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ABSTRACT. In this note we present some theoretical results and numerical
calculations on a recent conjecture of W. Duke and O. Imamoglu.

INTRODUCTION

The purpose of this note is to present some remarks and numerical calculations
on a recent conjecture of W. Duke and 0. Imamoglu which can be considered as a
generalization of the Saito—Kurokawa correspondence.

In the first section we present the conjecture saying that for any elliptic Hecke
eigenform f of weight 2k — g > 0 where g and k are positive even integers there is
a Siegel eigenform F' of weight k and degree g such that the standard L-series of F’
essentially is the product of shifted Hecke L-series of f. We proceed in giving a local
version of this conjecture as well as equivalent relations between the eigenvalues in
the case g = 4.

The second section deals with the examination of non-cusp forms with respect
to the conjecture. We prove that for a pair (F, f) satisfying the conjecture F is
cuspidal if and only if f is cuspidal. Furthermore we show that Siegel Eisenstein
series fulfill the conjecture[f

As an example for ¢ = 4 we show in the third section that the Schottky form
and the Delta function satisfy the local conjecture for small primes. Tables of
some Fourier coefficients and eigenvalues of the Schottky form are given in two
appendices.

In the last section we prove that the conjecture — formulated as in the first
section — does not hold if g = k = 12 using recent results of Borcherds, Freitag and
Weissauer.

The authors would like to thank E. Freitag and W. Kohnen for useful hints.

Notation. Let My(I'y), resp. Si(I'y), be the space of Siegel modular forms, resp.
cusp forms, of weight k € Z and degree g € N for the Siegel modular group I'y :=
Sp(¢;Z). For a Siegel modular form F we denote by a(S) (S half-integral and
symmetric) the Fourier coefficients of F. For simplicity of notation we put a(S) =0
if S is not half-integral.
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Let T(n) (n € N) be the Hecke operators acting on My (T'y), resp. Sx(I'y),
in the usual way (cf. [Mal, [Anl]). Furthermore, we denote by T; ;(p?) (i,j €
No, i +j = g, p prime) the Hecke operator corresponding to the double coset
I‘gdiag(l(i),pl(j),pQI(i),pI(j))I‘g where 1("™) is the m-rowed identity matrix.

As usual, for matrices A and B of appropriate size we put A[B] := A'BA where
At is the transpose of A.

1. THE CONJECTURE
The following conjecture is due to W. Duke and 0. Imamoglu.

Conjecture (DIC). Let k and g be positive even integers with 2k — g > 0, f €
Moy_g(I'1) a Hecke eigenform. Then there exists a Hecke eigenform F € My(T'y)
such that for s € C, Res >0

(1) L*(F,s) H LH(f,s = 5)LH(f,5+ )
7 odd

with L' (F,s) denoting the standard L-function of F, LA (f, s) denoting the Hecke
L-function of f normalized such that its functional equation is with respect to s —
1 —s, and {(s) is the Riemann zeta function.

For g = 2 the DIC reduces to the Saito-Kurokawa correspondence (see e.g. [EZ]).

Since the weight of f is 2k — g, one has EH(f, s) = LH(f, s+ %) with
LH(f,s) denoting the usual Hecke L-function of f (with functional equation with
respect to s — 2k — g — s) and we can reformulate (1) to

LB = G L (Fostk— & DLA(fstk—845-1)
j=1
9

It is not difficult to see that this factorization is equivalent to a formal factor-
ization of the corresponding local p-factors where p is an arbitrary prime, i.e.

-1

x (1= Ap)p2F 11X 4 pl =% x?)

Here, oy (i = 1,...,g) are Satake parameters of F', A(p) is the eigenvalue of f
with respect to T'(p) and X is an indeterminant.

