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ABSTRACT. We establish estimates for the number of points that belong to an
aligned box in (R/Z)" in terms of certain exponential sums. These generalize
previous results that were known only in case N = 1.

1. INTRODUCTION

Let £,,&,,...,&,, be a finite set of points in (R/Z)N. A basic problem in
Diophantine approximation is to estimate the number of points in this set which
belong to an aligned box in (R/Z)" from knowledge of the exponential sums

M

D elt-g,,),

m=1
where £ is restricted to a finite subset of Z and e(r) = €>™*. The Erdés-Turan
inequality, as stated in [2], is a result of this sort, but it is generally not useful when
the measure of the box is small. In the case of a small box the usual approach
is Vinogradov’s “method of little glasses”, as discussed in [5], pp. 32-34. In the
present note we establish inequalities that are generally sharper and easier to use
in applications. For N = 1 this is described in [I], section 2.1, and in [3], section
1.2. Here we obtain the corresponding inequalities for arbitrary N.

Let B; denote the collection of all normalized characteristic functions ¢, , :
R/Z — R defined by

lifu<zxz—n<wvfor somenéeZ,

(1.1) Yup(@) =3 ifu—zeZorifv—zeZ,

0 otherwise,

where v < v < w+ 1. Then for each positive integer L let B1(L) C B; be the
subcollection of functions (1.1) such that (v — u)(L + 1) is a positive integer. We
write By for the collection of functions @,y : (R/Z)Y — R of the form

N
(12) Puv(x) = H Purvn (Tn)
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where u and v are points in RY with u, < v, < u, + 1 in each coordinate. If L

in Z" has positive coordinates L,, n = 1,2,..., N, we write By(L) C By for the
subcollection of functions (1.2) such that (v, — uy)(Ly + 1) is a positive integer for
eachn=1,2,...,N. Given L and ®,+ in By it will be convenient to set

(1.3) (Un — un)(Ln + 1) = wy, , n=12,...,N,

so that 0 < w, < L, + 1. Thus @, belongs to By (L) if and only if w, €
{1,2,...,L,} for each n. Also, we use the lattice point L to determine the subset
C

L = L(L) CZ" defined by
(1.4) L={£ecZ"N :|t,|<L,,n=1,2,...,N}.

Now a precise form of the problem we consider in this note is as follows. If
£,,&,,...,&, is a finite set of points in (R/Z)Y, we wish to estimate sums of the
type

Z (bllﬂ(ém)

m=1

from knowledge of the exponential sums

M
Z e(egm) )

where £ is in £. Here we are concerned with the case where the measure
N

Puv(x)dx = Vp — Up
[, duvtdx= T —m)

n=1

of the aligned box is small. Thus our main result is a lower bound for the number
of points in the box.

Theorem 1. Let Oy belong to By (L) with wy,ws, ... ,wy determined by (1.3).
Assume that 6 > 0 and n > 0 satisfy

N
(15) S upt <

n=1
and
M
(1.6) Z‘ Ze(f-ﬁm)‘ <nM .
1
Then we have
N M
(1.7) M(L=6—n—0n) [J(n—ua) < Y Pun(&n) -
n=1 m=1

As an application of Theorem 1, we obtain a generalization to (R/Z)Y of the
inequality given in [I] as Theorem 2.2 and in [4] as Corollary 21. We write ||| for
the distance from the real number x to the nearest integer.
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Corollary 2. Let 0 < &, < % and set L, = [Ne, '] for each n = 1,2,...,N.
Assume that

(1.8) max [&nem >1
1<n<N gy,

for each point &, in (R/Z)N, m =1,2,... , M. Then we have

(1.9) Mgsz‘ie(z-gm)‘ .

LeL m=1
240

There is an upper bound analogous to (1.7), but this is much easier to prove.

Theorem 3. Let L in ZN have positive coordinates, let ®yv belong to By with
w1, Wa, ... ,wy determined by (1.3). Assume that § > 0 and n > 0 satisfy

(1.10) [Ta+w,")<(1+9)
n=1
and
M
(1.11) Z’Zee ﬁm’<77M.
LeL m=1
270
Then we have
M N
(1.12) > @uv(€,) < M1 +6+n+0m) H n — Un)
m=1 n=1

2. PRELIMINARY LEMMAS

As in [4] we define entire functions H,J and K by

[e e}

ey e = (LS e w2}

m=—0oQ

J(2) = %H'(z), and K(z) = <Sin7rz>2

Tz

We note that each of these functions is real valued on the real axis and has ex-
ponential type 27w. The functions J and K are integrable on R and their Fourier
transforms

(oo}
J(t)z/ J(@)e(—tz)dz and K(t / K (2)e(—tz) dz

—0o0
are continuous functions supported on [—1, 1]. These Fourier transforms are given
explicitly by

J(t) =mt(1 — |t cotmt + |t| if 0<|t| <1,

Kit)y=Q0—1Jt]) if 0<|t| <1,

JO)=1, and J(t) = K(t) =0 if 1<t].
If L is a positive integer we write Jr11(z) = (L+1)J((L+1)z) so that Jp4+1(z) has
exponential type 27(L + 1). Then the Fourier transforms J and Jry; are related
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by the identity J((L 4 1)~'t) = Jp41(t) for all real ¢. Similar remarks apply to K
and KL+1.

