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A MODIFICATION OF LOUVEAU AND
VELICKOVIC’S CONSTRUCTION FOR F,-IDEALS

KRZYSZTOF MAZUR

(Communicated by Carl G. Jockusch, Jr.)

ABSTRACT. We show that the construction of Louveau and Velickovi¢ can be
modified to obtain an embedding of ([w]“, C*) into the preorder (Fy -ideals, <)
where < is the relation of Borel reducibility.

The notion of reducibility appeared in [I]. Generally, reducibility is a preorder
on all Borel equivalence relations in Polish spaces. We will be interested here only
in one Polish space P(w) (or P(A), where A is a countable set). We equip this
space with the Tychonoff topology transfered from the Cantor cube 2¥. For s €
2<w = J - {0,1}" let § = {X C w: zNdom(s) = s~ {1}}. Thus {5: s € 2<¥}
is a basis of the topology defined above. By [A]“ we will define a set of all infinite,
and by [A]<“ a set of all finite subsets of a set A. Let I be the Borel ideal in the
space P(w). Additionally we will restrict our attention only to equivalences which
are of the form =; (i.e. congruences modulo ideal I).

Thus we will define reducibility (in symbols <) and continuous reducibility (in
symbols <.) only for ideals. The definitions look as follows:

(1)
(I <J)=3F:Pw) Borel P(w) Yo,y € P(w)[(xAy € I) & (F(x)AF(y) € J)]

and the definition of <. is almost the same with “Borel” replaced by “continuous”.
By submeasure on a set X we mean a function p: P(X) — [0,00] with the
following properties:

VA, B C X[u(A) < n(AUB) < u(A) + u(B)]

2) 1(@) =0, u(X) > 0,Vz € X[u({z}) < oo
n(A) = o p(a).

Let us define preorder C* on the set P(w) by the formula:

Sc*T & S\T € [w]<~.
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Louveau and Velickovi¢ found a family of Fys-ideals (Ig)ge(o)« satisfying:
(3) VS, T € [Ww|*[SC*" T & I < If).

We will show that there exists a family of F,-ideals Ig for which the same is true.

Let us recall some basic facts about the original construction of Louveau and
Velickovic [2]. They start by partitioning w into finite pieces (P, ), and constructing
a sequence of submeasures (|| ||,)n such that for every n, || ||, is originally defined
on P, and Vn(||P,||» > 1). These submeasures extend naturally to P(w) by the
formula:

1Y lln =7 1Y 0 Pl
Then they define their F,s-ideals (Ig)sefw)« by the formulas:
Yeli & 71112% IY]l» =0.
Our F,-ideals (I5)se[o)« Will be defined by the formulas:
Is ={Y Cw: sup||Y|, < co}.
nes

Of course we must require something like: Vn(|| P, ||, > n) in order to obtain proper
ideals.

Now we will give our (very close to the original) definition of P,’s and || |..’s.
Let us create two increasing sequences of natural numbers (ay), and (by),. Put
ap =bo =2, ani1 = 2" (an + by +2), by = 200D @100t et additionally
Mp = Y pcn bky Pn = [Mn,Mypq1). Then we have of course |P,| = b, and we will
define a submeasure || ||, supported by P, by the formulas:

n
Notice that the above definitions imply that Vn(|| P, |, > n + 1).

Let us begin the proof of the equivalence (3) for ideals (Is)sefw]e-

The proof of the implication “=” is the same as in [2]: If we define wg =
Uncg Pn, then the appropriate reducing function is F(Y') =Y Nws.

