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ABSTRACT. Suppose that a and b are elements of a complex unital Banach
algebra such that the spectra of a and b are 2wi-congruence-free. E.M.E. Wer-
muth has shown that then

e%e® = ee® implies that ab = ba.

In this note we use two elementary facts concerning inner derivations on Ba-
nach algebras to give a very short proof of Wermuth’s result.

Let A denote a complex unital Banach algebra. For z € A the spectrum of x is
denoted by o(z). The map ¢, : A — A, defined by

8.(c) = cx — zc (ce A,

is called the inner derivation determined by x. From ||0.(c)| < 2||¢|| ||z] it follows
that 0, is a bounded linear operator on A. Proposition 6.4.8 in [1] shows that

(1) 0(0z) C{A—p: A pea(a)}
and
(2) e’ (c) = e %ce” for all ce A

Define the entire function f: C — C by

AHer =1), ifA#£0,
)= 1, ( ) if)\iO.
Since Af(\) = f(A\)A = e* — 1, we obtain for x € A
f(02)8, = €% — T
hence, by (2),
3) (f(02)5)(c) = e ®ce® — ¢ forall ce A.

A set Q C C is called 27i-congruence-free if A1, A2 € Q and Ay = A2 (mod 274)
implies that /\1 = )\2.

Theorem. Let a,b € A. Suppose that o(a) and o(b) are 2mi-congruence-free and
that e%e® = ePe®. Then ab = ba.
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Proof. Let z € {a,b}. Since o(z) is 2mi-congruence-free, (1) shows that f does not
vanish on o(d,); hence f(d,) is bijective. From (3) it follows that
(4) Sz(c) = f(0z) H(e ™ ce® —¢) forall cc A
Therefore we get

8a(€®) = f(0a) (e % e — €b) = f(6,) (e %%’ —€”) = 0.
Thus ae® = eba. Use (4) again to obtain

op(a) = f(65) " L(ebae’ —a) = £(6) (e Peba — a) = 0;

hence ab = ba. |

Corollary 1. Suppose that H is a complex Hilbert space and A is the Banach
algebra of all bounded linear operators on H. For self-adjoint operators A, B € A
the following assertions are equivalent:

(i) efeB = eBeA.

(ii) edef = eAt+B,

(iii) AB = BA.

Proof. Tt is clear that (iii) implies (i) and (ii). Since o(A4), o(B) C R, it follows that
o(A) and o(B) are 2wi-congruence-free, and so (i) implies (iii). If (ii) holds, we get
eBed = (ePB)*(e?)r = (eeP)* = (eA1B)* = eA+B = e4eB | and thus (i) holds. O

Corollary 2. Suppose that A is as in Corollary 1 and that the spectrum of A € A
is 2mi-congruence-free. Then
e is normal if and only if A is normal.
Proof. If A is normal, then eed” = eA+A™ = A7 eA;_thus e” is normal.
Now suppose that e? is normal. Since o(A*) = {\: X € o(A)}, it follows that
o(A) and o(A*) are 2mi-congruence-free. The theorem gives AA* = A* A. O

Corollary 3. Suppose that A is as in Corollary 1. If A € A and ||A|| < 7, then
e is normal if and only if A is normal.

Proof. ||A|| < 7 implies that o(A) is 2wi-congruence-free. Now use Corollary 2. O
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