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A SPECIAL CLASS OF NILMANIFOLDS
ADMITTING AN ANOSOV DIFFEOMORPHISM

KAREL DEKIMPE AND WIM MALFAIT

(Communicated by Józef Dodziuk)

Abstract. A nilmanifold admits an Anosov diffeomorphism if and only if
its fundamental group (which is finitely generated, torsion-free and nilpotent)
supports an automorphism having no eigenvalues of absolute value one. Here
we concentrate on nilpotency class 2 and fundamental groups whose commuta-
tor subgroup is of maximal torsion-free rank. We prove that the corresponding
nilmanifold admits an Anosov diffeomorphism if and only if the torsion-free
rank of the abelianization of its fundamental group is greater than or equal
to 3.

0. Introduction

Let L be a n-dimensional connected, simply connected, c-step nilpotent Lie group
and l indicates the (c-step nilpotent, n-dimensional) Lie algebra of L over R. Then
Aut(L) is isomorphic to Aut(l) via the differential map. If we fix a basis of l (as n-
dimensional vector space), we obtain a faithful representation Aut(L)→ Gl(n,R).
An automorphism of L is said to be hyperbolic if and only if its differential has no
eigenvalues of absolute value one. AssumeN is a lattice of L, i.e. a discrete subgroup
of L such that L/N is compact. In this case, N is a finitely generated, torsion-free,
c-step nilpotent group of Hirsch length n and L is the Mal’cev completion of N .
We refer to M=L/N as the nilmanifold with translation subgroup N .

A diffeomorphism of a compact differentiable manifold M without boundary is
an Anosov diffeomorphism if and only if, at any point of M , the tangent space
decomposes as a direct sum of a contracting and an expanding part (for the exact
definition, we refer to [1], [5]). It is still an important open problem in dynamical
systems (raised by S. Smale in [5]) to classify all smooth compact manifolds admit-
ting Anosov diffeomorphisms. At this moment, the only known manifolds (up to
homeomorphism) carrying Anosov diffeomorphisms are algebraic ones, namely tori
and flat manifolds, nilmanifolds and infra-nilmanifolds.

In particular, this highlights the problem of classifying all nilmanifolds support-
ing an Anosov diffeomorphism. On a nilmanifold M = L/N , Anosov diffeomor-
phisms are known to be topologically conjugated to hyperbolic automorphisms of
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L which restrict to an automorphism of N ([3]). Hence, deciding that a nilmanifold
supports an Anosov diffeomorphism is equivalent to finding a hyperbolic automor-
phism of its universal covering which restricts to an automorphism of its translation
subgroup.

In this paper we concentrate on nilmanifolds whose fundamental group is a 2-step
nilpotent group whose commutator subgroup is of maximal torsion-free rank. Such
groups are referred to as T (n, n(n−1)

2 )-groups. Here n denotes the torsion-free rank
of its abelianization (and 1

2n(n− 1) is the torsion-free rank of its commutator sub-
group). In [2], we proved that each nilmanifold with a T (3, 3)-group as fundamental
group admits an Anosov diffeomorphism. Here we generalize this observation and
prove that a nilmanifold with a T (n, n(n−1)

2 )-group as fundamental group supports
an Anosov diffeomorphism if and only if n ≥ 3.

1. Preliminaries

1.1. Notational remarks. If x, y are elements of a groupG, we make the following
convention: [x, y] = x−1y−1xy. The lower central series of G is defined inductively
by γ1(G) = G and γn+1(G) = [γn(G), G] (n ∈ N0). G is said to be c-step nilpotent
(or nilpotent of class c) if and only if γc(G) 6= {1} and γc+1(G) = {1}. The isolator
of a subgroup H of G is defined by G√H = {g ∈ G | gk ∈ H for some k ∈ N0}. It
is well known that G

√
γk(G) is characteristic in G and G/ G√γk(G) is a torsion-free

nilpotent group. The lower central series of a Lie algebra l is defined analogously
as for groups and l is c-step nilpotent if and only if γc(l) 6= {1} and γc+1(l) = {1}.

