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ABSTRACT. Perturbations A of a selfadjoint operator A by symmetric finite
rank operators T from Ha(A) to H_2(A) are studied. The finite dimensional
family of selfadjoint extensions determined by Ap is given explicitly.

1. INTRODUCTION

Finite rank perturbations of selfadjoint operators are used in quantum mechanics
to construct exactly solvable models for different physical problems (see [2]). The
resolvents of any selfadjoint operator A and its finite rank perturbation Ap = A+T
are related by M.Krein’s formula [17, 1], since these two selfadjoint operators are
extensions of one symmetric operator. The symmetric operator coincides with the
restriction of the original operator A to the set of elements from the kernel of the
finite dimensional operator 7. If the finite dimensional operator T  is a bounded
operator in the Hilbert space, then the domains of the perturbed and original
operators coincide. We are going to concentrate our attention on the finite rank
perturbations determined by the operator T acting in the rigged Hilbert spaces
Ha(A) — H_2(A) associated with the operator A. The perturbation in the latter
case can be defined using the method of quadratic forms. Thus if the quadratic
form associated with the operator T is infinitesimally bounded with respect to the
quadratic form of the operator A, then the operator Ay can be determined using
the KLMN theorem ([18]). If the operator T' does not have the property described
above, then the perturbed operator is not defined uniquely. It is not clear which
selfadjoint extension of the restricted operator corresponds to the formal sum A+T.
Therefore the selfadjoint perturbed operator is determined by a set of additional
parameters.

The corresponding problem for rank one perturbations

A=A+ a(p,)p, p € H2(A),a € R,

has been intensively studied during the last few years [3, 4, 5, 6, 9, 10, 11, 13, 14,
16, 19]. It has been shown in [5, 6] that the set of additional parameters in this case
consists of one parameter only. The unique additional parameter in fact determines
the choice of the Q-function appearing in M.Krein’s formula. Krein’s Q-function is
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determined by the relation

QW) — Q) 1 1
N—u :<A—A*"’A—;ﬁ”>

and therefore contains one arbitrary additive parameter. It determines the parame-
terization of the one dimensional family of the selfadjoint extensions. The problem
described above can be understood as the regularization problem for the quadratic
form of the resolvent. Consider the scale of Hilbert spaces H,,(|A|) associated with
the positive operator |A|. Let ¢ € H_1(|A]); then Krein’s Q-function can be chosen
to be equal to

QM) = (p, ﬁw%

The latter equality determines a natural choice of the arbitrary additive parameter.
If o € H_3(A)\ H_1(|A]), then the scalar product (o, ) is not always defined.
The latter quadratic form can formally be written as follows:

1 A 1+ 24
() A——/\@ = (o, AQ—H@ + (e, m@-

The second scalar product on the right hand side of the latter formula is well
defined. Therefore to define the scalar product which appears on the left hand side
it is enough to determine the real parameter (¢, AQL_H@. This parameter is uniquely
defined in the case ¢ € H_1(]A|)) and can in general be chosen arbitrary in the
case p € H_o(A) \ H_1(|A]). It has been proven in [5, 6] that the parameter can
be determined uniquely even in the latter case if the original operator A and the
vector ¢ are homogeneous with respect to a certain one-parameter group of unitary
transformations of the Hilbert space. Then there exists a unique homogeneous
extension of the functional ¢ to the element A%rltp. These methods permit us to
construct approximations of unbounded perturbations by bounded ones.

In the present paper we extend the methods described above to include finite
rank perturbations. More precisely, we show that every symmetric finite rank
perturbation of a selfadjoint operator A is determined by a finite set of vectors
on € H_a(A),n = 1,2,..., N, and a Hermitian N x N matrix. The Q-matrix
appearing in Krein’s formula contains an arbitrary N x N Hermitian matrix R.
It is proven that the perturbed operator is uniquely defined if all ¢, are elements
from H_1(|A|), i.e., there exists a natural choice of the matrix R in this case. If
the latter condition is not satisfied then the perturbed operator is determined by a
certain V x N Hermitian matrix R. We discuss the question of when the elements
of the latter matrix cannot be chosen arbitrary. The case of homogeneous vectors
©n is also studied.