In the whole paper we use the normalization of Andrianov ([Anll]) for Hecke
operators and Satake parameters.
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Now fix a prime p, choose a,b € C* such that

@ atb=A@p), ab=ptho!
and define a; := p2 ~**iq, b; := pF~k+ip (j =1,...,2). Then (B) can be rewritten
as

()

-1

LHEX)=|(1=-X) ][]0 —a;X)1 = b;X)(1 —a; ' X)(1 - b; ' X)

) ke

1

J

so that we can regard (a;,b;) (j = 1,...,%) as Satake parameters of F since these
parameters are determined up to the action of the Weyl group only.
Since the Satake parameters «,; (i =0,...,g) satisfy the relation

— 9k—

2 y(y2+1)
QpgQp, 1 evn Qpg =D

we are led to the following

Local Version of the DIC. Let k and g be positive even integers with 2k—g > 0,
f € Mag_y(T'1) a Hecke eigenform with Satake parameters 3, 0, Bp1 for every prime
p. Then there exists a Hecke eigenform F € My(T'y) such that Satake parameters

0p0s---,0pg Of F' for every prime p are given by
apo = p° ey ;
(6) apg = B0 (=18,
Qp 945 = P%7k+j5p,05p,1 (G=1..., %)

To bring this local version into a more convenient form for our purposes let us
introduce some notation. Let E;(X1,...,X,) (1 =0,...,9) be the i-th elementary
symmetric polynomial in the variables Xi,..., X . For 0 < v < g define

RI(Xy,...,X,) = > X7 XD

(r1,...,rg)€{0,1,—1}9
Iral+--+lrg|=v

If F' € My(T'y) is a Hecke eigenform with local Satake parameters ay, o, . . ., ap g and
eigenvalues t(p) (resp. t; j(p®)) under the Hecke operators T'(p) (resp. T; ;(p?)) for
a prime p, then (cf. [Fr], note the different normalization)

g
(7) t(p) = Qpo Z Ei(ap,la s 70‘;079)a
i=0
i
_ 39(g+1) .o
tii®?) = 7 > (i )R- o)
v=0

with certain constants ¢, (¢, j) which were computed in [Ki].
Especially in the case g = 4 we have a quite explicit version of the DIC:
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Remark. Let F' € My(T'y) and f € Map_4(T'1) be eigenforms with eigenvalues ¢(p),
ti ;(p?), resp. A(p), for every prime p. Then F and f satisfy the DIC if and only if

£tp) = A@+p" e+ 1)@+ DAR) + 07T+ D (p+ 1),
tis(®@®) = P P+ 1)@+ DAP) + "0 - 1),
(8) ta2(p®) = P70 +p+ 1P+ 1DAD)’
+p P = D) +p+ DAP) +p" B0 - D + 1),
ts1(P®) = PP+ DE+ DA + 070" - D +p+ DAR)?

B =D+ D +0* + 1DAD)
+p* B0 - 1) (p* - 1).
Indeed, assume the DIC holds. Putting (B) into () yields the formulas (8.
Conversely, let the formulas in () hold. Define parameters o, ..., ap 4 by (6)
and consider the homomorphism L§ — C, T'+ t(F,T) where LJ is the local Hecke
algebra and ¢(F, T) is the eigenvalue of F' under the Hecke operator T (cf. [An2], p.

165 f.). The above calculation shows that this homomorphism is parameterized by
Qpo,-- -, Qp g Whence this in fact defines Satake parameters of F' ([An2], p. 168).

2. NON-CUSP FORMS

For g € Nand k € Z even, k > g+ 1 we denote by E} the Siegel Eisenstein series
of weight k with respect to I'y. Our aim in this section is to prove the following

Theorem. o) Let F' € My(T'y) and f € Mayp—g(I'1) be as in the DIC.
(i) If f is a cusp form, then so is F.
(1) If f is not cuspidal, then f € (CE%k_g and local Satake parameters oy ; (p
prime, i =0,...,9) of F are given by
(9) apo=1, ap;=p"" (i=1,...,9).
In particular, F is not cuspidal.

b) Suppose k > g+1 even. Local Satake parameters of an eigenform F' € My (T'y)
for every prime p are given by @) if and only if F € CEY}.

Corollary. If g and k are positive even integers with k > g+ 1, then the Eisenstein
series B} and E%k_g satisfy the DIC.