1.2. T (n,m). If N is a finitely generated, torsion-free, 2-step nilpotent group,
then N

√
γ2(N) ∼= Zm and N/ N√γ2(N)

∼= Zn for some m,n ∈ N0. The class of all

such groups N is denoted by T (n,m). Obviously m ≤ 1
2n(n − 1). In this paper

we study those N whose commutator subgroup is of maximal torsion-free rank; the
T (n, n(n−1)

2 )-groups.
To each finitely generated, torsion-free, nilpotent group N , one can associate its

radicable hull NQ and its Mal’cev completion NR. In fact, NQ is the torsion-free,
divisible nilpotent group containing N as a subgroup and such that every element
of NQ has some positive power lying in N , while NR is the connected, simply
connected, nilpotent Lie group containing N as a lattice (i.e. N is a uniform and
discrete subgroup of NR). Both completions are unique up to isomorphism. Let
lQ, respectively lR, indicate the Lie algebra over Q, respectively over R, of NQ,
respectively of NR. We define

Definition 1.1. A Lie group L is of type T (n,m) if and only if L is simply con-
nected, connected, 2-step nilpotent and dim(L/γ2(L)) = n (i.e. L/γ2(L)

∼= Rn)
and dim(γ2(L)) = m (i.e. γ2(L) ∼= Rm).

A Lie algebra l, over a field k, is of type T (n,m) if and only if l is 2-step nilpotent
and dim(l/γ2(l)) = n (i.e. l/γ2(l)

∼= kn) and dim(γ2(l)) = m (i.e. γ2(l) ∼= km).

Remark 1.2. Obviously, with the notations introduced above, for a finitely gener-
ated, torsion free, nilpotent group N , we have that

N ∈ T (n,m) ⇔ NR is of type T (n,m) ⇔ lQ and lR are of type T (n,m).
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2. Endomorphisms of the free 2-step nilpotent Lie algebra

Recall that the free 2-step nilpotent Lie algebra (over a field k) on a set X of
n generators X1, X2, . . . , Xn is a 2-step nilpotent Lie algebra g, together with an
embedding i : X = {X1, X2, . . . , Xn} ↪→ g, which is characterised by the following
universal property: for any 2-step nilpotent Lie algebra h and any map f : X → h,
there exists a unique Lie algebra morphism ϕf : g→ h such that ϕf ◦ i = f . In the
sequel, we omit i and consider the elements Xi as belonging to g. We write gn,k

for the free 2-step nilpotent Lie algebra (over a field k) on n generators.

Lemma 2.1. There is exactly one Lie algebra, over a field k, of type T (n, n(n−1)
2 ),

namely the free 2-step nilpotent Lie algebra gn,k.

Proof. Let l be a Lie algebra of type T (n, n(n−1)
2 ). Take a basis {B1, B2, . . . , Bn}

of l/γ2(l) and choose, for each i (1 ≤ i ≤ n), an element Bi ∈ l which is mapped

onto Bi by the natural projection l→ l/γ2(l).
Assume X1, . . . , Xn are the n generators of gn,k and define the following map:

f : {X1, X2, . . . , Xn} → l : Xi 7→ Bi, 1 ≤ i ≤ n.

By the universal property of gn,k, there exists a (unique) homomorphism ϕf :
gn,k → l such that ϕf (Xi) = f(Xi) = Bi, for all i (1 ≤ i ≤ n). As any of the Bi
belongs to the image of ϕf , we conclude that ϕf is surjective. Moreover, as the
dimensions of gn,k and l are equal (both are n(n+1)

2 ), ϕf must be injective too or
ϕf is an isomorphism of Lie algebras.

Corollary 2.2. There is exactly one Lie group, say Ln, of type T (n, n(n−1)
2 ) and

any N ∈ T (n, n(n−1)
2 ) is a lattice of Ln.

There is a natural way of choosing a vector space basis for the Lie algebra gn,k:
take a set {X1, X2, . . . , Xn} of n generators for gn,k and complete this set with all
possible commutators of these elements. One obtains the basis {X1, . . . , Xn, Y1 =
[X1, X2], Y2 = [X1, X3], . . . , Yn(n−1)

2
= [Xn−1, Xn]}. In the sequel, we always refer

to such a basis as a standard basis of gn,k and assume it is ordered as above.
Let us introduce the following:

Definition 2.3. Let k be a field and consider a linear map f : kn → kn. We say
f is induced by an endomorphism ϕ : gn,k → gn,k if and only if there is a basis of
gn,k/γ2(gn,k) (i.e. a good identification of gn,k/γ2(gn,k) with kn) such that

f : gn,k/γ2(gn,k) (∼= kn)→ gn,k/γ2(gn,k) : X + γ2(gn,k) 7→ ϕ(X) + γ2(gn,k).

