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ABSTRACT. We study the double trigonometric series whose coefficients cjy,
are such that 3772 370°  lejk| < oo. Then its rectangular partial sums

converge uniformly to some f € C(T?). We give sufficient conditions for the
Lebesgue integrability of {f(z,y) — f(z,0) — f(0,y) + f(0,0)}¢(z,y), where
¢(x,y) = 1/xy,1/z, or 1/y. For certain cases, they are also necessary condi-
tions. Our results extend those of Boas and Moéricz from the one-dimensional
to the two-dimensional series.

1. INTRODUCTION

Let T? = [, 7] x [—7, 71]. Denote by sy, (z,y) the rectangular partial sums of
the double trigonometric series

(1.1) i i cei R,

j=—00 k=—o00

where

(1.2) Z Z lejk] < oo.
j=—00 k=—o00

The Weierstrass M-test theorem implies that s, (x, y) converges uniformly to some
f € O(T?) as min(m,n) — oo. In [C1], the first author considered the following
two conditions:

(1.3) cjr — 0 as  max(|j|,|k]) — oo,
(1.4) >3 U Avesr] < oo,
j=—00 k=—o00

where ¢T = max(£,1), 0 < o, 8 < 1, and

p q
s p q
qucjk = Z Z(—l) +t (8) (t) Cj+ts,k+t-

s=0 t=0
Obviously, (1.2) implies (1.3). He proved that
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Theorem A (Chen [C1]). Let 0 < o, < 1. Assume that conditions (1.3) and
(1.4) are satisfied. Then |z|~*|y|=?|f(x,y)| € LY(T?) and

// [smn (2, ) — f(2,9)|(|2]=|y[~") dady — 0 as  min(m,n) — co.
T2

This result extends and generalizes [B3, Theorems 4.1 & 4.2] and [Ma, Theorem
4]. Conditions (1.3), (1.4) imply

(1.5) Yo TR el < oo
j=—00 k=—o0

This is equivalent for the case when Ajicj, > 0 for —oo < j,k < oo. Obviously,
(1.5) reduces to (1.2) for the case & = 8 = 1. It is excluded in Theorem A. For this
case, it is known that =1y ~1 f(z, y) may not be Lebesgue integrable on T2. Instead
of Lebesgue integrability, the improper Riemann integrability of 2= 1y~!f(x,y), or
more generally, f(z,y)d(x,y) was examined by the first author in [C2]. His results
extend and generalize [Ba], [B1], [M2], [M3]. As for the Lebesgue integrability of
x~ 1y~ f(z,y), several known results have been given by Boas [B2], [B3] and Méricz
[M4] for the one-dimensional case, and by Brown-Wang [BW], Méricz [M1], and
Papp [P] for higher dimensions. In [P], Papp proved

Theorem B (Papp [P]). Let (1.1) be a double cosine series. Assume that the fol-
lowing three conditions are satisfied for some p > 1:

oo 00 1/p
9 Y 5 rer) <=
m=1n=1

2m—1 <j<2m 2n—1 §k<2n

=1 © py1/p
1.7 D DR D DINFL ) SE SRS
m=1n=1 2m—1<j<om k=n
(18) >y oy kZ} <.
m=1n=1 oan—1<k<2n =m

Then the quotient

f(;v,y)—f(;v,O)—f(O,y)—i—f(0,0)
Ty

(1.9) € LY(T?)
if and only if

Z chk

o0 o0
m=1n=1 j=m k=n
Papp also derived analogous results for double sine series and double cosine-sine
series. His results extend [M4, Theorems 1 & 2] from the one-dimensional to two-
dimensional series. In Papp’s results, condition (1.6) with p > 1 is involved. For

the limiting case p = 1, condition (1.6) is transformed into

(1.10) Yo > lelnli) T (nlk)T

j=—00 k=—o00

The results in this direction for the one-dimensional case were given by Boas [B3]
and Moricz [M4]. As for the higher-dimensional case, it is still unknown. The pur-
pose of this paper is to extend Boas’s and Moricz’s results from the one-dimensional



DOUBLE TRIGONOMETRIC SERIES 1465

to two-dimensional series. We shall prove that condition (1.10) is sufficient to guar-
antee the validity of (1.9), (see Theorem 2.1). Obviously, the Lebesgue dominated
convergence theorem tells us that (1.9) implies the truth of the following assertion:

(1.11) lim, ; / T fla,y) - f(x,o)z—y fONFFO0) 40 evists.

Under certain weaker conditions than (1.10), it will be proved that (1.9), (1.10), and
(1.11) are equivalent, (see Corollary 2.6). In this paper, the Lebesgue integrability
of 2= f(x,y) — f(x,0) — £(0,y) + f(0,0)} is also discussed, (see Theorem 2.3 and
Corollary 2.8). For details, we refer the reader to the next two sections.

2. MAIN RESULTS

We first consider the two-dimensional extension of [M4], that is, the Lebesgue
integrability of 2= 1y~1 f(z,y) will be examined.