Proof of the theorem. a) (i) Assume ®F # 0 where ® is the Siegel operator. The
Zarkovskaja relations ([Za)]) imply

L(F,s)=C((s—k+g)C(s+k—g)L*(®PF,s) (Re s> 0).
This means that for the local components we have
(10) L (F.X) = (1= p*2X) (1 = p X)) Ly (OF, X)

where p is a prime and X is an indeterminant. In the notation of ) and (H) we
obtain from (I0) the existence of j € {1,..., £} such that

k—g _  S—k+j
p" Y =p2 " a,

resp.
— —9 N
pk 9=p 2 k=jq=1

(or with b instead of a). In any case, by the condition a + b = A(p) we have
(11) PP T = M)
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fora j € {1,...,¢g}. Since f is a cusp form, the famous theorem of Deligne ([Del)
implies that

A(p)| < 20" 372
Together with (II]) we obtain
ded it 2
VP
with j € {1,...,g} and this is easily seen to be impossible. Hence we obtain a

contradiction which proves (i).

(ii) It is well-known that if f is a non-cuspidal Hecke eigenform in Moy_4(T1),
then f has to be a constant multiple of E%kfg. Hence, in the notation of (i) we
have A\(p) = 1 + p**~971 for every prime p so (B) implies that

g
(12) L*'(F,s) = C(s) [ [ (s + b — i)C(s — k +14)
i=1
for Re s > 0. By [We] this is only possible if ®9F # 0. Since ®9~1F is an eigenform
of the Hecke algebra (cf. e.g. [EY]), we must have ®9~1F € C* E} by the arguments
at the beginning of (ii). That means that local Satake parameters of ®9~1F are
given by
1,ph1

and the Zarkovskaja relations prove what we want.

b) That the Eisenstein series EY has the Satake parameters (@) is obvious. Let
us prove the converse. By the arguments above we must have ®9F # 0 and &9~ =
cE} with a suitably chosen ¢ € C*. This means that ®9=2F — cE} is zero or a
cuspidal Hecke eigenform with local Satake parameters

1 pk‘—l pk—Q.
By [We| the latter is impossible, so ®972F = c¢E7. Inductively we obtain F = cEY
and the theorem is proved. [l

3. AN EXAMPLE:
SCHOTTKY FORM VERSUS DELTA FUNCTION

In this section we prove that the Schottky form J, the (up to a scalar) unique
cusp form in Mg(T'4) (for a nice proof of this cf. [DI]), and the Delta function A,
the (up to a scalar) unique cusp form in Mi2(T'y), satisfy the local DIC for small
primes. To construct the Schottky form in a numerically nice way, we essentially
proceed as in [Mil.

To be precise, let Q = (IM), i) € M(4,8;C) and & := {(z1,...,28) € %Z :
x, —x, € Zfor all v and p, x1 + - - - + xg € 2Z} be the (up to equivalence) unique
even unimodular lattice of rank 8 and consider the Theta series

(13) SIVARES Z det(Q(v1, - .., v4))* exp(mitr(({vi,v;)) Z)).
V1,...,v4EER

Here, tr is the trace of a square matrix, (-,-) is the standard scalar product on C®
and Z is an element of Siegel’s upper half-space Hy := {X +iY € Sym(4;C) :
Y positive definite}. By [Fr], © € Sg(I'4) and as the calculation of some Fourier
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coefficients shows, © # 0. The Schottky form
malized such that its Fourier coefficient a(% (

s a constant multiple of © nor-

i

11

%%)) equals 1.
12

We proceed to calculate some eigenvalues ¢(p) and t; ;(p?) of J for small primes
p. For F € My(T'y) a short calculation shows that the S-th Fourier coefficient
a(S,T(p)) of F|T(p), resp. a(S,T; ;(p*)) of F|T; ;(p), is given by the formula (cf.
[Mal, [Ft])

r(r—2g+2k—1)
(14) a8 TE) = Y 2
0<r<g
UeG(r,g—r,0)

Z p(2r+s)(kfg+r71)77"(7’71)6(5’ U)

0<r,s<g
r+s<g
UeG(r,s,g—r—s)

a(LS[UD(r,g 1. 0))).

(15) a(S, T;5(p*))

X a(#S[UD(T, s$,9—1r—238)]).