Of course, any endomorphism ϕ of gn,k induces a linear transformation f of kn.
The converse also holds:

Proposition 2.4. Let k be a field and assume {Z1, Z2, . . . , Zn} is a basis of kn.
Let {Xi, Yj | 1 ≤ i ≤ n, 1 ≤ j ≤ n(n−1)

2 } be a standard basis of gn,k.
If a (bijective) linear map f : kn → kn is represented by Af ∈ kn×n (w.r.t.

{Z1, . . . , Zn}), then there a unique Bf ∈ k
n(n−1)

2 ×n(n−1)
2 such that, for any C ∈

k
n(n−1)

2 ×n, the map ϕ : gn,k → gn,k defined by
(
Af 0
C Bf

)
(w.r.t. to the standard
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basis of gn,k) is a Lie algebra (auto)morphism of gn,k inducing f . For B′ 6= Bf ,

there are no C′ such that
(
Af 0
C′ B′

)
defines a gn,k-endomorphism.

Proof. Assume f : kn → kn is a linear map represented by Af = (ai,j) w.r.t.
{Z1, . . . , Zn}. Take C = (ci,j) ∈ k

n(n−1)
2 ×n and construct the following map:

g : {X1, X2, . . . , Xn} → gn,k : Xi 7→
n∑
p=1

ap,iXp +

n(n−1)
2∑

q=1

cq,iYq.

Because of the universal property, there exists a unique endomorphism ϕ : gn,k→
gn,k (depending on C!) such that, for all i (1≤ i≤n), ϕ(Xi)=g(Xi). In other words,
for any C, there is a unique Bf ∈ k

n(n−1)
2 ×n(n−1)

2 such that the linear map repre-

sented by
(
Af 0
C Bf

)
, w.r.t. the given standard basis, is an endomorphism of gn,k.

We claim that Bf is independent of the choice of C. It is sufficient to note that
ϕ([Xi, Xj]) (1 ≤ i < j ≤ m) only depends on A:

ϕ([Xi, Xj]) = [ϕ(Xi), ϕ(Xj)] = [
n∑
p=1

ap,iXp,

n∑
p=1

ap,jXp].

Obviously, ϕ is surjective (and hence bijective) if and only if {ϕ(X1), . . . , ϕ(Xm)}
generates gn,k and this is equivalent to f being surjective (and so bijective).

The following proposition establishes interesting information on the eigenvalues
of endomorphisms of gn,k.

Proposition 2.5. Let k be a field and fix a standard basis {Xi, Yj | 1 ≤ i ≤ n, 1 ≤
j ≤ n(n−1)

2 } of gn,k. Assume ϕ is an endomorphism of gn,k represented by
(
A 0
C B

)
with A ∈ kn×n, B ∈ k n(n−1)

2 ×n(n−1)
2 and C ∈ k n(n−1)

2 ×n.
If {λ1, λ2, . . . , λn} is the set of eigenvalues of A, then {λiλj | 1 ≤ i < j ≤ n}

is the set of eigenvalues of B and hence det(B)=det(A)n−1. Moreover, if k is of
characteristic zero and the characteristic polynomial of A has integer coefficients,
then the characteristic polynomial of B also has integer coefficients.

Proof. Without loss of generality, we may assume that k is algebraically closed.
Then, over k, A can be put in lower triangular form or there exists a standard basis

X ′1, X
′
2, . . . , X

′
n, Y

′
1 = [X ′1, X

′
2], Y ′2 = [X ′1, X

′
3], . . . , Y ′n(n−1)

2
= [X ′n−1, X

′
n](1)

of gn,k such that ϕ is represented by
(
A′ 0
C′ B′

)
w.r.t. (1) and

A′ =


λ1 0 · · · 0
∗ λ2 · · · 0
...

...
. . .

...
∗ ∗ · · · λn


Fix Y ′j = [X ′k, X

′
l ] (1 ≤ j ≤ n(n−1)

2 ) for some k, l (1 ≤ k < l ≤ n).



