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ABSTRACT. In this paper we answer a question of Curto and Fialkow: there ex-
ists a quadratically hyponormal weighted shift which is not positively quadrat-
ically hyponormal.

Let H be a complex Hilbert space and let £(H) be the algebra of bounded
linear operators on H. An operator T € L(H) is said to be normal if T*T = TT™*,
hyponormal if T*T > T'T*, and subnormal if T' = N|, where N is normal on some
Hilbert space K O H. If T is subnormal, then T is also hyponormal. Recall that
given a bounded sequence of positive numbers « : ag, a1, -+ (called weights), the
(unilateral) weighted shift W, associated with « is the operator on ¢?(Z,) defined
by Wyen := anenq1 for all n > 0, where {e,}>2, is the canonical orthonormal
basis for £2. It is straightforward to check that W, can never be normal, and that
We, is hyponormal if and only if o, < ay, 41 for all n > 0.

Recall the Bram-Halmos criterion for subnormality, which states that an operator
T € L(H) is subnormal if and only if

> (T'z;, T2) >0

i3
for all finite collections zo,x1,---,zx € H ([1], [2, II1.1.9]). Using the Choleski
algorithm for operator matrices, it is easy to see that this is equivalent to the
positivity of the matrices (T*/T* — TiT*j)f’j:1 for k = 1,2,---. If we denote by
[A, B] :== AB — BA the commutator of two operators A and B, and if we define T'
to be k-hyponormal whenever the k x k operator matrix My (T) := ([T*, T*])F,_,
is positive, then the Bram-Halmos criterion can be rephrased as saying that T is
subnormal if and only if T is k-hyponormal for every k& > 1 ([7]). Recall (3],
[4]) that T € L(H) is weakly k-hyponormal if Ef:o s;T* is hyponormal for every
complex number s; (0 < ¢ < k). If £ = 2, then it is said to be quadratically
hyponormal. Tt is known that 2-hyponormal = quadratically hyponormal. In [3]
Proposition 7], it is shown that there exists a quadratically hyponormal weighted
shift which is not 2-hyponormal.
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Let W, be a hyponormal weighted shift. We write D(s) := [(Wq +s W2)*, W, +
sW2] for s € C, and we let

Dy (5) i= P [(Wo + s W2)* Wy, + s W2|P,,

where P, is the orthogonal projection onto the subspace generated by {eg, - , e, }.
Then D,,(s) is of the form

qQ o 0 ... 0 0
O @1 T1 ... 0 0

0 r g ... 0 0

o O
o O
o O
R
—_

<
3
S

_

where

2 2
Up 1= O — O 1,
22 2
Up t= QO — Oy 1O o,

2 2 32
Wy 1= an(anJrl - anfl) )
and, for notational convenience, a_s = a_3 = 0. Clearly, W, is quadratically
hyponormal if and only if D,(s) > 0 for every s € C and every n > 0. Let

dn(-) :=det (D,(+)). Then d, satisfies the following 2-step recursive formula:

(0.1) do=qo, di=qoq1 —|rol*, dni2 = gniadni1 — [rni1]>dn;
if we let t := |s|?, we observe that d,, is a polynomial in t of degree n + 1, and
n+1

if we write d, = Y5 ¢(n,i)t’, then the Maclaurin coefficients c(n,i) satisfy a
double-indexed recursive formula; namely

(0.2) c(n+2,4) = upgoc(n+1,4) + vppac(n+ 1,0 — 1) — wpq1 c(n,i — 1),
c(n,0) =ug- - tup, c(n,n+1)=wvg- vy, ¢(1,1)=wuivg+v1u9 — Wy

(n>0,7>1).
We begin with:

Definition 1 ([, [5], [6]). Let a: g, 1, -+ be a weight sequence, let W, be the
corresponding weighted shift, and let ¢(n,i) be the Maclaurin coefficients of the
polynomial d,,. We say that W, is positively quadratically hyponormal if ¢(n,i) >0
for all n,é > 0 with 0 <i <n+1, and ¢(n,n+ 1) > 0 for all n > 0.