In section 2 we give the definition of perturbations Ar of selfadjoint operators A
by finite rank operators 7' from Ha2(A) to H_2(A) and give the general form of the
associated selfadjoint extensions. In section 3 we consider in detail the case where
T is form bounded with respect to A. In section 4 we consider in detail the case
where T is not form bounded with respect to A. We show that a certain Hermitian
matrix satisfying a certain admissibility condition determines the perturbation.
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2. DEFINITION AND GENERAL CONSTRUCTION OF THE PERTURBED OPERATORS

Additive finite rank perturbations of a selfadjoint operator A acting in the (com-
plex) Hilbert space H are given formally by

(1) Ar =A+T,

where the operator T is a finite dimensional operator acting from the Hilbert space
H2(A) to the Hilbert space H_2(A). We consider the case where T is a symmetric
operator acting in those Hilbert spaces, i.e. for every two functions u,v € Ha(A)
the following equality holds:

(2) (u, Tv) = (Tu,v).

The fact that the image of the operator 7" has finite dimension implies that there
exist linearly independent elements ¢;,j = 1,2,...,M, from the space H_5(A)
which span the image space, i.e., the following formula holds:

M
(3) Tu= Z Y (u)p;,

where 1; are certain linear bounded functionals on H(A). Formula (2) implies
that the functionals 1); are equal to linear combinations of the functionals ¢;, i.e.
there exists a matrix T = {t;;}M_, t;; € C, such that

i,j=1>
M
(4) vy = v
i=1
Moreover, the latter representation and formula (2) imply that
M
0= (u,Tv) = (Tu,v) = > (tji —Tj) (5, 0) {25, u)-
jri=1

Therefore the matrix T must in fact be Hermitian, ¢;; = t;;. Thus every symmetric
finite rank perturbation of a selfadjoint operator is determined by a finite set of
elements ¢;,j = 1,2, ..., M, from the Hilbert space H_2(A) and a Hermitian M x M
matrix T = {t;; }%:1 We suppose in addition that the matrix T is invertible. The
latter assumption does not restrict the set of perturbations considered. If the matrix
T is not invertible, i.e., has zero determinant, then let us denote by IV the kernel of
T. Considering the orthogonal complement to the subspace N, we get a finite rank
operator of order less than M determined by a nondegenerate Hermitian matrix.
Thus every additive symmetric finite rank perturbation of the operator A is given
on the domain of A by

M
(5) Ar = A+ ) tilpi, )ej,

ij=1
where the matrix T is invertible and Hermitian and the vectors ¢;,j = 1,..., M,
are elements from the Hilbert space H_2(A). We suppose that the vectors ¢; form
an orthonormal system in the Hilbert space H_2(A):

1 1
<A——i%’ A——z’(pﬁ = dij,



1154 S. ALBEVERIO AND P. KURASOV

where §;; is the Kronecker symbol. We suppose in addition that the vectors ¢; are
‘H-independent, i.e. no nontrivial linear combination of these vectors belongs to the
original Hilbert space H.

The selfadjoint operator corresponding to the symmetric operator (5) defined on
Dom(A) coincides with one of the selfadjoint extensions of the operator A restricted
to the following domain:

Domjs = Dom(A) N Ker(T),

where Ker(T') denotes the kernel of the operator T.
It has been proven in [5, 6] that the restricted operator is densely defined and
has deficiency indices (1,1) in the case M = 1 (Lemma 2.1 from [6]).

Lemma 1. Suppose that the vectors ¢; € H_o(A)\ H, j = 1,2,...,M, are H-
independent and form an orthonormal system in H_o(A), i.e. <ﬁ<pj, ﬁtpw =
8;k. Then the restriction AS; of the operator A to the domain Dom(ASY,) = {¢ €
Dom(A) : (¢j,%) =0,7=1,2,..., M} is a densely defined symmetric operator with
the deficiency indices (M, M).