The proof of “«<": Let us take a pair 5,7 of infinite subsets of w such that
Is < Ip. Assume towards a contradiction that S Z* T. As in [2] again (Lemma
2) we can observe that if there is a Borel reduction, then there exists a continuous
one (possibly for smaller S) and that we can assume S,7T € [w]* are disjoint. Let
us define submeasures g, o7 on w connected with the ideals Ig, I, respectively:

ps(Y) =sup Y]
nes

and 7 in the similar way. We will prove:

Lemma 1. Assume that F: P(w) — P(w) is continuous and reduces Is to Ir.
Then we can find K € w, 8" € [S]¥, F': P(w) — P(w) continuously reducing I
to It such that:

(%) VXY Cwl(ps (XAY) <1) = (or(F'(X)AF'(Y)) < K)].
Proof. The proof will be split into two facts:

Fact 2. Assume that F: P(w) — P(w) continuously reduces Is to Ir. Then there
exist an S" € [S|¥ and F' reducing Is: to Iy satisfying:

(%) Yn €w Im, € wVX,Y Cw[(XAY) Cn) = (or(F'(X)AF'(Y)) < m,)].
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Fact 3. Assume that F is a continuous function reducing Is: to It and satisfying
(xx). Then F also satisfies (x).

Proof of Fact[d. We will define first a suitable dense Gs-set and then we will pro-
ceed as in [2], Lemma 2. For m,n € w let:

Oy, = {z: Vyl(a\n = y\n) = (er(F(z)AF(y)) <m)l}.

For any n € w, (C7},),, is an increasing family of closed sets and J Cr =Pw).

meEw T m
Hence, by the Baire category theorem, the set (J,, .., int(Cy,) is open dense for any

n € w. Our G will be of the form ), ., G where G,, = |, ., int(Cy;,). Proceeding
as in [2], Lemma 2, take S’ € [S]¥ and Z C w\wg such that VA C wg/(AUZ € G).
The set {AUZ: A Cwg } is compact and contained in every G,,. Hence:

Vn Im,[{AUZ: A Cws'} Cint(Cy), )],
ie.,
VnVz,y e {AUZ: A Cwg}(zhy Cn) — (or(F(z)AF(y)) < my)].
Define F': P(w) — P(w) by the formula: F'(X) = F((X Nwg/) U Z). Then F’
is as required. O

Proof of Fact[d. We know that: {F(X)AF(Y): ps(XAY) < 1} is a compact set
covered by the countable union of closed sets: (J,c,{A: ¢r(A) < n}. Hence,
by the Baire category theorem applied to this space there exist a u € 2<% and
my € w such that @ # {F(X)AF(Y): ps(XAY) < 1}na C {A: pr(A) < my}.
By the continuity of F' we can also find s1,¢1 € 2<¢ such that lh(s1) = lh(t1),
es(si {1} AL 1{1}) < 1 and

{F(X)AF(Y): ps(XAY) <1,X € 41,Y €1} C {A: pr(A) <my}.

Take any X,Y C w such that ps(XAY) < 1. Let C = Uyc,. pyndom(s)2e Fhs
X, = s 13U (X\O), Y1 = t; {1} U (Y\O). Let n = sup(C). Using Fact @ we
can find mg such that: V71, Z3[(Z12AZ2 Cn) = (or(F(Z1)AF(Z2)) < ma)]. Now
we have:

er(F(X)AF(X1)) < ma,

er(F(X1)AF(Y1)) < ma,

er(F(Y1)AF(Y)) < ma.
From the above we infer that: o7 (F(X)AF(Y)) < my + 2ms, which concludes the
proof of Fact [3 and the lemma. O

Next we will prove two interesting properties of the sequence (P, || ||n)n-
Lemma 4. Let n < m and let (Ag)r<i<p, be a family of subsets of Pp,. Then

U

< sup || Agl[m +
k<l k<l

2n+1'

m

Proof.

U

k<l

log, <

1
+ 1] <logy(l) + suplog, <|Ak| + —)
k<l !

< logy(bn) + sup[logy (|4x| + 1)]-
<
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Dividing logy(bn) + supy[loga(|Ax| + 1)] by an for m > n, and noting that

1 b, .
logy(bn) < =L+ we infer the lemma. O
An+41 2nt+ly

Lemma 5. Let n < m and assume that f: P(P,) — P(Py,) satisfies:
VA, B C Pu[([[AABln < 1) = (|F(A)AF(B)|[m < K)].