NILMANIFOLDS ADMITTING AN ANOSOV DIFFEOMORPHISM 2175

Compute that

ϕ(Y ′j ) = ϕ([X ′k, X
′
l ]) = [ϕ(X ′k), ϕ(X ′l )]

= [λkX ′k +
n∑

r=k+1

αrX
′
r , λlX

′
l +

n∑
s=l+1

βsX
′
s]

(for some αr , βs ∈ k)

= λkλlY
′
j +

n∑
s=l+1

λkβs[X ′k, X
′
s] +

n∑
r=k+1

αrλl[X ′r, X
′
l ] +

n∑
r=k+1

n∑
s=l+1

αrβs[X ′r, X
′
s]︸ ︷︷ ︸

linear combination of basis vectors to the right of Y ′j in (1)

or

B′ =


λ1λ2 0 · · · 0
∗ λ1λ3 · · · 0
...

...
. . .

...
∗ ∗ · · · λn−1λn

 .

It follows immediately that the eigenvalues of B′ (and so the eigenvalues of B) are

δ1 = λ1λ2, δ2 = λ1λ3, . . . , δn(n−1)
2

= λn−1λn.

And as the determinant of B is the product of all its eigenvalues,

det(B) = δ1δ2 · · · δn(n−1)
2

= λn−1
1 λn−1

2 · · ·λn−1
n = (det(A))n−1.

Now assume k is of characteristic 0 and suppose that the characteristic polyno-
mial of A, say µA(x), has integer coefficients. Since

µA(x) =
n∏
i=1

(x− λi)

= xn−
(

n∑
i=1

λi

)
xn−1 +

 n∑
i,j=1, i<j

λiλj

 xn−2 + · · ·+ (−1)n
n∏
i=1

λi,

all elementary symmetric polynomials σi(x1, . . . , xn) (1 ≤ i ≤ n) in n variables
take integer values when we substitute xi by λi. The fundamental theorem on
symmetric polynomials states that any symmetric polynomial over Z, in n variables,
belongs to the polynomial ring Z[σ1, σ2, . . . , σn] or, for any symmetric polynomial
σ(x1, . . . , xn) over Z, σ(λ1, . . . , λn) ∈ Z.

Consider the following polynomial in n+ 1 variables x, x1, x2, . . . , xn:

(x− x1x2)(x− x1x3) · · · (x − xn−1xn) =

n(n−1)
2∑
i=0

ci(x1, . . . , xn) xi

where obviously all ci(x1, x2, . . . , xn) (0 ≤ i ≤ n(n−1)
2 ) are symmetric polynomials

over Z and hence, ci(λ1, λ2, . . . , λn) ∈ Z. We conclude that the characteristic

polynomial µB(x) =
n∏

i,j=1,i<j

(x− λiλj) of B has integer coefficients.
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3. Hyperbolic automorphisms on T (n, n(n−1)
2 )-groups

Let N ∈ T (n, n(n−1)
2 ). Fix elements a1, . . . , an, b1, . . . , bn(n−1)

2
of N such that

b1, . . . , bn(n−1)
2

generate Γ = N
√
γ2(N) ∼= Z

n(n−1)
2 and a1Γ, . . . , anΓ generateN/Γ

∼=
Zn. We refer to such a set of generators of N as an adapted set of generators.

Identify the Lie algebra (over Q) of the radicable hull NQ of N with the free

2-step nilpotent Lie algebra gn,Q (Lemma 2.1). Under the map N ↪→ NQ
log−→ gn,Q

the elements bj (1 ≤ j ≤ n(n−1)
2 ) are mapped into γ2(gn,Q). Clearly, if

Ai = log(ai) (1 ≤ i ≤ n), Bj = log(bj) (1 ≤ j ≤ n(n− 1)
2

),

then

1. A1, A2, . . . , An freely generate the Lie algebra gn,Q,
2. {B1, B2, . . . , Bn(n−1)

2
} is a vector space basis of γ2(gn,Q) and

3. {A1, A2, . . . , An, B1, B2, . . . , Bn(n−1)
2
} is a basis of gn,Q as vector space.

An automorphism ν of N defines matrices Aν = (αi,j) ∈ Gl(n,Z), Bν = (βi,j) ∈
Gl(n(n−1)

2 ,Z) and Cν = (γi,j) ∈ Z
n(n−1)

2 ×n such that

ν(ai) =
n∏
p=1

aαp,ip

n(n−1)
2∏

q=1

bγq,iq and ν(bj) =

n(n−1)
2∏

q=1

bβq,jq

where 1 ≤ i ≤ n and 1 ≤ j ≤ n(n−1)
2 . We say ν ∈ Aut(N) is determined by

the matrices Aν , Bν , Cν . Of course, not each triple A,B,C (A ∈ Gl(n,Z), B ∈
Gl(n(n−1)

2 ,Z), C ∈ Zn(n−1)
2 ×n) determines an automorphism of N .