Theorem 2.1. Let f be the limiting function of series (1.1). If condition (1.10) is
satisfied, then f is continuous on T2, the assertion (1.9) holds, and

(2.1) //p (z,y) — f(,0) yf(07y)+f(o,0)‘

(21 + 4) {Z Z leje|(In [5]) (1n|k|)T}.

j=—00 k=—o00

dxdy

Theorem 2.1 is the two-dimensional extension of [M4, Theorem 4 & Corollary
3]. It still holds if we replace (1.10) by (1.3) and (2.2):

Ll

(2.2) Z Z |Allcjk|{i(lnu)—r}{Z(lnv)T} < 0.

j=—00 k=—o00 v=0

This follows from the Fubini theorem. For double sine series whose coefficients
satisfy (1.2), the assertion (1.9) reduces to z='y~!f(z,y) € L1(T?). In this case,
the conclusions of Theorem 2.1 can be strengthened in the following way.

Corollary 2.2. Assume that series (1.1) is a double sine series and f is its limiting
function. If condition (1.10) is satisfied, then f is continuous on T?, x~ y=1 f(x,y)
€ LY(T?), and

JI..

Next, we consider the Lebesgue integrability of 271 f(z, y). In this case, condition
(1.10) will be replaced by the following condition:

(2.3) Yo > lelnlih?
j=—00 k=—o00

Theorem 2.3. Let f be the limiting function of series (1.1). If condition (2.3) is
satisfied, then f is continuous on T2, and

(2.4) e {f(@y) = f(2,0) = f(0,9) + £(0,0)} € LI(T?),
(2.5) e Hf(w,y) — f(0.)} € LN(T?).

Smn(di, y) — f(d?, y)
Ty

dxdy = o(1) as min(m,n) — oo.
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Moreover, we have

(z,y) — f(=, 0) f(0,y) + f(0,0)
(2.6) //T2 'da:dy
§(87r2+167r){ > Y lenltmiih
j=—00 k=—o00
(2.7) /TM de < (244 { Z Z lejk|(In|7]) } (yeT).
j=—00 k=—o00

Theorem 2.3 remains true if we replace (2.3) by (1.3) and (2.8):

|1
(2.8) Z Z |Alocjk|{2(lnu)T} < 0.

Jj=—00 k=—00
For those double trigonometric series with the property that
(2.9) C—jk = —Cjk (—o0 < J, k < ),

the assertions (2.4) and (2.5) reduce to = '{f(x,y) — f(z,0)} € LY(T?) and
x~Lf(x,y) € LY(T?), respectively. In this case, we have

Corollary 2.4. Assume that conditions (2.3) and (2.9) are satisfied. Then the
limiting function f of series (1.1) is continuous on T?. Moreover, x~'f(x,0) €
LNT), =" f(x,y) € LY(T?), and

JI..

Obviously, condition (2.9) is satisfied by the double sine-cosine series, the double
sine series, and the series Z;)il S cjk(sinjz)e*¥. Therefore, Corollary 2.4
will apply to these double series.

Finally, we give the two-dimensional extension of [B3, Theorem 5.32]. The next
theorem provides us with the converse of Theorem 2.1.

Smn(za y)x_ f(d?, y) dxdy = 0(1) as min(m’ TL) - .

Theorem 2.5. Assume that (1.2) holds and that there exists some positive integer
Ny such that

(2.10) cjk >0 for  min(|j],|k|) > No,

(2.11) > lerln i) < oo (k] < No),
j=—o00

(2.12) > el [k) T < oo (5] < No).
k=—oc0

Then (1.9) = (1.11) = (1.10).

Putting Theorems 2.1 and 2.5 together, we get the following result, which extends
[B3, Theorem 5.32] from the one-dimensional to the two-dimensional series.

Corollary 2.6. Under the conditions (1.2) and (2.10)—(2.12), the assertions (1.9),
(1.10), and (1.11) are equivalent.
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Obviously, (2.4) implies the truth of the following assertion:
0 0,0
/ f(a,y) — f2,0) - f(7y)+f(7)dxdy

exists.

2.1 li
(2.13) i |

The following two results give another type of two-dimensional extensions of [B3
Theorem 5.32]. Corollary 2.8 can be derived from Theorems 2.3 and 2.7.

Theorem 2.7. Assume that (1.2) and (2.10) — (2.11) are satisfied by some positive
integer No. Then (2.4) = (2.13) = (2.3).

Corollary 2.8. Under the conditions (1.2) and (2.10)—(2.11), the assertions (2.3),
(2.4), and (2.13) are equivalent.

3. PROOFS OF MAIN RESULTS

To derive the main results, the following lemma plays an important role. We
leave its proof to the reader.