For each positive integer L we define trigonometric polynomials jr,(z) and kr ()
by

(2.2) jr(x Z Jra( x—l—m Z JL+1
m=—00 {=—L

and

(2.3) kp(x Z Kiii(xz+m) Z K (De(tz) .
m=—o0 {=—L

The identities (2.2) and (2.3) follow from the Poisson summation formula. We also
define the periodic function ¢ (x) by

YE)=z—[z] -1 if 2¢7Z, and Y(z)=0 if z€Z.

The trigonometric polynomials

1/2
Yxjr(x) = Yz —y)jr(y)dy
—1/2
L ~( ¢
= KZX_:L(—27T’L€) 1J (L——f—]_> 6(61‘)
140

and ky,(x) satisfy the basic inequality
(2.4) () = ¢ * jo(x)] < (2L +2) k()

for all z in R/Z. A proof of (2.4) is given in [3], Chapter 1, and in [4], Theorem 18.
If u < v < u+ 1, then the periodic functions ¢, ,(z) and 1 (x) are related by the
elementary identity

(2.5) Pup(®) = (v —u)+(u—2)+¢(r—0).
By combining (2.4) and (2.5) we obtain the inequality

(2.6) [Pu,0(T) = Pup * jr(z)]
< Ylu—2) =Y *jr(u—2)+ [z —v) —¢*jr(z —v)|
<QL+2) " HEkr(u—2) +kp(x —v)}

for all x in R/Z. Alternatively, (2.6) follows directly from [4], Theorem 19.
We now establish some new inequalities.

Lemma 4. Let o and 3 be real numbers such that 8 —a = M is a positive integer.
Then

(2.7) O0<H(x—-a)+HB—1x)

for all real x.
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Proof. From (2.1) we have

Hz)+ H(1 —a) = (Sinwm) 2 {miw sgu(m)(z — m)~2 + 22"
- n_f:oo sgn(n —1)(x —n)"2 +2(1 — x)l}

Sm”) 2491 —a) 42+ (1—2)"2)

-(
e
0

vV

for all real . As H is an odd function, we conclude that
(2.8) H(z)+ H(M Z{Hm— )+ H(14+m—2)}>0.

The lemma follows from (2.8) by replacing « with x — a.

Lemma 5. Assume that the periodic function ¢, ,(x) belongs to B1(L). Then the
trigonometric polynomial

(2.9) Pusinla) = [ 11/; Pl — )i (y) dy
satisfies the inequality
(2.10) 0 < uw*jr(z) <1
for all z in R/Z.
Proof. Write
Xuw(z) = 5{sgn(z — u) +sgn(v — z)}

for the normalized characteristic function of the real interval having endpoints u
and v. As u < v < u+ 1 we have the obvious identity

o0

(2.11) Pun() = D Xuw(@+m).

m=—0oQ

Next we apply (2.7) with o = w(L + 1), 8 = v(L + 1), and conclude that
(2.12) 0 < H{H(L+ 1)@ —w)+ H(L+1)(v-2))}

1>/UH'<<L+1><x—y>>dy

N[=

oo

Il
—

Jor1(T = Y)Xuw(y) dy

—0o0
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for all real . Then we use (2.2), (2.11), (2.12) and the fact that Jr1; is integrable,
to establish the inequality

(2.13) 0< > /_Oo Jri1(@ +n—y)xuo(y) dy

n=-—oo
o0

:/ (@ = ) Xuw(y) dy

—0o0

oo m+1/2
> / (@ = y) X0 (y) dy

Mme—ooJm—1/2

1/2 oo
[ ista=i{ X sl tm) by
71/2 m=—oQ
= Pu,v *jL(x) .
Now let
o1 (2) = (u+1—0) + (0 —2) + o —u—1)

be the normalized characteristic function of the complimentary interval in R/Z.
Then
1/2

(2.14) ¢UJ)*jL(x)+-wmu+l*;¢<x>-—‘/“/ Joly)dy =1
—1/2

and we have just proved that

(2.15) 0 < @uut1 *jr(2)

for all z in R/Z. Therefore (2.14) and (2.15) verify the inequality on the right of
(2.10).