Proof. The restricted operator A9, is densely defined, since the vectors ¢; are H-
independent. One can easily prove that the deficiency subspace for A = 4 coincides
with the linear hull of the vectors —;. Since these vectors are orthogonal, the
dimension of the deficiency subspace coincides with the number of basis vectors. It
follows that the operator A9, is densely defined and has deficiency indices (M, M).
This completes the proof of the lemma. O

In the proof of the lemma we have not used the fact that the vectors ¢; have unit
norm in H_5(A). It was enough to suppose that the vectors are H-independent.
But every such system can easily be orthonormalized and has basis elements not
belonging to the Hilbert space H. Therefore we are going to use only orthonormal
systems {(;};2; in what follows.

The condition that the vectors ¢; are H-independent is not essential. If the set
of vectors is not H-independent then the operator A9, is not densely defined. But
its selfadjoint extensions can be described by similar formulas.

Every element ¢ from the domain of the adjoint operator Dom(A%}) can be
presented in the following form:

M
(6) =1+ Z (Mj(@ﬁ%‘ + a—j(d’)ﬁ‘ﬂj) ;
j=1

where 1) € Dom(AY,), ax;(1)) € C. We are going to use the following vector
notation:

(7) s = {as; 1L,

The adjoint operator A} acts as follows on every 1 € Dom(A%%):

R 1 1
A7 o+ Z <a+j(1/))A—_Z.<Pj + “—j“/’)A—HW)
J

M . .
=Ap+> (a+j(¢)AZ_Z.SDj + a—j(@A—;i%) -
j=1
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The boundary form of the adjoint operator is given by
(AR7e,m) — (v, Ajjn)
l — 1 1
=2 )" (a-J k) = @ Dask() (i 7—%)

1
7,k=1
M

mZ(a @) — ar;Das(m)
2i ((@- (), a—(n)cm — (@+(¥),a+(n))cm),

since the vectors Egoj form an orthonormal system.

The selfadjoint extensions of the operator A%} can be parameterized by M x M
unitary matrices using the von Neumann theory. Let V = {'Ujk}%c:l be such a
matrix. The corresponding selfadjoint operator Ay coincides with the restriction
of the operator A%} to the domain Domy = {¢p € Dom(A%}) : d—(v) = Vg (¥)}.
The extension corresponding to the matrix V = —I coincides with the original
operator A.

To define the finite rank perturbations of A we consider again two scales of
Hilbert spaces. The first set of spaces is the standard scale of Hilbert spaces asso-
ciated with the operator |Al:

Ho(A) C Hi(|A]) C H C Ho1(JA]) € H_2(A).
The second scale of Hilbert spaces
(8) HQ(A) = DOHl(A) C BM(A) CHC BM(A)* C Dom(A)* = H_Q(A)

is constructed using the operators A and T. Here Bjs(A) denotes the domain of
the adjoint operator A%;. The norms in the spaces Ha(A) and H_2(A) are equal
to the standard norms in these Hilbert spaces. The norm in the space Bs(A4) is
defined using the orthonormal basis in the deficiency subspace. Let 1 be an element
from the space Bjs(A) = Dom(A%%); then ¢ possesses the representation (6). This
representation can be written as follows:

9)
O i A —i A
w=w+;(a+j(¢> (A2+1 +A2+1>%+a‘j(¢)<142+1 +A2+1)%)
.M A
=¢+ij(¢)Ag—+1%
j=1
where
y M i
Y o= Z at;(¥) —a—;(¥)) 1%
Jj=

bj() = ay w) +a—;(¥).
The norm in the space Bs(A) is then defined by the formula

(10) 14 1Basa) = | 9 lIpom(ay
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The space Bjs(A) can be considered as a finite dimensional extension of the space
Dom(A) in the sense that Bys(A) is isomorphic with Dom(A)-+C*. The natural
norm-preserving embedding pys of Dom(A)+CM into B,,(A) is defined by (9). The
norms in the dual spaces are defined correspondingly.

