1/2,w = 0, M; = 1/]1\,/2,M5 =
uni1)Y? 0 =B = (uns1 — vn) /4,1 = —(vng1 +vN)/2 for N € N. Here we set

v = (2mk/L)*, the eigenvalues of the operator A in Y. Hence, if N is large, then
condition (G) is satisfied and consequently we can apply our theorem.
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