Clearly, positively quadratically hyponormal = quadratically hyponormal. In
1994, Curto and Fialkow ([} Problem 4.7]) asked if the converse is true: if W,
is a quadratically hyponormal weighted shift, does it follow that W, is positively
quadratically hyponormal? In this paper we answer it negatively.

If the weight sequence a = {@,, }22, is given by

In+1
fr— >
Qp n+2 (7170),

then the corresponding weighted shift is called the Bergman shift. 1t is well known
that the Bergman shift is subnormal.
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The following is an one-step extension of the Bergman shift.

Theorem 2. Forx > 0, let T, be the weighted shift whose weight sequence is given
by

O[():\/‘Ea an:

Then we have:

(a) T, is positively quadratically hyponormal <= 0 < x < %.
(b) 0<z< 175—11 = T, is quadratically hyponormal.

(c) Ty is not quadratically hyponormal for x = .

(d) Ty is 2-hyponormal <= 0 < x < &.

(e) Ty is never subnormal for any x > 0.

Proof. (a) We use an idea of Curto ([3, Proposition 7]). Suppose T} is hyponormal
and hence 0 < z < 3. Write dy,(t) = E?jol c(n,i)t'. From (0.2) we can check
directly that

C(].,O) = x(l - l‘),
C( ’ ): €, 1 _ ? 1
C( ):lx C( ) —$(§—§J)),
’ 2 c(1,2) = 3z,
0(370) = l(l - (E),
0(270):%(%_1.)7 _7952 %
_xz(1 0(371)*%(5_‘%);
6(27 1) - 5(5 - J?), 1 1
5 o) c(3,2) = zg50(5 — ),
6(7)_ﬁ(1_x)7 =z
E c(3,3) = (16 — 21),
c(2,3) = 5(1 —x), -
c(3,4) = (1 —x),
and
C(4a0) 14;840(% - x)7
C(4a 1) = 103580(% - x)7
c(4,2) = %so(% —x),
c(4,3) = 5&=(22 — 4Tx),
c(4,4) = 2(55 — 1),
c(4,5) = 555(1 — )
Observe
(2.1) c¢(n,i)>0 forall0<n,i<3with0<i<n-+lL1
Note that
(2.2) c¢(n,0) =wug---u, >0 foralln>0
and

(2.3) c(n,1) =up- - up_102(a , —a2_1) >0 (n>2).
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Claim 1. ¢(n,2) >0 for all n > 1.
Proof of Claim 1. Since for n > 2,
anrQC(n + ]-a 1) - wnJrlC(na 1)

_ 2 2 2 2 (2 2
= Up42U0 * * - Un Oy g (O‘n+2 - an) — Wnp1Up - Un—10y, (O‘n+1 - O‘n—l)

24) =t (nraad (a2 - o) - wnpad(ed - a2 )
' 24
n(n+1)2(n+2)%2(n + 3)%2(n + 4)
it follows that if ¢(n + 1,2) > 0, then for n > 2,
e(n+2,2) = upyoce(n+1,2) + vpyoc(n+ 1,1) — wpi1¢(n, 1) > 0.

=Ug: - Un—1 207

But since ¢(n,2) > 0 for n = 1,2, 3, the above argument gives that ¢(n,2) > 0 for
all n > 1. This proves Claim I.

Claim II. Forn > 4,1 > 4,
c(n,i) = vpe(n — 1,0 —1).
Proof of Claim II. First of all we prove that for n > 4,4 > 1,

(2.5)
c(n,i) =vpe(n — 1,0 — 1) + up - - - ugh;  with hy := uge(2,4) — wae(l,7 — 1).