3. FORM BOUNDED FINITE RANK PERTURBATIONS

Let the operator T" be form bounded with respect to the operator A, i.e. the
following inequality holds:

(11) (¥, TY) < aly, [Al) + b(, )

for every 1 from the domain Dom(A) and some a,b > 0. This assumption holds if
and only if all the vectors ¢;,j = 1,2,..., M, are from the Hilbert space H_1(|A|).
In this section we only consider this case. Let ¢; € H_1(|A]); then

M
[, T = 1Y t5i(, 05) (i, ¥)]

ij=1

M 1 1
>t | -5 ||l i || | || (WIA] =)o |12

<
byl |A] +1 |A| +i
M
= D 1l 125 e vqan 19 e uqan | (A1) + (,9))
ij=1

since the norms of the vectors ﬁ%— can be calculated as follows:
3

1 1
[ m%‘ ||2= (@3 m@ﬂ =l ¢; ”%—(71(|A|) :

Theorem 1. Let ¢; € H_1(JA]) \ H form an orthonormal basis in H_2(A), i.e.
(=% 7= %k) = 6k, and let T = {tij}%zl be a Hermitian invertible matriz.
Then the selfadjoint operator Ap = A+ Z%:l tij(¢j, )i is the selfadjoint exten-

sion of the operator AS; to the domain

(12)
Dom(Ar) = {¢ € Dom(Af}) : a1 (¥) = (T~ + )" (T~ + &*)a_(4)},

where ® is the M x M matriz ®;; = (pi, ﬁgpj% ,j=1,2,..., M.

Comment. The matrix T is supposed to be invertible. For T = 0 we therefore have
Ay = A.

Proof. The operator Ar is defined as a linear operator acting in the Hilbert spaces
B (A) = Dom(AY;) — Dom(A)*. Let 1) € Bps(A); then the operator Ay acts as
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follows:

Amv

M
A+ ) tigles e

i,j=1
x (4 Ll (@) 0 + ame() 2n) )
M
= AP+ ) tii(es e

1,7=1

+ 3 (asn(@ ><sok+
M

1= 9k) + ak (V) (pr — A%is%))

1
+ Z (a-i-ktu Yir A=k )pi +a- ktw<‘PJaA+Z-SDk>‘Pi>
i,j,k=1
J Iy .
= A%}¢+Z{a+k+a kTt Z <tkj %714_2<P>0/+z

k=1 i,j=1
+ trj{ey, A%Li%?a—i) }@k-

In the calculations we used the fact that (p;,¢)) = 0. The domain Dom(Az) of
the selfadjoint operator Az coincides with the following set: {¢ € Dom(A%}) :
Ary € H}. The element Art) belongs to the Hilbert space H if and only if the
expression in the curly brackets is equal to zero, i.e. the following equation is
satisfied:
(13)
al 1 1

Ayl + Ak +”Z::1 <tkj<s0ja APl kg les, g ei)an ) =0.
The latter equation can be written in matrix form using the notation (7) as follows:
(14) (I+TP)d =—(I+TP")ad_,
where I denotes the unit M x M matrix. The matrix I + T® is invertible, since T
is an invertible Hermitian matrix and the imaginary part of the matrix ® is equal
to the unit matrix. The latter statement follows from the following formula:

(15) Q5 = NP;; + iS5, RD;;

3, =1,

A
= <(pia A2+1(pj>’
which is valid, since the vectors ¢; form an orthonormal system in the space
H_2(A). Thus the condition (14) can be written in the form

(16) Gy() = — (T71 @) (T + 0%)a_(v).

