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ABSTRACT. In this paper we shall give some results on a Cp-group generated
by the Lévy Laplacian and operators approximating that group in the space
L(E) of continuous linear operators defined on a certain locally convex space
E in (S)*.

1. INTRODUCTION

L. Gross [4] and P. Lévy [20] introduced Laplacians on infinite dimensional ab-
stract Wiener space and Hilbert space, respectively. Those Laplacians have been
reformulated as differential operators within the framework of white noise distribu-
tion theory (see [15], [16], etc.).

Let (S)* be the space of generalized white noise functionals and let (S) be the
space of test white noise functionals. The white noise differential operator 9y is
defined to be the Gateaux differential operator Ds, in a direction d; € S*, acting
on (8). For any ¢ € (S), the Gross Laplacian Ag is given by

AW:/ D2 pdt.
R

On the other hand, the Lévy Laplacian Ay is given as follows. Let T be a finite
interval of R and let {(x;k € NU{0}} C S be a complete orthonormal system for
L?(T) satisfying the equal density and the uniform boundedness (see [16[17]). The
Lévy Laplacian AT depending on T is defined by
1 n—1 N
AL® = lim — 3 DZ@
k=0
if the limit exists in (S)*. From now on we fix an interval 7' and denote AT by A,.
This Laplacian acts on some domain in (S)* and disappears on the Hilbert space
(L?) consisting of square-integrable functionals defined on the Gaussian white noise
probability space (S*, ). However Ay, does not act on the whole space of (S)*. So,
it is important to decide a domain of the Lévy Laplacian to consider solving a white
noise differential equation associated with the Laplacian.
In previous papers [3|, [27], we have introduced a domain E of Ay and discussed
some relations between a group generated by Ag and a group generated by Ay in
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the strong topology of (S)*. In [3], we also discussed the Cauchy problem associated
with Ay, in the strong topology of (S)* by using the generalized Gross Laplacian
Ag(K), K € L(S&,Sc) (see also [2,27]).

In this article we discuss the above relations in the strong topology of L(E) by
using the generalized Gross Laplacian.

The paper is organized as follows. In Section 2, we summarize some basic def-
initions and results in the white noise distribution theory. In Section 3, we give
a relation between Ag(Py) and Ap by the limit theorem in E. In Section 4, we
define groups generated by the Laplacian operators acting on the Hida distribu-
tions and give a result that the group generated by Ay is approximated by the
group e*2¢(PN) in the strong topology of £L(E). In Section 5, we investigate the
fundamental solution of a differential equation associated with the Lévy Laplacian.

2. PRELIMINARIES

In this section, we assemble some basic notation of white noise distribution
theory following [9] [14] [I6] 22]. White noise distribution theory is a Schwartz type
distribution theory on the infinite dimensional space (S*, i), where $* = §'(R) is
the space of tempered distributions and p is the standard Gaussian measure such
that

/3* exp{i(z, &)} du(x) = exp <_%|g|g) tes=5R)

where (-,-) is the canonical bilinear form on §* x S and | - |o is the L?(R)-norm.
Let A = —(d/du)? + u? + 1. This is a densely defined self-adjoint operator on
L?(R) and there exists an orthonormal basis {e,;v > 0} C S for L2(R) such that
Ae, =2(v + 1)e,. We define the norm | - |, by |f|, = |AP f|o for f € S and p € R,
and let S, be the completion of S with respect to the norm | - |,. Then the dual
space S, of S, is the same as S_, (see [12]). We denote the complexifications of
L*(R), S and S, by LL(R), Sc and Sc,p, respectively.

The space (L?) = L?(S*, i) of complex-valued square-integrable functionals de-
fined on &* admits the well-known Wiener-Ité decomposition

(LQ) = @ Hy,

where H,, is the space of multiple Wiener integrals of order n € N and Hy = C.
Let L%(R)®” denote the n-fold symmetric tensor product of LEL(R). If ¢ € (L?)
is represented by ¢ = > °° (L,(fn), fa € L%(R)@m, then the (L?)-norm ||¢]|o is
given by

- 1/2
lello = (Zn'|fn|(2)> )
n=0

where | - |o also means the norm of L%(R)®”.