Then

04,5 C Py (LA Bl < K + 5 )

Proof. Enumerate AAB = {tx: k < I} where | < b,. For p < [l let U, =
AN{ty: k < p}. We have Uy = A, U; = B. For every p < I, [U,AUpt1| = 1, hence
U, AUp+1||n < 1. Thus from our assumptions on f we have || f(Up) A f(Upt1)|lm <

K. Using Lemma Bl we can calculate:

-1
1 (A)AF(B)m = éo(f(Up)Af(Upﬂ))
-1 1
< pL:JO(f(Up)Af(Up+1)> Lem%la 4 K+ W O

Now we want to construct a sequence of natural numbers (in), C S and two
sequences (Ay), and (By,), of subsets of w such that

i) An, By C my, s Ang1 Ny, = Ap; Bryr Nmy, = By,

ii) [[Ant1ABntalli, = n,

iil) VX C w\my, [p7[F(A, UX)AF(B,UX)] < K +1— %].

We start the construction by taking i; = the first element of S and Ay, By C m,,
such that pg(A1AB;) < 1. Now we describe how to do the inductive step. Let us
find a family F C P(P;, ) such that |F| > 2™in 4 1, consisting of disjoint sets, each
of cardinality 2™%». This is possible because:

bin = |P7m| = 2in(binfl +ai, +1) _ 9intinbi, —19inai, > (27774.,L + 1)2nam.

From the pigeon-hole principle it follows that we can find A, B € F such that:
F(A,uAd)nm;, =F(A,UB)Nm;,.

Let us choose i1 > in, int1 € 5, such that for any X C w\ipy1
F(A,UAUX)Nm,;, = F(A, UA)Nm,,,
F(A,UBUX)Nm;, =F(A,UB)Nm,,.

Finally we put:

Ant1=A, UA,
Bpt1=B,UB.

By the properties of the family F, A and B are disjoint and the submeasure || ||;,
is > n on both of them. Therefore ||A,+1ABniilli, > [|[AAB]i, > n. Now we

want to check if iii) holds for n + 1. Take any X C w\ip41 and m € T. We want
to show that:

1F(Ant1 UX)AF (Bugr U X[l < K +1 = 7
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We can partition this symmetric difference introducing the intermediate factor
F(A, UBUX). We obtain:

F(Aps1UX)AF(Bpyq UX)

=[F(Apt1 UX)AF(A,UBUX)|AIF(A,UBUX) A F(Bp+1 UX)).
(I (I
For our m € T there are two possibilities: m < i,, and m > i,,. Recall that because
in € S and S and T are disjoint, the case m = i, is impossible. When m < i,,, then
(D)l = 0 and ||(II)]|m is small by our inductive assumption iii). When m > i,
then, if we take f: P(P;,) — P(Py) defined by f(C) = F(A, UC U X) N Py,
then from Lemma Bl we have ||(I)|[,, < K + 5= < K + 5= and from our inductive

in
assumption || (I1)||;, < K + 1 — 2. From Lemma l we obtain:

1
IDAUIDm < (1) Y IDlm < sup([(Dllm, [IDlIm) + g < K +1 = 5o

An, B=J

Finally, if we put A= U B, then AAB¢&Ig but or [F(X)AF(E)]
< K + 1. Thus the pair A, B is an example showing that F' does not reduce Ig to
Ip. O

new new

Let us recall the definitions of two important Borel ideals:
Finx @ =% {z Ccw?: Infz Cn x w]},
@ x Fin =% {x c w?: Ym3InVk > n(m, k) & x}.
It is not difficult to prove that the original Louveau and Veli¢kovi¢ family of ideals
(I5)sefw] satisfies:
VS € [w]¥[I§ > @ x Fin].
Similarly the family (/s)sep)~ constructed above satisfies:
VS € [w]“[Is > Fin x @].
Thus, in connection with the results of Solecki (see [3], Theorems 2.1 and 3.3),

stating that every ideal not greater in the sense of reducibility from either @ x F'in
or Flin X @ is a p-ideal of the class Fy, it is interesting to ask the following

Question 6. Does there exist a family of p-ideals of the class Fy, (I5)sew)~, sat-
isfying the formula analogous to [B])?
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