The matrix — (T~ + fIJ)_1 (T~! + ®*) is unitary, and the adjoint operator re-
stricted to the domain of functions satisfying the conditions (16) is selfadjoint.

If the matrix T is equal to zero, then (13) implies that @_ = —dy, and the
extended operator is just the original operator A. This completes the proof of the
theorem. O

We consider now the set of all selfadjoint extensions of the operator A},. Every
such operator coincides with the restriction of the adjoint operator A% to the
domain of functions satisfying boundary conditions of the form

ay(y) =Va_(y),
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where V' is a certain unitary M x M matrix. The domain of the extended selfadjoint
operator coincides with the domain of a certain operator Ar if and only if the
following equality holds:

(17) V=—(T"'+d&) (T +0).

The following lemma describes the set of all selfadjoint extensions of the operator
A9, which can be obtained as finite rank additive perturbations of the operator A
providing that the family of singular vectors ¢; from H_;(|A|) remains unchanged.

Lemma 2. Let o; € H_1(JA)\H, j =1,2,..., M, form an orthonormal system
in H_o(A). If det(V — ;:_gg) # 0, then the operator AY; restricted to the domain
of functions {1 € Dom(AS; : @_(v) = Var(y)} is a finite dimensional additive

perturbation of the operator A.

Proof. Suppose that the matrix I + V is invertible (det( + V') # 0). Then the
matrix T~! can be calculated as follows using the representation (15):

-V
-1 _ *\—1 _ F* —1:_ .
(18) T ' =—d(+V) ' —@*(I+V) RE + i

The determinant of the matrix in the right hand side of the latter equality is not
equal to zero:

I+Vv

det (—%b +i ) = —(det(I + V)" det(R® + i) det (V _i= M)) .

i+ RO

Then the Hermitian matrix —R® + i+ is invertible, and the matrix T can be
reconstructed as follows:

T-v\*
(19) T—(—%<I>+zl+v> .

T is then Hermitian.

Consider now the case where det(I + V) = 0. This equality implies that the
matrix V' has a nontrivial eigensubspace N_; corresponding to the eigenvalue —1.
The restriction of the adjoint operator A}; to the subspace

{¢ € DOHI(A%;}) : PN715+(’§/1) = _PNfl@'—W)}

coincides with the restriction of the operator A to the same subspace. Thus the
set of vectors {¢; }Jj\il contains extra elements in the following sense: one can find

some new set of elements {¢; }]M:/l, M’ < M, such that the corresponding matrix V'
has a trivial eigensubspace N’ ;. We have already proven that every unitary matrix
which does not have eigenvalue —1 describes a certain finite rank perturbation of

the original operator. The lemma is proven. O

This last lemma characterizes the set of selfadjoint extensions of the operator A9,
which are finite rank perturbations of the original operator. The selfadjoint exten-
sions corresponding to the matrices V satisfying the equality det(V — Z?}%g) =0 can
be described by finite rank perturbations with infinite strength using the projective
space formalism. This approach is developed in [15], where point interactions for

the second derivative operator in one dimension are studied.
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4. FORM UNBOUNDED FINITE RANK PERTURBATIONS

Form unbounded finite rank perturbations can be described following the main
ideas developed in [5, 6] for rank one perturbations. We suppose in this section
that the vectors ¢; in the representation (5) are elements from the Hilbert space
H_2(A) and that the matrix T is Hermitian and invertible. The quadratic form
defined by the perturbation is not necessarily bounded with respect to the qua-
dratic form of the operator A. The unique selfadjoint extension of the operator A9,
corresponding to the expression (5) defined on the domain Dom(A) can be deter-
mined only if all elements ¢; can be extended as bounded linear functionals to the
domain Bps(A) = Dom(ASY;). The space By(A) is a finite dimensional extension
of the space H_2(A) = Dom(A). Thus the extensions are defined if the following
coefficients are determined:

1 A 1
20 Qij = (i, T—=95) = (i, 73 —=%5) + UPi, T3—=¥5)
(20) i = pi g0 = (i g %) + e g5 %i)
The second scalar product on the right hand side of the latter equality is well
defined, since ¢;,p; € H_2(A). Therefore to determine the matrix ® it is enough

to find a Hermitian matrix R with the coefficients
A
(21) Rij = (i, AQ—H%‘%

provided these are well defined.
Let us denote by p, ,;(A) the spectral measure corresponding to the elements
¥i, p; and the operator A:

1 1 | 1
<A—Z,LSD A_ZJSDJ> ‘/_OO)\_Z'L)\_ZJ /’LV’L#’J( )

e 1
| srrittens ) <1 o laawnl 65 lsia < .

If the integral ffooo ﬁd/‘%xw . (A) is absolutely convergent, then the scalar product
{3, A%ngﬁ is indeed well defined. The latter integral converges absolutely if
both vectors ¢;, ¢; are elements from the space H_1(|A|). The same is true if the
following inclusions hold: ¢; € H_20(A), ¢; € Ho,—2(A). (The spaces Hy m(A)
denote the vector spaces of elements having spectral projections to the negative,
resp. positive, halfaxis belonging to H, (| 4]), resp. Hm(|A]). )

Definition 1. The Hermitian matrix R corresponding to the set of vectors ¢; €
H_o(A),j=1,..., M, is called admissible if the equality

A Mo
(22) (f, 21 19> = Z [iRjigi
ij=1
holds for every two functions f and g provided that

e f and g are elements from the linear hull of the vectors ¢, , i.e.

M M
F="1es 9= 9%
j=1 j=1
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o the spectral measure jiy 4 corresponding to the functions f and g determines
the absolutely convergent integral

R

There exist sets of vectors ¢; such that for no two linear combinations of them
does the integral (23) converge. Every Hermitian matrix R is admissible in this
case. If all the vectors ¢; are elements from the Hilbert space H_1(|A|) then the
admissible matrix R is unique, as we have already seen in the previous section.

We shall consider in what follows only admissible Hermitian matrices R. The
following theorem can be proven

Theorem 2. Let o; € H_3(A) \ H and let T = {t;;}},_, be a Hermitian in-
vertible matriz. Suppose that the Hermitian matriz R = {Rij}%:l is admissi-
ble for the set of vectors ¢j,j7 = 1,...,M. Then the selfadjoint operator Ar =
A+ E%:l tij (@), )i is the selfadjoint extension of the operator A, to the follow-

ing domain:

(24)
Dom(Ar) = {¢ € Dom(Af}) : a1 (¢) = (T~ + )" H(T™ + &*)a_(4)},

where ® = R +i1.

Proof. The proof is very similar to that of Theorem 1. O

We note that the domain of the operator Ar depends on the choice of the
admissible matrix R. If all the vectors ¢; are elements from the Hilbert space
H_1(|A|), then the admissible matrix R is unique and there is a unique selfadjoint
operator corresponding to the formal expression (5). This case has been studied in
section 3.

The unique admissible matrix R can be determined by some extra conditions
even if the vectors ¢; are not elements from the Hilbert space H_1(|A]). For ex-
ample, such a unique matrix exists if all the vectors ¢; and the operator A are
homogeneous with respect to a certain group of unitary transformations. Consider
for example the operator in Ly(R) formally given by (i-1)" + ZZ;& 0™ | where
6F) are the derivatives of the delta function. Not all 6 k = 1,2,...,n — 1, are
from the Hilbert space H_1(](i-)"|). Therefore the operator corresponding to the
formal expression can be uniquely defined using only the fact that the original oper-
ator and the distributions §*) are homogeneous with respect to the scaling group.
This approach has been developed for second order differential operators in [15]
and for operators of arbitrary order in [8].

The approach developed in this paper can be used to construct model few-body
operators with H_; and H_» cluster interactions. Such operators can be obtained
as infinite dimensional perturbations of the operators describing the system of non-
interacting particles ([7]).
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