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ABSTRACT. The following has been proven by Brauer and Nesbitt. Let G be
a finite group, and let p be a prime. Assume Y is an irreducible complex char-
acter of G such that the order of a p-Sylow subgroup of G divides the degree
of x. Then x vanishes on all those elements of G whose order is divisible by
p. The two only known proofs of this theorem use profound methods of rep-
resentation theory, namely the theory of modular representations or Brauer’s
characterization of generalized characters. The purpose of this paper is to
present a more elementary proof.

The aim of this paper is to give a new elementary proof of the following theorem
which is due to Brauer and Nesbitt (see [2| Theorem 1]).

Theorem (Brauer and Nesbitt). Let G be a finite group, and let p be a prime.
Suppose x is an irreducible complex character of G such that p does not divide the
co-degree |G|/x(1) (x is said to have p-defect zero). Then x vanishes on all those
elements of G whose order is divisible by p.

As far as we know there exist two different proofs of this theorem. The original
proof (see [2] or [5l Chapter 15, especially Theorem 15.29]) needs the theory of
modular representations, and the other proof (see [4] or [5, Theorem 8.17]) which
is due to Gallagher requires Brauer’s characterization of generalized characters (see
[5, Theorem 8.4 (a)]). We will give a new proof making use only of basic methods
from character theory which do not exceed the first three chapters of Isaacs’ book
5.

The starting-point of our proof is the formula in the following Lemma [ which
can be obtained by an iterated application of the formula contained in [5, Theorem
2.13] (see also [3, p. 721]).

Lemma 1. Let 1 be an irreducible complex character of G, let K be a conjugacy
class of G, and let g € K. Then for each positive integer m the equation

G

S bl vten) e wlen) = (50

(21,22, ,Tm ) ESm (K)

holds, where the set S, (K) C G™ is given by
Sm(K) :={(z1,22,...,2m) EG": 21 - 22 Ty, € K} (m € N).
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Proof. 1f ¢ is an irreducible character of G, then 1 is also an irreducible character
of G, where ¢(z) := ¢(z7!) (z € G). If ez € C[G] denotes the primitive central

idempotent in the group algebra C[G] corresponding to 1, then

e5 = WD)/IG)- Y dlz) -«
z€G
(see [B, Theorem 2.12]). Evaluating e in accordance with this formula, then
comparing for each z € G the coefficients in the equation e"ﬁ = ey, and finally
taking the sum of these coefficients over all x € K (3,5 ¥(x) = |K|-9(g)) yields
the assertion. O

We describe in short how we will proceed in what follows. Let p and x satisfy
the assumptions of the theorem. Assume K is a p-singular conjugacy class of G
(i.e. p divides the order of the elements of K), and let g € K. Furthermore, let p*
be the highest power of p which divides the order of G. Using the formula from
Lemma [Tl we will show that all the numbers ¢, := p~"- (|G|/x(1))?"""~1-|K|-x(9)
(n € N) are algebraic integers. Then the conclusion x(g) = 0 is straightforward by
a standard argument from algebraic number theory. In order to realize that the
numbers ¢, (n € N) indeed are algebraic integers, we divide the sum from Lemmalll
into subsums. For it, we introduce for each m € N a distinguished automorphism
om of the group G™ which will turn out to be very useful in proving the theorem.

We wish to express here that we were stimulated by a reasoning of Zassenhaus
used by him in a proof of a theorem about S-rings (see the footnote in [6, p. 454])
to look at the theme in the way as follows.

Definition. Let m be a positive integer. The shift-automorphism o,,: G™ — G™
is defined by (x1,2,...,2m)"™ := (T2, ..., Tm, T1).

If A denotes an orbit of the action of the cyclic group (o,,) of order m on
G™, and (z1,22,...,Zm), (Y1,Y2,--.,Ym) both are in A, then the product-elements
T1-Zo - Ty and Y1-Ya - - - Ym are conjugate in G because of the identity xx41 - Ty,
x1wp = (x1oxk) (o) - (w1 - wg) for k€ {1,...,m — 1}. Now the
following observations are quite clear.

Observations. Let m be a positive integer, let o, be the shift-automorphism of
G™, and let A be an orbit of the action of {(¢,,) on G™.
(i) If K is a conjugacy class of G and S, (K) = {(x1,22,...,2m) € G™: 21 -
To - Xy € K} (see Lemma [Il), then either A C S,,,(K) or AN S, (K) = &,
and the cyclic group (o.,,) permutes the set S, (K).
(ii) Let ¢: G — C be an arbitrary map. Then the map (z1,z9,...,2,,) € G™ —
Y(x1) - Y(x2) - Y(xm) € Cis constant on A. If (y1,y2,...,ym) € A, then

Yoo wen) - dlan) - dlam) = A (Y1) - Ply2) P lym).

(z1,22,...,xm )EA
The following Lemma Pl plays the leading role in the proof of the theorem.

Lemma 2. Let m be an integer of the form m = p®™ (p a prime, p® the order
of a p-Sylow subgroup of G, n a positive integer), and let K be a conjugacy class
of G such that the order of its elements is divisible by p. Furthermore, let A be
an orbit of the action of the group (o) on the set Sy (K) = {(z1,22,...,Tm) €
G™: 21 T2 Ty € K}. Then the length |A| of A is divisible by p™.
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Proof. Let (y1,y2,...,ym) € A, and set g := y1 - Y2 - - * Y. By the assumptions, p
divides the order of g. Define r € NU{0} by |A| = p". Then (y1,. .., Ym) must be a

concatenation of p®*("=7) identical p"-tuples (y1, ... ,Ypr), and hence g = h”aﬂnﬂ)7
where h := y; - y2- - ypr. It follows that » > n must hold, otherwise p would not
divide the order of g. O

Proof of the Theorem. Let assumptions be as formulated in the theorem. Assume
K is a p-singular conjugacy class of G, and let g € K. Furthermore, let p® be the
p-part of |G|, let n € N be an arbitrary integer, and set m,, := p®t". By Lemmal[l]
and Observations (i)

S——— <%>m K] x(9)

— Z p Z x(@1) - x(z2) - x(Tm, ),

ACSm, (K) (1,22, Tm, )JEA

where the outer sum is taken over all the (o,,, )-orbits A (see Definition) which are
contained in Sy, (K) (see Lemma [l). From Observations (ii), Lemma 2] and [5]
Corollaries 3.5 and 3.6] follows that ¢, is an algebraic integer. Since n is an arbitrary
integer, and p does not divide |G|/x(1), x(g) must be divisible by arbitrarily large
powers of p in the ring of all algebraic integers (as, for instance, is apparent from
[1, Chapter 3, Lemma 2]). Therefore, if the polynomial f(X) € Z[X] annihilates
x(g), the rational integer f(0) must be divisible by arbitrarily large powers of p as
well (by [5l, Corollary 3.5]). We conclude that x(g) is equal to zero. O

Remark. A completely analogous theorem on zeros of characters holds for twisted
group algebras of finite groups over the complex field. In this case, our arguments
work as well (with slight alterations of technical but not of substantial nature).
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After this paper was submitted and accepted for publication, B. Kiilshammer
informed me that a similar proof of (a more general version of) Brauer’s and Nes-
bitt’s theorem is contained in his paper Central idempotents in p-adic group rings,
J. Austral. Math. Soc. Ser. A 56 (1994), 278-289 (see the proof of Proposition 3).
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