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ABSTRACT. We establish the following result.

Theorem. Let o : G — L(X) be a (X, X«) integrable bounded group rep-
resentation whose Arveson spectrum Sp(a) is scattered. Then the subspace
generated by all eigenvectors of the dual representation o™ is w* dense in X™*.
Moreover, the o(X, X«) closed subalgebra W, generated by the operators o
(t € G) is semisimple.

If, in addition, X does not contain any copy of cp, then the subspace
spanned by all eigenvectors of a is o(X, X«) dense in X. Hence, the repre-
sentation « is almost periodic whenever it is strongly continuous.

1. SPECTRAL THEORY FOR INTEGRABLE BOUNDED
GROUP REPRESENTATIONS

Throughout this paper G will denote a locally compact abelian (LCA) group
with identity e and G will denote the dual group of G. The multiplication on LCA
groups will be written by addition. Let L'(G) (resp. M(G)) be the usual group
algebra (resp. measure algebra) with convolution as product operation. We refer
to [11] or [21] for basic knowledge of Harmonic Analysis on LCA groups.

Given a complex Banach space X, let £(X) be the Banach algebra of all bounded
linear operators on X. Take a LCA group G. A bounded group representation « of
G on X is a mapping « : G — L(X) satisfying the following properties:

(a) Group property: a. = Ix the identity operator on X and a1 = asoy for
all s,t € Gj

(b) Boundedness: ||a| := sup,cq ||ot|| < oo.

Moreover, « is called strongly (resp. weakly) continuous if for each € X the
mapping t — oz is norm (resp. weakly) continuous. We need a further notion.

Definition 1.1. A bounded group representation o : G — L(X) of G on X
is called integrable if there exists a subspace X, C X* satisfying the following
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requirements:
(i) X, is a norm determining subspace of X*, i.e., the following

[z]ln = sup{lp()] : p € Xs, [lpl] <1}, z € X,

defines an equivalent norm on X;
(i) The group representation « is o(X, X,) continuous and for each u € M(G)
there exists an operator &, € £(X) such that

pla,x) = /Gp(atx) du(t) for all (x,p) € X x X,.

In this case we say that a is o(X, X,) integrable and the operators &, are written
as

duza—/atdu(t), we M(G).
G

It is easily verified that the extension & : M(G) — L(X) is a bounded algebra
homomorphism, i.e.,

G = Quby, p,v e M(G).

Moreover, oy = &5, (t € G), where d; is the Dirac measure at the point ¢.
In the sequel & will denote the algebra homomorphism which is obtained by
integrating a group homomorphism a.

That all weakly continuous bounded group representations are integrable is well-
known; see [1].

Let @ : G — L(X) be an integrable bounded group representation. For f €
LY(G), let @y be the image of the measure duy(t) := f(t)dt under @. It is clear
that & : LY(G) — L£(X) is also a bounded algebra homomorphism. Let I, := {f €
LY(G) : &f = 0}. The Arveson spectrum of «, denoted by Sp(«), is defined as the
hull of I, i.e.,

Sp(e) :={y€G: f(y) =0 for all fel,}.
For z € X, let I, :== {f € L(G) : ayx = 0} and define
Spa(z) :={y€G: f(7) =0 forall fel}
to be the spectrum of a at the point x. For a closed subset A of é, define
X(A) == {z € X : Sp,(2) C A}

to be the spectral subspace corresponding to A. A v € G is called an etgenvalue
if the eigenspace {x € X : ayx = y(t)z V¢t € G} is non-trivial. Eigenvectors are
defined similarly.

We need the following basic facts established by the author in [14, Chapter I], cf.
[1], [3], [4] and [7]. A complete summary of [14] appeared in “Dissertation Summary
in Mathematics” 1 (1996), 171-178.

Theorem 1.2. Assume X # {0}. Let « : G — L(X) be a (X, X.) integrable
bounded group representation. Then,

(i) The Arveson spectrum Sp(c) is a mon-empty closed subset of G. Assume
~ € G. Then, v € Sp(a) if and only if there exists a net (x;) of norm-one vectors in
X such that ||ogpx; —y(t)x;|| — 0 (i — 00) uniformly for t in every compact subset

of G.
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(i) The group representation a is norm continuous if and only if its Arveson
spectrum Sp(«) is compact.

(i1i) Assume that Sp(«) is decomposed into disjoint closed subsets E and F where
E is compact. Then there exists a projection P € {ay: f € L'(G)} such that

X%(E)=PX and X*(F)=(Ix — P)X.