Here, the following notations are applied: D(r,s,t) = diag(I"), pI) p?1®),
G(r,s,t) := GL4(Z)/GLy4(Z) N D(r,s,t)GLy(Z)D(r,s,t)"! (9 =71+ s+1t) and

(16) (S, U):= > exp(ZEtr(S[U]diag(0"), M), 0t@=r=2)))),

M mod p
rkp (M)=s5—j

where 1k, (M) denotes the rank of M considered as an element of M(g; Z/pZ).

By means of Siegel’s formula for the number of solutions of matrix congruences
mod p (cf. [Si]), it is possible to express the exponential sum e(S,U) for p > 2 in
terms of lower determinants of S[U]. Since we are only dealing with small primes
and e(S,U) is integral (replace M in (I8) by AM with A € (Z/pZ)*), it is easier to
calculate e(S, U) using a C++ program.

By straightforward induction one can show that a set of representatives for
G(r, s,t) can be chosen in the form

-

(54) U9 € G(r,s,t — 1), 2 = (pa,0), a*") mod p}

U{((l) 8)(:116 (I)) |U(971) € G(T - 1757t)a T = (O,G,b)t7 a(l,s) mod D, b(l’t) mod p2}
I 1 g

(85 (818) W, 097 D) € Glr,s — 1,),

z=(0,a)', a™" mod p},

where g =r+ s+t and G(r,s,t) =0 if r<0Oor s<0ort<0.

To calculate the Fourier coefficients a(S, T'(p)), a(S, T;,;(p*)) from (I4) and (I5)
we used a C++ program. The program also Minkowski-reduces (cf. [Fr]) the
matrices belonging to the Fourier coeflicients contributing to the right-hand side of

(), resp. (I3).
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For p = 2 we get the following results:

1 %11
o(3({14]) @)
1112

+
—_
=)
N
[N
N

(1311 2
atzli1121 , T13(27)
1112
(1510 (1500
=+ 2560-a (31239 +  5120-a (35(0020
1016 1004
(1511
— 20480-a (4(1211
1112
(1311 2
alszli1121 , T92(27)
1112
(1560 (8900
1026 0026
(1100 (1310
+ 640 - a 51040 — 12.800 - a {1121
1004 1016
(1500 (1511
— 5120-a (1(3299 + 327.680-a (4(1211
1004 1112
1211 5
a 1121 ) T31(2%)
1112
(5859 1(04905
=+ 80-a (350262 + 40-a (30042
0226 2228
1 (1300 (3500
- 1.920-a {35{ 1062 - 960-a (2{ 0042
1026 0026
1(Th60 (1510
+ 640-a (L[ 1290 + 20480-a (4(1210
1004 1016
(1300 (1511
+ 102400-a (3( 1299 — 901.120-a (41211
1004 1112

By calculating the corresponding Fourier coefficients (cf. Appendix A) we find
£(2) = 8.640, t13(2) = —122.880, t22(2) = 5.160.960 and t3,(2) = —11.059.200 in
accordance with (8) (for eigenvalues of the Delta function see e.g. [Lé]). Further
examples of eigenvalues proving the local DIC for the pair (J,A) for p € {2,3,5,7}
are given in Appendix B.

4. A COUNTEREXAMPLE IN A SMALL WEIGHT

The aim of this section is to show that the DIC — in the form presented in the
first section — does not hold in the special case g = k = 12.

So let f:= A € S12(I'1) be the Delta function as above and assume that there
isa F' € M12(T'12) such that (2) holds. By the theorem of the second section F' has
to be cuspidal. Since L¥(A,6) # 0, L*!(F,s) has a pole at s = 1 which implies
that F' is a linear combination of the Theta series attached to the 24 classes of even
unimodular positive definite matrices of size 24 (see [BJ)).
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On the other hand, in [BFW]| Borcherds, Freitag and Weissauer prove that the
vector space of cusp forms spanned by these Theta series has dimension one. Fur-
thermore, they construct a cuspidal eigenform Fj in this space.

To have a counterexample it hence suffices to show that the pair (Fp, A) does
not satisfy the DIC.