Lemma 6. For each integer n = 1,2,... , N, let a,, B, and €, be real numbers
such that 0 < a,, <1, 0 < B, ap — Bn < &n, and either e, =0 or e, = 1. Then
we have

N N N N
(2.16) Han—ZﬂnHamgnan.
n=1 n=1 m=1 n=1
m¥#n
Proof. If €, = 1 for each n = 1,2,..., N, then (2.16) is obvious. Assume that
ep = 0 for some index £, 1 < ¢ < N. It follows that 0 < ay < (3¢ and therefore

N N N N N N
Han_Zﬁn H 0 — B HamS_Zﬁn H om <0
n=1 n=1 m=1 m=1 n=1 m=1
n#L m#n m#L n#L m#n
This proves the lemma.
Let L be a point in ZY with positive coordinates and ®,,v a function in By

having the representation (1.2). For each integer n = 1,2,..., N, we define trigono-
metric polynomials

an(l‘n) = Pup,v, ¥ jLn (J?n)

and

ﬁn(l‘n) = (2Ln + 2)71{kLn (xn - Un) +kL, (xn - Un)} .
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We assemble these into multiple trigonometric polynomials

(2.17) A(x) = H an(zy)

N N
(2.18) B(X) = Zﬁn(xn) H O‘m(xm) )
=
and
N
(2.19) C(X) = H{an(xn) + ﬂn(xn)} .
n=1

Here A, B and C depend on u and v, but we drop reference to these points so as
to simplify our notation. It is clear that the Fourier coefficients of A, B and C' are
supported on £ C Z~. In particular, we find that

. 121\ = X)ax = Un — Un) ,
(220) 0= [ A= )
R N N
(2.21) B(0)=> (Ln+1)7" ] (vm — tm)
=t man
N N
—{ wnl}H(vm—um),
and
N N
(2'22) C(O) = H{(vn - un) + (Ln + 1)71}
n_N N
= {H(l +wn1)} H (Vm — Um)

In case A, B and C take nonnegative values, we also get the estimates
(2.23) [A(e)] < A(0), |[B(&)| < B(0) and |C()| < C(0)

for all £ in ZY. Lemma 5 shows that A and B take nonnegative values if Dy v
belongs to By (L), while (2.6) implies that C' always takes nonnegative values.

Theorem 7. We have

(2.24) Dy v(x) < CO(x)
for all x in (R/Z)N, and if ®y .y belongs to By (L), then
(2.25) A(x) — B(x) < @y v(x)

for all x in (R/Z)N.

Proof. The inequality (2.24) is obvious from (2.6) and the definition of C'.
In order to verify (2.25) let

E117‘,:~{)<€(]R/Z)N:azrnzunorxn:vnforsomen7 1<n<N}.
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Then either ¢, 4, (Tn) = 0 or @y, v, (z,) = 1 for each point x in (R/Z)N \ Ey.y.
From Lemma 5 we know that

(2.26) 0<ap(zy) <1 and 0<B,(zy)
for all ,, in R/Z. And (2.6) implies that
(2.27) an(2n) = Bn(@n) < Ou, v, (Tn)
for all x,, in R/Z. Tt follows using (2.26), (2.27) and Lemma 6 that
(2.28) A(x) — B(x) < @y v(x)
for all points x in (R/Z)N \ Eyuy. As the left hand side of (2.28) is a continuous
function of x, we have
A(x) — B(x) <0 < By o (x)

when x is in Ey v.

We note that the entire functions H and K satisfy the basic inequality
(2.29) [sgn(e) — H(2)| < K(2)

for all real x. This is established in [4], Lemma 5. If we use (2.29) in place of (2.4)
and apply Lemma 6, then it is possible to construct an entire function of N complex
variables having exponential type and such that its restriction to RY minorizes the
characteristic function of an aligned box in R"V. We do not pursue these ideas here
as we require only the periodic version of this construction.

3. PROOF OF THEOREMS 1 AND 3

Assume, as in the statement of Theorem 1, that ®, y belongs to By(L). Then
we apply (2.20), (2.21), (2.23) and (2.25). In this way we obtain the inequality

N M
(3.1) M I (vn —un) = D Puv(€,n)

N M
<M [](n—un) + > _{B(&,) — A€0)}
n=1 o m=1 o
=Y "BO)> e€-£,) D AW)D e(-¢,)
el m=1 ﬁiﬁ m=1
N N R M
{3} L = o)+ S UB@O - A0} 3 ele-6,)
k=1 n=1 f;% m=1
N N M
< M§ [[ (vn — wn) + {B(0) + A(0)} Y ‘ S et gm)‘
n=1 27658 m=1
N
< M(5+n+6n) H — up)

The inequality (1.7) plainly follows from (3.1).
The proof of Theorem 3 is essentially the same but uses (2.22), (2.23) and (2.24).
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4. PROOF OF COROLLARY 2

Select L in Z" so that L, = [Ne,,!] and note that

4.1 2<L, d —— n
(4.1) < an Ln+1<€

for each n = 1,2,...,N. Then select u and v in RV by setting
Up =—N(L,+1)"" and v, = N(L, +1)"!
for each n =1,2,...,N. From (1.8) and (4.1) we conclude that

(4.2) o, v(&,) =0

for each m = 1,2,... ,M. Now let 0 < § and 0 < n satisfy (1.5) and (1.6) in the
statement of Theorem 1. In view of (4.2) and the conclusion (1.7) of Theorem 1,
we must have

(4.3) 1-6—-n—-0n<0.

As w, = (v — up)(Ly +1) = 2N for each n = 1,2,... | N, we can take 6§ = 1/2.
Then 1/3 < n follows immediately from (4.3). This verifies the corollary.
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