For the subspace representations ao P and « o (Ix — P) obtained by restricting «
in PX and (Ix — P) there holds

Sp(eo P)=F and Sp(ao(Ix —P))=F.

(iv) The following spectral mapping theorem holds:

o(ar) ={y():v€Spla)} forall teqG.

(v) Let K(G) := {f € L*(Q) : f has compact support}. Then, the subspace
generated by all vectors ayx (f € K(G) and x € X) is 0(X, X,) dense in X.

(vi) If G :==Z and T € L(X) is the generator of the representation o : Z — L(X),
then Sp(«) = o(T), where o(T) is the spectrum of the operator T.

(vit) If G := R and A is the infinitesimal generator of the one-parameter group
(at)ter, then Sp(a) = io(A), where o(A) is the spectrum of the closed operator A.

As a remark we point out that a weakly continuous bounded group representation
a: G — L(X) is in fact strongly continuous. To see this, take f € K(G) and let
X := a;X. Consider the restriction of o in X, denoted by 3. To estimate the
spectrum of 3, let v € G \ supp f. Then, by the regularity of LY(G) there exists
g € LY(G) such that g(y) = 1 and suppg C @\suppf. It follows that g* f = 0 and
thus B,Gf = Gyds = Gges = 0. This implies by definition of Sp() that v ¢ Sp(8)
and thus Sp(3) is contained in the compact subset suppf. By Theorem 1.2 (ii) 8
is norm continuous. This implies that the function ¢ — a;z is norm continuous for
each € X which can be written as ¢ = @y for some y € X and f € K(G). As
claimed by Theorem 1.2 (v), such vectors generate a weakly dense and hence norm
dense subspace of X. In conclusion, « is strongly continuous.

We need also two auxiliary results.

Proposition 1.3. Let « : G — L(X) be an integrable bounded group representa-
tion. Assume v to be an isolated point of Sp(a). Then, there exists a projection
0+# P, e{as: fe L (G)} such that

arPy =~(t)P, forall tedG.
In particular, v is an eigenvalue of a.

Proof. Let P, be the spectral projection corresponding to the set {7} for which we
have

Sp(ao P,) = {7}.

The existence of P, is guaranteed by Theorem 1.2 (iii). Applying Theorem 1.2 (iv)
to the group representation a o P, we find that o((awo Py)) = {y(¢)} for all t € G.
It follows from Gelfand’s theorem (see [10] or [13]) that (a0 Py); = vo(t)Ip,x for
all ¢t € G. Clearly, P, X # {0}. O
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The following “lifting property” should be compared with a similar result in [15].

Proposition 1.4. Let o : M(G) — L(X) be a bounded group representation. Let
Y C Z be two a—invariant closed subspaces of X. Assume that vy € Sp(a) and
Y€ (ZJY)* satisfy

(W, 00(2) +Y)=vt)(W,z+Y) for all t€G, z€ Z

Then, there exists xfy € X* such that ajzl = vyo(t)zd for allt € G and (xf,z) =
(W, z+Y) for all z€Z.

Proof. Define ¢y € Z* by ¢1(2) :=¢¥(2z+Y), z € Z. By Hahn-Banach theorem we
extend 17 to an element 12 € X*, such that ||1)2] = ||41]]. Since G is abelian, there
exists an invariant mean ¢ on [°°(G). For each z € X, define

F(z;t) :== vo(—t)t2 (), t€G.
This is a function in [°°(G). It follows that
x5 (x) == ¢(F(x;-)), ze€X,

well defines a linear functional on X with ||zj] < ||| - ||#||. For s,t € G and z € X
we have

F(as(x);t) = vo(—t)2(assex) = vo(s)F (255 + 1).
It follows that

zo(asz) =0(s)p(F (x5 + 5)) = yo(s)zg (),

where for the last identity we use the translation-invariance of ¢. Therefore, afxf =
~Yo(s)xg for all s € G. Consider z € Z. Then,

F(z;t) = vo(—=0)¢(aw(2) +Y) = yo(~t)t)v(z +Y) =¢(z +Y).

This implies that z3(z) = ¢(F(z;-)) = ¥(z + Y)o(1) = ¥(z + Y), completing the
proof. O

2. COMPLETENESS OF EIGENVECTORS OF DUAL REPRESENTATIONS

Recall that a closed subset A of G is called scattered if each closed subset of A
contains an isolated point. Every closed countable subset of G is scattered and,
moreover, if G satisfies the second axiom of countability, then a closed subset of G
is scattered if and only if it is countable.