Lemma 3.1. For j # 0, we have

(i)
21n|j|§/T ‘

s 1_ -
wlj < [ e < o+ 2w
0

ijx

-1
‘ dx < (27 4+ 4)(In |j|)T,

(i)

Proof of Theorem 2.1. The Weierstrass M-test theorem implies that the limiting
function f is continuous on T?. By (1.10) and Lemma 3.1, we obtain

[ [fep=teo- f<o,y>+f<o,o>‘dmy

ry
< 2 3wl [ [ e {5 o}
< (2m+4) {Z_:M;m lcji|(In [5]) (1n|k|)T} < 0.

|

Proof of Corollary 2.2. Let Q(m,n) consist of all (j, k) with |j| > m or |[k| > n. By
(1.10) and Lemma 3.1, we get

][ttt o,
DY A

1
ol
(G,k)EQ(m,n) T

sert?{ X ledmli i
(4,k)€Q(m,n)
—0 as min(m,n) — oo.

etiT _

iky_l
=)
Y
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Proof of Theorem 2.3. Condition (2.3) ensures the continuity of f on T2. By (2.3)
and Lemma 3.1, we obtain

//p (z,y) = f(x,0) = f(O,y)+f(0=0)‘

5 S el

j=—00 k=—o00

(872 +167r{ > Z |ejxl(In]4]) }

Jj=—00 k=—o00

This shows (2.4) and (2.6). (2.5) and (2.7) will be proved similarly. O

dxdy

ety — 1' dy}

e’ —1

X

S (,Y) f( )

Proof of Corollary 2.4. Let Q(m,n) consist of all (j, k) with |j| > m or |k| > n. By
(2.3) and Lemma 3.1, we get
dxdy < 27T{ Z ik (/ dx) }
(k) EQ(m,n) g

..
< (4m% + 8#){ Z |eji | (In |J|)T}

(J:k)€Q(m,n)
—0 as  min(m,n) — oo.

|

Proof of Theorem 2.5. It suffices to show (1.11) = (1.10). By (1.2) and the Weier-
strass M-test theorem, we find that
[T - 0)— f(0 0,0
/ / f(z,y) — f(x,0) yf( 0.9 44
5

S

j=—00 k=—o0

= {21(6,0) — X2(€,0)} + i{X3(¢,6) + Za(e, 0)},

where
o0

(e.8) = Z Z Cjk{/ cosy:z:—l }{ cosky—ldy},

z ol ([ 5o

Z chk{/ cosya:—l }{ smkyd}

j=—00 k=—o00

s1njx cosky—l
-y Y )
j=—00 k=—o00

We have assumed (1.11). Therefore, lim, 5)0{Z1 (e, ) Yo(e, 8)} exists. Set

=
st = { [ 5024 ) {700y )
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Then, for all j, k, we have

. _ _ T sin jx ™ sin ky
tonted = { [ S o { [ 55w

Since the integral f;(sinnt)/t dt is uniformly bounded in n and 0 < § < m,
{9jk(€,6)}35~_ o is uniformly bounded on (0, 7] x (0,7]. By (1.2) and the Weier-
strass M-test theorem, we find that lim. 5)0 X2(¢, ) exists. Thus, lime ;0 X1(e, )
exists. Set

P={(j.k): |j| > No and |k| > No} and P ={(j,k):[j| < Noor [k| < No}.
Then

Yi(e,6) = Z cjkhin(€,6) + Z cirhiji(e,6) = L11(e,6) + L1a(e, 9),

(4:k)epr (j,k)eP

s . _ 1 T _ 1
hjk(e, 0) = {/ 7C08jxx d:r}{/(s 7C08k5 dy}.

For |j| < Ny and —oo < k < 00, we have

say, where

|hjk(e,8)] < (m+2)*(In No) " (In |k[) " (0 <e€d <),

g jx— 1 g ky—1
Jim hjk(e,(;):{/ %df}{/ %dy},
€610 0 T 0 Y

Applying (2.12) and the Weierstrass M-test theorem, we conclude that
€1.’151110 { Z cjkhjk(e,é)} exists.
li|<No ~k=—o0
Similarly, (2.11) implies that
el,lér?o Z { Z cjkhjk(e,é)} exists.
[k|<No ~[51>No

Therefore, lim. 510 X12(¢, ) exists and so a = lime 5)0 X11(¢,0) exists. For (5, k) €
P, we have c;, > 0. Hence, Lemma 3.1 leads us to

1 — j 1 — k
00> o= Z Cjk{/o 7cxoijdx}{/o 7208 ydy}

(3,k)eP

> > legul(nli)T (k)T

(3,k)eP

and consequently, the desired result follows from (2.11) and (2.12). |
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Proof of Theorem 2.7. It can be done by modifying the proof of Theorem 2.5. The
essential changes are to replace (cosky —1)/y and sin ky/y by cos ky — 1 and sin ky,
respectively, for each place where they occur. The other changes are

[ [l 00100,

={21(e,6) — 22(6, 0)} + i{Z3(e,0) + La(e, 0)},
|hjk(e,8)] < (2m% +4m)(In No) " (|j] € No; —o0 < k < 0),
[hj(e,8)] < (2n% +4m)(lnfj)T  (—o0 < j < oo;|k| < No),

[ w0 s )

> S fealnli)” |-

(3,k)eP

N

o0 >«

Il
O
Ea

The condition (1.2) implies

S5 el < m80)T( 3 ) <ox

|51 <No k=—o00 15| <No k=00

Putting these together with (2.11) yields the desired result. |
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