A simple calculation shows that wuy,41v, = w, for all n > 3. Thus if n = 4,

c(4,3) = ugc(3,1) + v4¢(3,i — 1) —wse(2,i — 1)

=wv4c(3,i — 1) + uy (u30(2, i) +vse(2,i— 1) —wace(l,i — 1)) —wsc(2,i—1)

=wv4c(3,i — 1) + uy (ugc(Z,i) — wace(l,i — 1)) + (uqvs — ws)e(2,i — 1)
= U4C(3,i — 1) + ugh;

and a similar calculation works for the inductive step. Now

1 1 1 1 1, .
= — —_ = = — —_ = Q = — — . = >
ha 36x(x 2), ha 72x(x 2), hs Tt and h; =0 for ¢ > 4,
which together with (2.5) proves Claim II.
Claim IIL. If ¢(n,3) > 0, then ¢(n 4+ 1,3) > 0 for n > 4.
Proof of Claim III. Since for n > 4,

Unt1¢(n,2) — wpe(n —1,2)

= Upt1 <unc(n —1,2) +vpe(n—1,1) — wp_1c(n — 2, 1)) — wpe(n —1,2)

= (Ung1Un — wp)c(n — 1,2) + vp41 (vnc(n —1,1) —wp_1c(n — 2, 1))
4

n(n+1)2(n+2)%(n+ 3)

where g, := vpe(n — 1,1) — wp_1¢(n — 2,1) > 0 by (2.4). Therefore if ¢(n,3) > 0,

=c(n—1,2) + Unt19n 2> 0,
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then
C(TL +1, 3) = unJrlC(na 3) + anrlC(na 2) - wnc(n -1, 2) >0,

which proves Claim III.

It now follows from (2.1), (2.2), (2.3), Claim I and Claim II that c¢(n,i) > 0 for
all n,i > 0 with 0 < ¢ <n+ 1 if and only if ¢(n,3) > 0 for all n > 4. Therefore by
Claim IIT,

22
e(n,i) >0foralln,i >0 <= ¢(4,3) >0 < z < YTh
This proves statement (a).

(b) In view of (a), it suffices to show that if 22 < z < & then T}, is quadratically

151
hyponormal. Thus suppose i—? <z< 17—511 Then we have:

(i) ¢(n,i) > 0 for all 0 <mn,i <4 with 0 < i <n+ 1 except for ¢(4, 3);
(ii) (2.2), (2.3), Claim I, Claim II, and Claim IIT all in the proof of (a) hold.

Observe that

¢(5,3) = usc(4,3) + vsc(4,2) — wye(3,2)

L (- ) 4 et =) - ket

~ 30"\ 4320~ 8640 420072 64800"'2
1
= 2 —151x).
G000~ (72 ~ 1917)
Thus ¢(5,3) > 0 since z < % Therefore by Claim III,
71
¢(n,3) >0 forn >5 and 0<x§1—51.

Thus by Claim II, we have
(2.6) ¢(n,i) >0 forall n,i >0 except for ¢(n,n —1) (n > 4).

Note that ¢(4,3) < 0. Again by Claim II,
(2.7) c¢(n,n—1) <0 foralln>4.
Note that d,,(t) > 0 for n =0,1,2,3. Observe by Claim II that if n > 6, then
c(n,n —2)t" % + ¢(n,n — D" + c(n, n)t"
=y, - vgt" 0 <c(5, 3)t3 + (5, )t + ¢(5, 5)t5>.
Thus if (5, 3)t3 + ¢(5,4)t* + ¢(5,5)t> > 0 for every ¢t > 0, then d,,(t) > 0 for every

n > 6 and every ¢ > 0 because other Maclaurin coefficients are nonnegative. Thus

it will suffice to show that if % <z< %, then

(2.8) c(nyn — 2" 2 4 c(n,n — D" 4 c(n,n)t" >0 forn=4,5

(this also implies that d,,(t) > 0 for n = 4,5).
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Claim 1IV. If < z < 17511, then
c(4,2)t% + c(4,3)t3 + c(4,4)t* > 0 for every t > 0.
Proof of Claim IV. There are two cases to consider.
Case 1 (0 <t < 55). From (0.2) we have
usc(4,3) +v5¢(4,2) = (5, 3) + wac(3,2).
Since by (2.6), ¢(5,3) + w4c(3,2) > 0 we have
usc(4,3) +vsc(4,2) > 0,

so that
c(4,2) + ! c(4,3) > 0.
’ 24
Since c(4,2) > 0and ¢(4,3) < 0, it follows that if 0 < t < -, then ¢(4,2)+c(4,3)t >
. Since ¢(4,4) > 0 we have that c(4, 2)t? + c(4, 3)t3 + c(4,4)t* > 0.