By [BFW] the eigenvalue (2) of Fy (in the notation of the first section) is given
by

2*.3M.5.17-901.141

where the exact exponent of the prime 2 depends on the normalization of the Hecke
operator 7'(2). On the other hand, if Fy and A fulfilled the DIC, local Satake
parameters of Fy would be given by (cf. (@)

04270 = i215,
(17) Qg = 2i7652,0 (i1=1,...,06),
Q2 64i = 21;652’0[3271 (Z =1,..., 6),

where

B2,0(1+ B2,1) = A(2) = —24.
Substituting the terms on the right-hand sides of (7)) into (@) yields

t(2) = £2 .31 5% . 41 167;

thus we obtain a contradiction.

APPENDIX A. SOME FOURIER COEFFICIENTS OF THE
SCHOTTKY FORM

The main difficulty in calculating Fourier coefficients a(S) with S = (s;;) of the
Schottky form by means of (3] is to produce all quadruples (vy,va,v3,v4) € Ef
satisfying ((vs,v;))1<ij<a = S very fast.

First of all it is convenient to have a matrix S with small diagonal entries, so we
Minkowski-reduce S (cf. [Ex]). Then for every diagonal element s;; of S we create
a list L; of vectors v in &g satisfying (v,v) = s;;. Now we let vy run in L;. For fixed
v; we create sublists L;; of vectors in L; satisfying (v1,v;) = s1;. Then we let vg
run in Loy and create sublists of L3; and L4; and so on. A lot of computing time
can be saved if symmetries in vy, vo, vs, v4, their components and their signs are
considered.

The computations were done on a dual Pentium-IT 300 MHz machine using the
C++ programming language. The “smaller” coefficients were calculated in a few
seconds while the “largest” one we have computed —

62 31 31 31
a <% < g1623l 31 >) = 22.942.589.386.402.160.704
31 31 31 62

— took about 60 hours.
Some Fourier coefficients of the Schottky form are listed in the Table 1. For a
longer table please contact the authors.
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TABLE 1.

det(2S5) 28 a(S) || det(2S) 25 a(S)
2111 2111

5 (m%) | s0 Gggg) 1344
1112 1026
2000 2111

s <gggg) —a0 | 80 (%ggg) 2.368
0002 1004
2111 4222

2 <%%%?) 56| s0 (gggg) 2,880
1016 2224
2101 4000

2 <5ggg) sl 256 (gggg) 96768
1004 0004
2001 2000

20 (833%) 72| 320 (gggg) —159.232
1114 0226
2000 4002

80 (3333) 1.856 | 320 (gggg) 143,872
0026 2228

APPENDIX B. SOME EIGENVALUES OF THE SCHOTTKY FORM

The following eigenvalues were calculated using the method indicated in the third

section.

t(2) = 8.640 t(17) =
t(3) = 3.084.480 t(19) =
t(5) = 1.970.816.400 t(23) =
t(7) = 95.252.550.400 t(29) =
t(11) = 49.434.346.166.976 t(31) =

t(13) = 287.383.591.359.760
t13(2%) = —122.880  t13(5%) =
t22(2%) = 5.160.960  t9o(5%) =
t31(22) = —11.059.200  t31(5%) =
t13(32%) = 240.919.920  t13(7?) =
t22(3%) = 45.996.809.040  t90(7%) =
t31(3%) = 872.539.516.800  t3,(7%) =

7.526.180.295.259.920
54.445.724.082.232.000
592.703.957.533.674.240
12.925.469.303.112.042.000
23.706.533.697.033.220.096

1.623.984.375.000
2.955.676.303.125.000
202.084.501.846.500.000
—237.053.228.960.800
3.991.151.395.782.045.600

—54.454.444.234.093.120.000

NOTES ADDED IN PROOF

1) It seems that T. Ikeda very recently has proved the DIC in general. Unfortu-
nately the authors are not aware of any details.

2) E. Freitag kindly informed the authors that the calculations he and his coau-
thors made in [BEW] and which the authors used to provide a counterexample in
section Bl might be incorrect. Fortunately this would coincide with 1).