Our main result in this section reads as follows.

Theorem 2.1. Let o : G — L(X) be an integrable bounded group representation
whose Arveson spectrum Sp(«) is scattered. Then the subspace

Xo :=lin{z" € X*: there exists v € Sp(«a) such that
afx* =~yt)z* for all te€ G}
generated by all eigenvectors of o is w*—dense in X*. Moreover, there exists a

uniformly bounded, mutually orthogonal system of projections {E, : v € Sp(c)}
such that E,X* = {z* € X* : ajz* = ~(t)z* for all t € G} for all v € Sp(a).
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Proof. Let Y = {y € X : z*(y) = 0 for all z* € X,+}. Then, Y is an
a—invariant closed subspace of X. We have to show Y = {0}. To this end, let
B¢ (t € G) be the restriction of oy in Y. Then, 8 is also an integrable bounded
group representation. By Theorem 1.2 (i), it is sufficient to prove that Sp(3) = 0
in order to obtain Y = {0}.

Assume conversely that Y # {0}. Let X, C X* be such that « is (X, X,)
integrable. Let Y := {]}, : * € Y'}. Then, § is o(Y,Y}) integrable. Let V' be
the norm closure of Y, in Y*. Then, (3 is also integrable with respect to the weak
topology o (Y, V). We have V' # {0} and 5V C V for each t € G. This implies that

®, := the restriction of 8 in V, te€ G,

defines a o(V,Y) integrable bounded group representation. To compute the spec-
trum of ®, consider f € I,, i.e., & = 0. Then, for all y € Y and p € Y, we
have

(. B yp) = /G (v, Bup) (2) dt = /G (0, ) (1) dt = p(éipy) = 0.

Therefore, ®; = 0 and thus Iy D I,. By definition of spectrum we find that
Sp(®) C Sp(a). Since Sp(«) is scattered, so is Sp(®). The non-empty scattered set
Sp(®) contains an isolated point, vy say. By Proposition 1.3 v is an eigenvalue of
®. Choose 0 # y5 € V C Y* to be an eigenvector for ~y. Then, for all y € Y and
t € G we have

Yo (cwy) = 1y (y) = 70 (H)ys (y)-

Applying Proposition 1.4 to « with the case Z = {0} we obtain an extension
0 # a € X* of y§ such that oz = yo(t)z§ for all t € G. It follows that af € Xq-.
Hence, we have for all y € Y that y§(y) = z§(y) = 0, a contradiction.

To show the “Moreover” part, let ¢ be an invariant mean on [*°(G). Let v €
Sp(«). For each pair (z,p) € X x X* the function ¢t — (p,v(—t)asz) belongs to
[°°(G). Thus,

<Eyp,$> = ¢t(<ﬂa’7(_t)at$>a HAES Xu pE X*a

defines an operator £, on X*, where ¢; means that the invariant mean is applied
to the corresponding function of ¢. It is evident that || E,|| < ||a|. The translation-
invariance of ¢ implies that aj E, = v(t)E, for all t € G. From this we see further
that each E, is a projection. To prove the mutual orthogonality, let 71,72 € Sp(«)
be two different elements. Clearly, £, and FE,, are commuting. Therefore, for all
teG

Vl(t)E%E’Yz = a;ka%E’Yz = a:‘,kE’Y2E’Yl
= 2()EyuEy =70)Ey By,
Since y1 # 72, this implies that E,, E,, = 0. The proof is finished. O

Consider a representation « given as in Theorem 2.1 which is o(X, X, ) integrable.
Let W, be the o(X, X,) closed subalgebra of £(X) generated by all operators &,
(v € M(G)). Assume T € W,. Then, there exists a net (u;) C M(G) such that

&, — T. For v € Sp(a) consider the projection E. given in Theorem 2.1. Fix
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(x,p) € X x X,. Then, from the definition of &,, we have

(i) = | (0B ditt)

L OWEp.2) dis(t) = 7)),
By taking limit we find
(Evp, T) = lim f1;(7)(Ey p, 7).

Since this identity holds for all x € X and p € X, it follows that the limit lim; f;(7)
exists; denoted by c,. Then we have T*E, = c,F,. Therefore, the subspace gen-
erated by all eigenvectors of T is w*—dense in X*. As a consequence, the zero
operator is the unique nilpotent operator in W, and thus W, is a semisimple Ba-
nach algebra.