Case 2 (t > ). From (0.2) we have
usc(4,4) +vsc(4,3) = ¢(5,4) + wac(3, 3).

A straightforward calculation shows that if z < then

151
11 47 1 1 7
¢(5,4) + wac(3,3) 37800x< 2 >+ 180" ( 15 240x)
47 711
= 1—— > 0.
113400 < 376x> =0
Thus usc(4,4) + vsc(4,3) > 0, so that ¢(4,3) + 55¢(4,4) > 0, which implies that

if t > L, then c¢(4,3) + ¢(4,4)t > 0. Since ¢(4,2) > 0 we have that c(4,2)t* +
c(4,3)t% + c(4,4)t* > 0.

Claim V. If % <z < 151, then
c(5,3)t3 + ¢(5,4)t* 4 ¢(5,5)t° > 0 for every t > 0.
Proof of Claim V. From (0.2) we have

(2.9) {U60(5a 4) + vece(5,3) = ¢(6,4) + wsc(4, 3),

uec(5,5) + vec(5,4) = ¢(6,5) + wsc(4, 4).

By the same argument as in Claim IV, it suffices to show that if x < 17511, then
(2.10) ugc(5,4) +vec(5,3) >0 and  wee(5,5) + vee(5,4) > 0.

Indeed, a straightforward calculation shows that if x < then

151 ’

1 151 2 11 47

4 4,3) = - 7357 \ 1320 ~ 8640
c(6,4) + wsc(4,3) == (100800 7257600x) Tt (4320 8640x)
07 (1 B 1809x> >0

= 6350400 856
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and

153600 907200" ) T 7357 \ 270 ~ 1440”

109 A8,
3175200 218

which together with (2.9) proves (2.10) and hence Claim V. Now Claim IV and
Claim V prove (2.8); therefore if 0 < < %, then T is quadratically hyponormal.
(c) Observe that if z = %, then

1

c(6,5)+w5c(4,4)—9c( 1l A7 x) 2 (L_L>

1m o, 1

dy(t) = t° tt— t
4(t) 1080° T 17280 11520 °
so that

. dy(t) 1

1 A ——— )

oy 13 11520 <

which implies that T, is not quadratically hyponormal.
(d) Remember ([3, Corollary 5]) that if W, is the weighted shift with weights
a={a,}2,, then W, is 2-hyponormal if and only if

ai+1(a%+2 - 04%)2 < (04%+1 - a%)(a%+2ai+3 - O‘iai—i-l) (n>0).

Thus T is 2-hyponormal if and only if
a3 - 2" < (of - )(aod - ra)

that is,

or equivalently, 0 < z < %

(e) Let W, be the weighted shift with weights o = {0, }52, and let 5, =
af---a2_; forn > 1. Then C. Berger’s characterization of subnormality for unilat-
eral weighted shifts (cf. [2, IT1.8.16]) states that W, is subnormal if and only if there
exists a Borel probability measure u supported on [0, ||W,||?], with ||[W,]||? € supp p

such that
[[Wall?
Bn = / t" du(t) for allm > 1.
0

By an argument of Curto [3] Proposition 8], if W, is a weighted shift whose re-
striction to \/{e1,ez, -} is subnormal, with associated measure p, then W, is
subnormal if and only if

(i) +€L'(n);
(i) of < (I1llz2(w)
A straightforward calculation shows that the Bergman shift has measure du = dt.

Indeed, 3, = n+_1 = fol t"du(t) has a solution dy = dt. Thus 1 is not integrable
with respect to p. This implies that T, is never subnormal for any = > 0. |

—1

Corollary 3. Let T, be as in Theorem 2. Ifi—? <zx< 175—11, then T, is quadratically

hyponormal and not positively quadratically hyponormal.
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