[An1]

[An2]

REFERENCES

A.N. Andrianov, Euler products corresponding to Siegel modular forms of genus 2, Russ.
Math. Surveys 29, No. 3 (1974), 45-116. MR 55:5540
A.N. Andrianov, Quadratic Forms and Hecke Operators, Springer-Verlag, Berlin, Heidel-

berg, New York, 1987. MR 88g:11028


http://www.ams.org/mathscinet-getitem?mr=55:5540
http://www.ams.org/mathscinet-getitem?mr=88g:11028

1604

(B3]
[BFW]

[De]
(D]

[BZ]
(Fr]
[Kr]

[Le]
[Ma]

(Mi]
[Si]
[We]

[Za]

STEFAN BREULMANN AND MICHAEL KUSS

S. Bocherer, Siegel modular forms and theta series, Proc. Symp. Pure Math. 49, Pt. 2
(1989), 3-17. IMR 90i:11049

R.E. Borcherds, E. Freitag, R. Weissauer, A Siegel cusp form of degree 12 and weight 12,
J. Reine Angew. Math. 494 (1998), 141-153. MR, 99d:11047

P. Deligne, La conjecture de Weil, Publ. Math. I.H.E.S. 43 (1973), 273-307. IMR 49:5013
W. Duke, O. Imamoglu, Siegel modular forms of small weight, Math. Ann. 310 (1998),
73-82. MR, 98 m:11037

M. Eichler, D. Zagier, The Theory of Jacobi Forms, Birkh&user, Boston, Basel, Stuttgart,
1985. MR 86j:11043

E. Freitag, Siegelsche Modulfunktionen, Springer-Verlag, Berlin, Heidelberg, New York,
1983. MR 88b:11027

A. Krieg, Das Vertauschungsgesetz zwischen Hecke-Operatoren und dem Siegelschen ®-
Operator, Arch. Math. 46 (1986), 323-329. MR 87i:11064

D.H. Lehmer, Ramanugjan’s function 7(n), Duke Math. J. 10 (1943), 483-492. IMR. 5:35b
H. Maa8, Die Primzahlen in der Theorie der Siegelschen Modulfunktionen, Math. Ann.
124 (1951), 87-122. MR 13:823¢g

I. Miyawaki, Numerical examples of Siegel cusp forms of degree 8 and their zeta-functions,
Mem. Fac. Sci., Kyushu Univ., Ser. A 46, No. 2 (1992), 307-339. MR, 94e:11049

C.L. Siegel, Uber die analytische Theorie der quadratischen Formen, Ann. of Math. (2)
36 (1935), 527-606.

R. Weissauer, Stabile Modulformen und FEisensteinreihen, Lecture Notes in Mathematics
1219, Springer-Verlag, Berlin, Heidelberg, New York, 1986. MR 89g:11041

N.A. Zarkovskaja, The Siegel operator and Hecke operators, Funct. Anal. Appl. 8 (1974),
113-120. IMR._50:2082

UNIVERSITAT HEIDELBERG, MATHEMATISCHES INSTITUT, IM NEUENHEIMER FELD 288, D-69120
HEIDELBERG, GERMANY
E-mail address: stefan.breulmann@urz.uni-heidelberg.de

UNIVERSITAT HEIDELBERG, MATHEMATISCHES INSTITUT, IM NEUENHEIMER FELD 288, D-69120
HEIDELBERG, GERMANY
E-mail address: michael.kuss@urz.uni-heidelberg.de


http://www.ams.org/mathscinet-getitem?mr=90i:11049
http://www.ams.org/mathscinet-getitem?mr=99d:11047
http://www.ams.org/mathscinet-getitem?mr=49:5013
http://www.ams.org/mathscinet-getitem?mr=98m:11037
http://www.ams.org/mathscinet-getitem?mr=86j:11043
http://www.ams.org/mathscinet-getitem?mr=88b:11027
http://www.ams.org/mathscinet-getitem?mr=87i:11064
http://www.ams.org/mathscinet-getitem?mr=5:35b
http://www.ams.org/mathscinet-getitem?mr=13:823g
http://www.ams.org/mathscinet-getitem?mr=94e:11049
http://www.ams.org/mathscinet-getitem?mr=89g:11041
http://www.ams.org/mathscinet-getitem?mr=50:2082

	Introduction
	1. The conjecture
	Local Version of the DIC

	2. Non-cusp forms
	3. An example: \ Schottky form versus delta function
	4. A counterexample in a small weight
	Appendix A. Some Fourier coefficients of the\ Schottky form
	Appendix B. Some eigenvalues of the Schottky form
	Notes added in proof
	References