This has established the following Theorem 2.2 which refines [20, Theorem 7|
where the corresponding result is given for weakly continuous representations. Note
that our proof is completely different from that of [20].

Theorem 2.2. Let « : G — L(X) be a o(X, X,) integrable bounded group repre-
sentation whose Arveson spectrum Sp(«) is scattered. Then the o(X, X,) closed
subalgebra Wy, of L(X) is semisimple.

Moreover, for each T € W, there exists a set {c, : v € Sp(a)} C C such that
T*E, = ¢y E, for all v € Sp(a), where {E, : v € Sp(a)} is the set of projections
gwen in Theorem 2.1. As a result, the subspace generated by all eigenvectors of T*
is w*—dense in X*.

As consequences of Theorems 2.1 and 2.2 we have:

Corollary 2.3. Let T € L(X) be a doubly power bounded operator with countable
spectrum o(T'). Then the subspace generated by all eigenvectors of T* is w*—dense
in X*. Moreover, the weakly closed subalgebra generated by T is semisimple.

Proof. Let a : Z — L(X) be the group representation given by
ay, :=T" forall ncZ.

a is norm continuous and bounded. Moreover, by Theorem 1.2 (vi) we have Sp(a) =
o(T). Hence, Theorems 2.1 and 2.2 are applicable to a and yields the desired
result. |

Corollary 2.4. Let (e!4)er be a strongly continuous bounded group of operators
on X such that the spectrum o(A) of the infinitesimal generator A is countable.
Then the subspace generated by all eigenvectors of the dual operator A* is w*—dense
in X*. Moreover, the smallest weakly closed subalgebra of L(X) containing all op-
erators et (t € R) is semisimple.

Proof. Let o : R — L(X) be the strongly continuous bounded group representation
given by

o = e for all teR.
Then Sp(a) = io(A) by Theorem 1.2 (vii). Hence Sp(«) is countable. If A € o(A)
and * € X* satisfy afx* = eMa* for all ¢ € R, then z* belongs to the definition

domain of A* and A*zx* = Az*. Thus, the result follows by using Theorems 2.1 and
2.2. O
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Recall that an operator T' € £(X) is called hermitian if ||eT|| = 1 for all t € R.
From Corollary 2.4 we derive immediately the following analogue of Corollary 2.3.

Corollary 2.5. Let T € L(X) be a hermitian operator with countable spectrum
o(T). Then the subspace generated by all eigenvectors of T* is w*—dense in X*.
Moreover, the weakly closed subalgebra generated by T is semisimple.

We remark that the semisimplicity in Corollary 2.3 and Corollary 2.5 has been
proved by Feldman [9] and Sinclair [22, Theorem 3.1], respectively. Their methods
are completely different from that of [20] and ours.

3. COMPLETENESS OF EIGENVECTORS

The completeness of eigenvectors of integrable group representations with dis-
crete spectrum is guaranteed by the following result.

Theorem 3.1. Let o : G — L(X) be an o(X, X)) integrable bounded representa-
tion with discrete Arveson spectrum. Then the subspace
Xo:=lin{x € X : there exists v € Sp(«a) such that
oz =)z for all te€ G}
generated by all eigenvectors of o is 0(X, X,) dense in X. Moreover, there ezists

a uniformly bounded, mutually orthogonal system of projections {P, : v € Sp(c)}
such that Py X ={x € X : ayx =(t)x for all t € G} for all v € Sp().

Proof. Applying Proposition 1.3 to « we find that for each v € Sp(«a) there exists
a projection P, € {ay : f € L*(G)} satisfying
a Py =~(t)P, forall teG.
Thus,
Xo= \/ PX
¥€Sp(a)

Consider f € K(G), i.e., f has compact support. Let X¢ := &y X and 3 be the

restriction of o in X¢. Then, (3 is integrable and
Sp(8) C Sp(a) N supp/.

Note that the set Sp(a) Nsupp f is compact and discrete; hence it contains at most
finitely many points. Therefore, Sp(f3) is a finite subset of Sp(a). It follows from
Theorem 1.2 (iii) combining with Proposition 1.3 that X is decomposed into finite
sum of eigenspaces of 5. Thus, Xy is contained in X,. By Theorem 1.2 (v), the
subspace generated by all of the subsets X; (f € K(G)) is o(X, X.) dense in X.
Consequently, X,, is (X, X.) dense in X. |

A more general result of Theorem 3.1 is given in [14, Theorem 3.1.2].