For p € R, let ||¢ll, = |IT'(A)P¢|lo, where T'(A) is the second quantization op-
erator of A. If p > 0, let (S), be the domain of T'(A)P. If p < 0, let (S), be the
completion of (L?) with respect to the norm || - ||,,. Then (S),, p € R, is a Hilbert
space with the norm || - |[,. It is easy to see that for p > 0, the dual space (S); of
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(8)p is given by (S)_p. Moreover, for any p € R, we have the decomposition
oo
(S)y =D HP,
n=0

where HP) is the completion of {L.(f); f € Sg"} with respect to || - ||,. Here Sg" is
the n-fold symmetric tensor product of S¢. We also have HP = {L.(f); f € ng;
for any p € R, where Sg’z) is also the n-fold symmetric tensor product of Sc . The
norm |||, of ¢ = 3277 1 Ln(fn) € (S)p is given by

. 1/2

n=0

where the norm of 882 is also denoted by | - |,.

The projective limit space (S) of spaces (S),, p € R, is a nuclear space. The
inductive limit space (S)* of spaces (S),,p € R, is nothing but the dual space of
(S). The space (S)* is called the space of Hida distributions or generalized white
noise functionals. We denote by ((-,-)) the canonical bilinear form on (§)* x (S).

Then we have
o0

<<(I)a 50>> = Z n!<Fn7 fn>

n=0
forany ® = >0 [ I,(F,) € (S)* and ¢ = >~ L,(fn) € (S), where the canonical
bilinear form on (S&")* x (S§") is also denoted by (-, ).

Let ¢¢ = exp{—1/2(£,&)} exp(-, &), £ € Ec. Then {¢¢;§ € Ec} spans a dense
subspace of (S). The S-transform is defined on (S)* by

S[®](E) = ((®,9¢)), £ €Sc.
3. THE GENERALIZED GROSS LAPLACIAN AND THE LEVY LAPLACIAN

We first introduce the definitions of Laplacian operators following [16] (see also
[9, 7). For any ¢ = > 02 (L,(fs) € (S), define the Gateaux derivative D, in any
direction y € §* by

Dygﬁ = Z nIn71(<yv fn))
n=0

The white noise differential operator O is defined to be the operator Ds, acting
on (8). For topological linear spaces E and F' we denote the set of all continuous
linear operators from E into F' by L(E, F'). For simplicity we denote L(E, E) by
L(E). Then, for any fixed y € S*, the operator D, is in £((S)). Therefore the
differentiation 0, is in £((S)) and its adjoint operator J; is in L£((S)*). For any
n € S, the differentiation D,, has a unique extension to a continuous linear operator
ﬁn in £((S)*) (for more details, see [16] or [22]).
For any K € L(S&,Sc), the generalized Gross Laplacian Ag(K) is defined by

Ag(K)® =Y "L, ((n+2)(n+ 1)7(K)®2F02) ,
n=0
for ® = 377 (L,(F,) € (S)*, where 7(K) is defined by a generalized function in

(Sc ® S¢)* such that
(T(K),§ @n) = (K& ),
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and 7(K)®9F, 12 is the right contraction (see [22]). The Laplacian Ag(K) is a
continuous linear operator in L((S)*).

Let T be a finite interval of R and let {¢x;k € N U {0}} C S be a complete
orthonormal system for L?(T') satisfying the equal density and the uniform bound-
edness (see [16, [I7]). The Lévy Laplacian AT depending on T is defined by

n—1

1
T
Afl)—hm—g DCk

n—oo N

if the limit exists in (S)*. We denote the set of all functionals ® such that AT®
exists in (S)* and S[®](n) = 0 for any n € Sc with supp n C T¢ by DL. From now
on, we fix an interval T and use the notation Ay, instead of AT,

For p > 1 and ® € DI, we define a (—p)-norm ||| - |||, by

o 1/2
Nfll-» = (Z IA’Z‘1>||2p> € [0, 0]
k=0

and let KCr _, denote the set of Hida distributions @ in (S)_, such that |||®|||-, <
oo. Denote the completion of K _, with respect to the norm ||| - |||=p, by D_,.
Then D_, is a Hilbert space with the norm ||| - |||—p. Since r _, is dense in D_,
and |[|AL®|||=p < |||®]||=p for all @ € Ky _,, the Lévy Laplacian can be extended
to an operator Ay, in £(D_,) such that |[|AL®|||—, < |||®]||—, for all ® € D_,,. We
denote A, by the same notation Ay, from now on. We put D = U;O=1 D_, with
the inductive limit topology. Then Ay, is a continuous linear operator in £(D).