Each automorphism ν of N induces unique automorphisms ν̃ of NQ and φν of
gn,Q such that the following diagram commutes:

- -

- -
? ? ?

N NQ gn,Q

N NQ gn,Q

log

log

ν ν̃ φν

Conversely, for each automorphism ϕ of gn,Q, there is a unique ϕ̃ ∈ Aut(NQ) such
that log ◦ ϕ̃ = ϕ ◦ log. Observe that

Lemma 3.1. Let N ∈ T (n, n(n−1)
2 ) and ν ∈ Aut(N). Assume ν is determined

by matrices Aν , Bν , Cν w.r.t. an adapted set {a1, . . . , an, b1, . . . , bn(n−1)
2
} of gen-

erators of N . Then the corresponding automorphism φν of gn,Q is represented by(
Aν 0
Dν Bν

)
, for some Dν ∈ Q

n(n−1)
2 ×n, w.r.t. {A1 = log(a1), . . . , An = log(an),

B1 = log(b1), . . . , Bn(n−1)
2

= log(bn(n−1)
2

)}.
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Proof. Because of the Campbell-Baker-Hausdorff formula, for all i (1 ≤ i ≤ n),

φν(Ai) = log(ν(ai)) = log

 n∏
p=1

aαp,ip

n(n−1)
2∏

q=1

bγq,iq


=

n∑
p=1

log(aαp,ip ) +Di =
n∑
p=1

αp,iAp +Di,

for some element Di ∈ γ2(gn,Q). And for all j (1 ≤ j ≤ n(n−1)
2 ),

φν(Bj) = log(ν(bj)) = log

n(n−1)
2∏

q=1

bβq,jq

 =

n(n−1)
2∑

q=1

βq,jBq.

An interesting property (implicitly mentioned in [4]) is the following:

Lemma 3.2. If the characteristic polynomial of K ∈ Gl(n,Q) has integer coeffi-
cients and unit constant term, then there exists l ∈ N0 such that K l ∈ Gl(n,Z).

This lemma is crucial to prove that

Theorem 3.3. A T (n, n(n−1)
2 )-group admits a hyperbolic automorphism if and

only if there is a matrix A ∈ Gl(n,Z) with eigenvalues λ1, λ2, . . . , λn such that,
for all i, j (1 ≤ i, j ≤ n), |λiλj | 6= 1.

Proof. Let N ∈ T (n, n(n−1)
2 ) and assume {a1, . . . , an, b1, . . . bn(n−1)

2
} is an adapted

set of generators of N . Write Ai = log(ai), Bj = log(bj) (1 ≤ i ≤ n, 1 ≤ j ≤
n(n−1)

2 ). The change of basis between

A1, A2, . . . , An, B1, B2, . . . , Bn(n−1)
2

(2)

and the standard basis

A1, A2 , . . . , An, [A1, A2], [A1, A3], . . . , [An−1, An](3)

of gn,Q is given by a matrix of the form
(
I 0
0 Q

)
with Q ∈ Gl(n(n−1)

2 ,Q) (where I

denotes the n× n identity matrix).
Assume N admits a hyperbolic automorphism ν, determined by matrices Aν ,

Bν and Cν (w.r.t. {a1, . . . , an, b1, . . . bn(n−1)
2
}). Since the corresponding automor-

phism φν of gn,Q is represented (w.r.t. (2), Lemma 3.1) by
(
Aν 0
Dν Bν

)
, for some

Dν ∈ Q
n(n−1)

2 ×n, Aν and Bν are both hyperbolic. W.r.t. (3), φν is represented by(
Aν 0
D′ QBνQ

−1

)
, for some D′ ∈ Qn(n−1)

2 ×n. Because of Proposition 2.5, the eigen-

values of QBνQ−1 (and equivalently of Bν) are λiλj (1 ≤ i < j ≤ n) if λ1, . . . , λn
are the eigenvalues of Aν . As Aν and Bν are hyperbolic, it follows that, for all i, j
(1 ≤ i, j ≤ n), |λiλj | 6= 1.

