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ABSTRACT. We determine equivalent conditions on a commutative Artinian
ring S in order that the ideal of S[t] consisting of polynomials that vanish on
S should be principal. Our results correct an error in a paper of Niven and
Warren.

Let R be a commutative unitary ring. If f(t) = 37_j a;t/ € R[t], then f induces
a polynomial function Ty of R into R defined by Ty (r) = E?:O ajri. The map
f — Ty is a surjective homomorphism of R[¢] onto the ring P(R) of all polynomial
functions of R into R. Following Narkiewicz [N, p. 1], we denote by Ir the kernel
of this map. Thus Ig = {f € R[t] | Ty = 0}; IR is called the ideal of polynomials
that vanish on R. In [NW], Niven and Warren determine a set of generators for Ip
in the case where R = Z/mZ is the ring of integers modulo m, and for this ring
they use the notation Z(m) instead of Ir. Exercise 1, page 10, of [N] states that
Z(m) is principal if and only if m is prime; this repeats the content of Theorem 4
of [NW]. However, that result is false, with the correct statement being that Z(m)
is principal if and only if m is square-free. This note corrects the error in [NW] by
showing that, for a finite ring R, the ideal Iy is principal if and only if R is reduced
or, equivalently, if and only if R is a direct sum of fields. We begin with a basic
lemma.

Lemma 1. If e is an idempotent of the commutative unitary ring R, the epimor-
phism ¢ : R[z] — Relx] defined by ¢(f(z)) = ef(x) maps Ir onto Ige.

Proof. The inclusion ¢(Ir) C Ige is clear. To prove the converse we show that
Ige C Ig; this suffices since ¢ induces the identity map on Re[x]. Thus, take
g € Ige. Since g(0) = 0, g = ex - h for some h € Re[z], and hence g vanishes
on R(1 —e). Because g vanishes on Re and R = Re @ R(1 — e), it follows that
g € Ig. O

Corollary 2. If R= Ry @ ... ® R, is the direct sum of ideals Ry, ..., R, of R, then
R[z] = Z?Zl ®R;[z] and Ip = Z?Zl ®IR;. Therefore IR is principal as an ideal
of R[z] if and only if each Ig, is principal as an ideal of Rj;[x].

If S is an Artinian ring, it is well-known that S is a finite direct sum of zero-
dimensional local rings [ZS, Theorem 3, p. 205]. Hence Corollary 2 shows that in
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determining conditions under which [g is principal, it suffices to consider the case
where S is local. Our solution of this problem in Corollary 5 uses the following
result due to Ernst Snapper.

Theorem 3 (Snapper [S, p. 680]). Suppose R is a commutative unitary ring and
f(t) € R[t] is not a zero divisor in R[t]. If d is the minimum of the degrees of the
nonzero elements of the principal ideal (f(t)) of R[t], then there exists a € R such
that af(t) has degree d.

Theorem 4. If (R, M) is a zero-dimensional local ring, then I is principal if and
only if either R/M is infinite or R is a finite field.

Proof. If R is a finite field with ¢ elements, it is well-known that Ir = (t? — t).
If R/M is infinite, we show that Ir = (0) (cf. [J, Theorem 9]). Thus, let f(t) =
Z?:o [t/ € I and choose elements ay, as, ..., an41 in distinct residue classes of M
in R. Since f(a1) = 0, f(t) is divisible by (¢t —aq) in R[t]. For 1 <k <n+1, if
f(t) is divisible by (t — a1)...(t — ax) in R[], say f(t) = (t —a1)...(t — ax)g(t), then
0= flags+1) = (ag+1 — a1)...(ag+1 — ax)g(ar+1), where each axy1 — a; is a unit of
R. We conclude that g(ag+1) = 0,¢(t) is divisible by ¢ — a1, and hence f(t) is
divisible by (¢t —a1)...(t — ak+1) in R[t]. By induction it follows that f(¢) is divisible
by (t — a1)...(t — an+1), and hence f(t) = 0. Thus Ir = (0) if R/M is infinite.

To prove the converse it suffices to show that I is not principal if R/M is finite
and M # (0). We use a proof by contradiction. Assume Ip = (g(¢)), let ¢ = |R/M]|,
and choose e > 1 so that (0) = M°® < M. Since (t? —t)¢ € I, the polynomial g(t)
has a unit coefficient. If b is a nonzero element of Ann(M), then b(¢t? —t) € Ig, and
the proof in the preceding paragraph shows that Ir contains no nonzero element
of degree less than ¢q. Hence Theorem 3 shows that ag(t) = li]:o c;t' has degree
q for some a € R. We show that each ¢; belongs to Ann(M). Thus, let up be an
arbitrary element of M and choose u; = 0, u2, ..., 44 to be a set of representatives
of the residue classes of M in R. Viewing co,c1,...,¢q as a solution in R of the
homogenous system

q
ijugz(), 0<i<g,
=0

of equations, it follows that ¢;d = 0 for 0 < j < ¢, where d = [] (u; — u;) is the
i<j
Vandermonde determinant associated with ug, u1, ..., uq. Since d is zi unit multiple of
o, it follows that c;ug = 0 for each j, and hence each ¢; is in Ann(M), as asserted.
Because g has a unit coefficient, a is also in Ann(M). Now ag —c¢,(t?—t) € Ig, and
because I contains no nonzero polynomial of degree less than g, ag = ¢4(t? — t).
We conclude that exactly two of the coefficients of g are units — those of ¢¢ and
of t. Moreover, since g(0) = 0, we have g(t) = ut? + vt + t2h(t) for some units u, v
of R and polynomial h(t) € R[t]. Thus g(a) = va # 0, a contradiction to the fact
that g(t) € Ir. Therefore I is not principal, as asserted. |

Since a zero-dimensional local ring (R, M) is finite if and only if R/M is finite,
part(a) of Corollary 5 is a consequence of Theorem 4.
Corollary 5. Let S be an Artinian ring.

(a) Is is principal if and only if S is a direct sum of finite fields and of infinite
zero-dimensional local rings.
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(b) If S is finite, then Is is principal if and only if S is reduced or, equivalently,
if and only if S is a direct sum of finite fields.
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