For p > 1, let E_, denote the normed linear space consisting of Hida distributions
P = ZZOZO ®,, in D_, such that ®, € Nrn Hy(fp) (see description 1 below for the
definition of N7) for every n € N U {0} and > 2 |[|®n|||-p < oo with the norm
- emp = Sooeo 1I(-)nll|=p- Then Ap is a bounded linear operator in L(E_,)
such that ||[[AL®||[+,—p < [|[®||+,—p for ® € E_,. We put E = [J;2, E_,. Then A
is also a continuous linear operator in L(E).

For any p > 1, the space E_,, includes the following functionals:

1) Normal functionals: A Hida distribution ® is said to be normal if its S-
transform S[®] is given by a finite linear combination of

fluas o u)§(ua)? - E(up)™ duy - - duy,
Tk

where f € LY(T*) and py, ... ,pr € NU{0}, k € N. These functionals play an
important role in the study of polynomials in the infinite dimensional analysis.
Let Ar denote the set of all normal functionals in DY.

2) Exponential functionals: A Hida distribution

®,. = Nexp [g/ x(u)2du} , N : normalizing factor, for any ¢ < 1/2,
T

is an important example as an eigen-functional of Ay. The S-transform of @,
is given by

SO = exp |55 [ etwra] . e s
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We introduce an operator Ips € L((S)*) by

M [e%)
Iy® = Z@n for ® =) @,
= n=0

As in [3], the following result holds

Theorem 1. For any ® € E we have

However, the limit in Theorem 1 converges in a stronger sense. In fact, we have
the following.

Theorem 2. For any ® € E we have

1 .

Proof. Let & € E be given with & = ZZOZO ®,,. Then there exists p > 1 such

that for each n € NU {0}, &, € Nr N HS™ . Now, we shall show that for each
n € NU{0}

AL(I)n = hm ( Ag(PN)) ‘I)n in E.

1
NIT|
Note that
2

‘HAL(I)n Ag(Pn)®,

[(n—=2)/2]

-y

k=0
Since Ag(Pn)®,, € N1, we can check that
A¥ Aq(Py)®, = Ac(Py)AE D,

for each 0 < k < [(n — 2)/2] and n € N U {0} by the direct calculation. Hence we
have

N7

* =P
2

AL‘:I)n AG(-PN)(I)n

~ N[T]

—-Pp
2

1
Alz <ALQ)n — —NlTlAG(PN)q)n)

—-p

2

AL‘I) AG(PN)(I)n

1
"ONIT
[(n—2)/2]
On the other hand, by Theorem 1, for any ¥ € N there exists p > 1 such that
1
N|T|

*,—p
1
NIT|

2
Ac(Py)(AL®n)

\ALm’z@n) -

—-p

ALV — =0.

—-p

N BolP)|

Since A’z@n € Nr, for any 0 < k < [(n — 2)/2] there exists px > 1 such that

ApL(A7®,) - Ag(Pn)(AL D) =0.

—Pk

lim
de el

NIT|
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Take p = max{p; : 0 < k < [(n —2)/2]}. Then we have

=0.

*=Pp

G(PN)@n

N—o0

lim H‘ALQ)n -

1
—A
N|T)|
Since Iy ® = Zano ®,, for any M € N U {0}, we obtain that

M
Ap(Tn®) = Jim (LAG(PN)> (@)

Hence, by Ap, € L(E), we have

lim lim (ﬁAG(PN)> (IM(I)) = A}IE)IIOO AL(IM(I)) = AL(I) in E.

M—o0 N—oo

Thus the proof is completed. [l

By induction, Theorem 2 implies the following:

Corollary 3. For any ® € E and £ € N U {0}, we have

0
: : 1 .
AY® = lim lim <W> (Ag(Pn)) (I ®) in E.