In what follows we will study the almost periodicity of representations. Let
BUC(G; X) be the Banach space of all bounded and uniformly continuous functions
h: G — X with the norm

[A]] == sup [|R(t)[| x-
teG

For each t € G let T} be the translation on BUC(G; X) given by
T;h(-) :=h(-+t) forall h e BUC(G;X).
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A function h € BUC(G; X) is called almost periodic if the set {T;h : t € G} is
relatively compact in BUC(G; X). Let AP(G;X) be the subspace of all almost
periodic functions in BUC(G; X) and denote by AP(G) the space AP(G;C). A
function h € BUC(G; X) is called scalar almost periodic if for each z* € X* the
scalar function ¢ — x*(h(t)) is almost periodic. Let h € BUC(G;X). It is well
known that h € AP(G; X) if and only if h is scalar almost periodic and the range
{h(t) : t € G} is relatively compact in X (cf. [19, pp. 70-72]).

The Beurling spectrum of h € BUC(G}; X)), denoted by o(h), is defined to be the
local spectrum of T" at h, i.e.,

o(h) :=Spr(h)={yeG: fe L' (G),Trh=0= f(y) =0}.

If h € BUC(G;C) has scattered spectrum, then a theorem of Loomis [17, Theorem
5] asserts that h is almost periodic. The extension of Loomis’s theorem to vector-
valued functions is given by Baskakov [2, Theorem 2] as follows. Recall that ¢ is
the Banach space of all convergent sequences (an)nen with limit zero.

Theorem 3.2. Assume that h € BUC(G; X) has scattered spectrum. If X does
not contain any copy of co, then h is almost periodic.

We call a strongly continuous bounded group representation a : G — L(X)
almost periodic if for each x € X the function t — oz is almost periodic. It
follows from the Jocob-deLeeuw-Glicksberg theory that the subspace generated by
all eigenvectors of an almost periodic representation is norm dense in the defining
Banach space, see [6, Theorem 4.11], [16] or the Basic Theorem in [18, p.150].

Let a : G — L(X) be a o(X, X,) integrable bounded group representation whose
Arveson spectrum is scattered. Assume further that the Banach space X does not
contain any copy of ¢p. For f € K(G), let Xy := &y X and let § be the restriction
of ain Xy. As seen in the proof of Theorem 3.1, we have

Sp(B) € Sp(a) Nsuppf.

Hence, the representation 8 has compact spectrum and thus is norm continuous by
Theorem 1.2 (ii). Given zg € Xy, let

h(t) := Brxo = auzxy, t € G.

Then, the norm continuity of 3 implies that h € BUC(G; X¢). Let g € L'(G). For
s € G we have

Tyh(s) = /G Toh(s)g(t) dt = /G h(s + )g(t) dt = /G Qss170g(t) dt = arydigo.

It follows that T,h = 0 <= G,z0. By definition we find
o(h) = Sp,(z0) C Sp(«).

Therefore, h has scattered spectrum. It follows from Theorem 3.1 that h is al-
most periodic. By definition, 8 is almost periodic and thus by the Jacob-deLeeuw-
Glicksberg theory [6] the subspace generated by all eigenvectors of 8 is norm dense
in Xf. Note that the subspace generated by the subspaces Xy (f € K(G)) is
(X, X,) dense in X by Theorem 1.2 (v). We have proved the following result.

Theorem 3.3. Let o : G — L(X) be a (X, X.) integrable bounded group rep-
resentation whose Arveson spectrum Sp(«) is scattered. Assume that X does not
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contain any copy of co. Then the subspace

Xo:=lin{x € X : there exists v € Sp(a) such that
oz =)z for all te€ G}

generated by all eigenvectors of « is o(X, X.) dense in X.
As a result, if « is strongly continuous, then « is almost periodic.

The following refines Corollaries 2.3, 2.4 and 2.5.

Corollary 3.4. Assume that X does not contain any copy of co. Then

(i) If T € L(X) is a doubly power bounded operator with countable spectrum

o(T), then the subspace generated by all eigenvectors of T' is norm dense in X.

(i) If (e*)ier is a strongly continuous bounded group of operators on X such

that the spectrum o(A) is countable, then the subspace generated by all eigenvectors
of A is norm dense in X.

(11i) If T € L(X) is a hermitian operator with countable spectrum o(T), then the

subspace generated by all eigenvectors of T is norm dense in X.
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