Conversely, assume A ∈ Gl(n,Z) and its eigenvalues λ1, . . . , λn satisfy |λiλj | 6=
1, for all i, j (1 ≤ i, j ≤ n). Let B′ be the unique element of Gl(n(n−1)

2 ,Q) such

that, for any C′ ∈ Qn(n−1)
2 ×n, the linear map represented by

(
A 0
C′ B′

)
(w.r.t.
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(3)) is an automorphism φ of gn,Q (Proposition 2.4). W.r.t. (2), φ is represented

by
(
A 0
C B

)
for some C ∈ Qn(n−1)

2 ×n and with B = Q−1B′Q. We know that the

characteristic polynomial of B′ (and equivalently of B) has integer coefficients and
unit constant term (Proposition 2.5). Hence, there exists k ∈ N such that Bk ∈
Gl(n,Z) (Lemma 3.2). Then

(
Ak 0

C′′ B′
k

)
, for any C′′ ∈ Qn(n−1)

2 ×n, represents,

w.r.t. (3), an automorphism ϕ of gn,Q (Proposition 2.4) and the diagonal blocks of
ϕ, represented w.r.t. (2), are always Ak and Bk (both have integral entries). Hence,
the eigenvalues of ϕ are λk1 , . . . , λkn, λk1λk2 , . . . , λkn−1λ

k
n (Proposition 2.5) and none

of them is of absolute value one. Write ϕ̃ for the corresponding automorphism of
NQ. Since Bk is a matrix over Z, the images ϕ̃(bj) can be seen as elements of N
(1 ≤ j ≤ n(n−1)

2 ). Moreover, for a suitable C′′, also ϕ̃(ai) ∈ N (1 ≤ i ≤ n) and we
obtain a hyperbolic automorphism ϕ̃ of N .

Remark 3.4. The reader might have the feeling that the results obtained so far gen-
eralize towards groups of higher nilpotency class but there are some subtle obstacles
to establish this. However, as the first author hopes to show in a forthcoming paper,
it is possible, using a different approach, to build up a somehow weaker version of
the preceding results for nilpotency classes greater than 2.

Inspired by Theorem 3.3, we look for matrices over Z satisfying the equivalent
algebraic condition formulated above.

Proposition 3.5. There exists a matrix A ∈ Gl(n,Z) with eigenvalues λ1, . . . , λn
such that |λiλj | 6= 1 for all i, j (1 ≤ i, j ≤ n) if and only if n ≥ 3.

Proof. Obviously, if n ≤ 2, then there are no suitable A ∈ Gl(n,Z). For n = 3,

A0 =

 1 1 1
1 2 2
1 2 3


satisfies the desired condition since its eigenvalues (we always round to 6 decimal
places) are λ1 =5.048917, λ2 =0.307978 and λ3 =0.643104. For n = 4, one can use

A1 =


0 1 0 0
0 0 1 0
0 0 0 1
−1 6 −1 −5


with eigenvalues λ4 = 0.176619, λ5 = 0.824821, λ6 = −4.463566, λ7 = −1.537874.
For n = 5,

A2 =


1 1 1 1 1
1 2 2 2 2
1 2 3 3 3
1 2 3 4 4
1 2 3 4 5

 ,

with eigenvalues λ8 = 0.271554, λ9 = 0.353253, λ10 = 0.582964, λ11 = 1.44869
and λ12 = 12.3435, is suitable. Moreover, one easily checks that λ1, λ2, . . . , λ12

satisfy |λiλj | 6= 1, for all i, j (1 ≤ i, j ≤ 12).



NILMANIFOLDS ADMITTING AN ANOSOV DIFFEOMORPHISM 2179

If n > 5, say n = 3k + l with k ≥ 2 and l ∈ {0, 1, 2}, consider

A =


A0 0 · · · 0 0
0 A0 · · · 0 0
...

...
. . .

...
...

0 0 · · · A0 0
0 0 · · · 0 Al

 ∈ Gl(n,Z)

where the diagonal consists of k− 1 copies of A0 followed by one copy of Al. Since
the eigenvalues of A all belong to {λ1, λ2, . . . , λ12}, this finishes our proof.

We can conclude that

Theorem 3.6. A T (n, n(n−1)
2 )-group admits a hyperbolic automorphism if and

only if n ≥ 3.
Or equivalently, a nilmanifold whose fundamental group is a T (n, n(n−1)

2 )-group
admits an Anosov diffeomorphism if and only if n ≥ 3.

For explicit examples illustrating our results, we refer to [2].
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