1
M—o0 N—oo

4. A RELATION BETWEEN GROUPS
GENERATED BY INFINITE DIMENSIONAL LLAPLACIANS

For K € L(Sg,Sc), we define a group e*2¢(5) » € C, by

¥4 = fim Y Z—T(AG(K))k € L((S)").

n—oo

k=0

We also define a Cy-group e*2=, z € C, by

no_k

zZAL __ 4 Z

e*AL = lim E FA]Z e L(D).
k=0

n—oo

It is easily checked that e*AL is in £(E) and for any ® € E and z € C there exists
p > 1 such that ||[e*2L®|||.—, < e*I|||®|||«.—p. Then we get the following.

Theorem 4. For any ® € E and z € C, we have

AL = lim  lim e/ WNITDAPN T ® in E.
M—oco0 N—oco
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Proof. Let & = ZZOZO ®,, € E. Then there exists some p > 1 such that ® isin E_,,.
We have the following estimation:

2/ (NITDAG(PN) T, ezAL(b‘ H

(LY (Aq(Px)) Ty® — AL D

<
_Z NI|T|
=0 —p
o M 1 ¢
< ladl —— ) (Ag(Py))'®, — ALD
—Z /! <N|T|> ( G( N)) k LYk
£=0 | k=0 —p
+ [[|Af Z i
k=M+1

[M/2] |Z|g M
_ ;) WZ

k=0

-p

AKLZ(I)k

k=M+1

£=0

By Corollary 3, for any ¢ and k£ € N U {0}

—-Pp

4
1

—-p

Hence we have

[M/Q] g M Y2
. . ¢ Al _
N = <N|T|> (Aa(Pr)) @ — Ar 0
l= —p
Since
o0
ALY ¥ < Z IPxl] p<Z|II@kIII p < 00,
k=M+1 —p  k=M+1
we have
- |Z|Z ‘ =
g S E g 3w <o
k=M+1 —p
Therefore we obtain
lim lim me<z/<N|T|>>AG<PN>IM<1> - eZAL@m
M—oo N—oo
This implies the assertion. [l

5. FUNDAMENTAL SOLUTION ASSOCIATED WITH THE LEVY LAPLACIAN

The Kubo-Yokoi delta function depending on T' is a generalized white noise
functional d,, x € §* whose S-transform is given by

S[5.1(€) = exp [ | stwetan -3 [ §<u>2du] teE
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*

The function § = & is also given by the limit of ®. (in §3, description 2) in (S)
as ¢ — 0o.

Put L = 9/0t — aAyp. Consider the fundamental solution of L, i.e. a solution of
(5.1) Lo(t,x) = 6(t) @ 6(x).

Lemma 5. For any t > 0, there exists ®(t,z) € S& @ (S)* such that
t

62 (@)néd = [ e dusl©), né e Se.
0

Proof. Let Fy(u) = 1p 4 (u)e=*=%) fort > 0 and u € R, and set ®(t,z) = F,26(x).
Then ®(t,z) € S& @ (S)* and also

<(I>(t,$),77 ® ¢€> = <Ft777><57 ¢E>
This implies (5.2). O
Theorem 6. For anyt > 0, ®(t,z) given as in Lemma 5 is a solution of (5.1).

Proof. By direct calculation, we have

<(% - aAL) O(t,a)n @ ¢5> - (% - m) / w)eiaus(e)
n(t)S[0)(€)
= (5() @0 ® ),

where Ay is defined by

N-1
Rps[a)(©) = Jim 3 SO G, P e () .EeSe,
k=0
if the limit exists in S[(S)*] (see [9, 16]). O

CONCLUDING REMARKS

Let E_, be the completion of E_,, with respect to the norm ||| - [||«,—, for every
p > 1. Then this becomes a Banach space with norm ||| - |||«,—p. Since for any
p > 1 the Laplacian Ay, is in £L(E_,), it can be extended to a continuous linear
operator in L(E_,). Our next problem is to discuss the operator in L(E_,) with
the stochastic process associated with the operator. The results of this problem
will appear elsewhere.
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