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ABSTRACT. We give an elementary proof of the principle of local reflexivity.

We use only elementary functional analysis to give a simple and short proof of the
version of the “principle of local reflexivity” proved in [2], which is an improvement
of the original version given in [3]. Other short proofs can be found in [1] and [4].
We use standard notation for Banach spaces. By X, X* and X**, we denote a real
or complex Banach space, its first dual and its second dual respectively; we identify
X with the canonical copy of X contained in X **; given a Banach space Y, We*\*zvrige
By :={y:|ly]| <1} and Sy :={y : ||ly|| = 1}; given a subset A of X, A7
stands for the weak*-closure of A in X** and intA is the norm interior of A; an
operator is a continuous linear function; given £ > 0, an e-isometry T : E — Y is
an operator for which 1 —e < ||Tz|| < 1+¢ for all z € Sg.

We only require the following Lemma 1. We omit its proof, which is an easy
exercise based on the separation Hahn-Banach theorem.

Lemma 1. Let T : X — Y be an operator, z € intBx« and y € Y such that
|IT**z — y|| < e. Then we have that z € X ), where L := {x € By :

[Tz -yl <e}.

Theorem 2 (Principle of local reflexivity). Let E C X** and F C X* be finite
dimensional subspaces. Given € > 0 there exists an e-isometry T : E — X such
that T |pnx=id |pnx, and f(Te) =e(f) for all f € F and all e € E.

Proof. Let dim E' = n and dim EN X = n — k. Let (y;,h;)}_; be a biorthogonal
system in E x E* such that [ly;]| = 1 — ¢ and span{y;}? ., = EN X. The
identity id : E — X™* can be given as id(e) = >, hj(e)y;. We shall find
v1, ... , 0% in X so that the operator T': E — X defined by T'(e) := Z?Zl hj(e)v;+
Z?:k-u h;(e)y; is an e-isometry. Hence, the condition 7' |pnx= id |gnx will be
satisfied automatically.

Let W := X* endowed with the norm ||(;v])§“:1|| = sup, ||z, and select 0 <

o < minf2/5, (1—)~" = 1, &(30, by )71}, Fix {f;}22, a basis in F, {e;},
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an a/4-net in intBg, and {u;}}L, in Bx- so that [e]| < (1 + a)sup;< <y le(u;)|
for all e € E. We have that

n
ej:ZAgyr,j:L... . N.
r=1

Let us write P := maxi<j<ny Zle |M.| and define the set

k n
C::{(xs)f_leBW: > M+ > My, <1,j:1,...,N}.
s=1 s=k+1

(W W
By the above lemma, we have that (yj);?:l e "™ Now we set the operator

S:W — RMFEFNE (or into CMFHNFK) given by S((zs)k,) = (fi(zr),u;(xs))
for 1<i<M,1<r<k 1<j<N,1<s<k

Thus S**((y;)%_,) € S(C). Now, since VW e and R(S) is closed,
we have that R(S) = R(S**), and then, for 0 < 3 < min{1,e(2P)~'}, we can find
(¢j)h_) € C and (b;)k_, € BBw so that

S**((yj)le) = S((Cj)é?:l) + S((bj)é?:l)'
We take v; := ¢; +b; for j = 1,... ,k in the definition of 7". Thus, we already
have the condition f(Te) = e(f) for all f € F' and all e € E. Now, since ||Te;|| <
1+ Zle Mb.|| <1+ 8P for j =1,...,N, it is completely straightforward to
check that T is an e-isometry.
O
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