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TIME DELAYED PARABOLIC SYSTEMS
WITH COUPLED NONLINEAR BOUNDARY CONDITIONS
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ABSTRACT. The aim of this paper is to show the existence and uniqueness
of a solution for a system of time-delayed parabolic equations with coupled
nonlinear boundary conditions. The time delays are of discrete type which
may appear in the reaction function as well as in the boundary function. The
approach to the problem is by the method of upper and lower solutions for
nonquasimonotone functions.

1. INTRODUCTION

Parabolic partial differential equations with time delays have been given consider-
able attention in recent years, and various methods have been used for studying the
existence and stability of the problem (cf. [11 2l 4156, [7,[8,9,10, 11] 121 13} [14][15]).
Most of the earlier works are devoted to scalar parabolic equations using semi-group
theory and functional analytic approach (cf. [2, [7, [12] [14] [15]). The work in [7]
treats a coupled system of functional parabolic equations using the theory of dy-
namic flow for quasimonotone nondecreasing functions. Recently, the method of
upper and lower solutions has been used to treat a class of time-delayed para-
bolic equations for mixed quasimonotone functions, including quasimonotone non-
decreasing reaction functions (cf. [l [0] [10]). In all the above works the boundary
condition is linear and the time delays appear only in the reaction function. In
this paper we consider a system of time-delayed parabolic equations with coupled
nonlinear boundary conditions where the reaction function and boundary function
are not necessarily quasimonotone and the time delays may appear in the reaction
function as well as in the boundary function. Our approach to the problem is by
the method of upper and lower solutions for nonquasimonotone functions.

To describe the system we consider a bounded domain  in R™ with bound-
ary 02 and some positive constant vectors 7 = (m, -+ ,7n), T = (7], -+ ,TN),
representing the time delays. For any finite T' > 0, we set

D7y = (0,T], Sr=(0,T]x9Q, Dr=1[0,T]xQ,

(()i) = [_Fivo] X Qv _gf) = [_?iaT] X ﬁa @T = @;"1) X X _;“N)v
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where Q = QU IQ and 7; = max {r;, 7/}, i = 1,--- ,N. Denote by C(Dr) the
set of continuous functions on D7 and let C(Dr) = C(Dr) x --- x C(D7) taken

N-times. For any u = (uy,--- ,uy) in C(Dr) we write
u, =u (t,z) = (ur1(t —m,2), - ,un(t — v, 2)),
ur =u(t,x) = (u(t —71,2), - ,un(t — Tn, ).

Then the system of time-delayed parabolic equations is given in the form
8uz/8t — Liui = fi(t, T, u, uT) in l)T7

(1.1) Biu; = gi(t,z,u,u.) on S,
wi(t,z) = mi(t, z) in QY (i=1,---,N),

where for each ¢, L; and B; are the (uniform) elliptic and boundary operators given
by

" (4) 82ui " (4) 8uz
Liuy =) ayy (tx) 5= + 07 (t,2) oz, Tt o
J,k=1 j=1 J
Biu; = 0u;/Ov + B ug,

with 0/0v denoting the outward normal derivative on 092. It is assumed that 0€2 is
of class C'*<, and for each i the coefficients of L; and the first partial derivatives of

a%,)c are Holder continuous on Dy, ¢; < 0 and B > 0, and n; is Holder continuous

in Q((f). The functions f;(t,x,-),¢:(t,x,-) and G (¢,z) are Holder continuous in
their respective domains, and f;(-,u,v) and g;(-,u,v) satisfy the local Lipschitz
condition (2.5) in Section 2. It is allowed that L; = 0 (and no boundary condition
for the corresponding w;) for some or all . This means that problem (1.1) may
consist of a combination of ordinary and parabolic equations.

The purpose of this paper is to show the existence and uniqueness of a solution to
(1.1) by the method of upper and lower solutions. This existence result is obtained
without any quasimonotone condition on f;(-,u,u;) or on g;(-,u,u,s). We also
show that in the special case where f; and g; possess a quasimonotone nondecreasing
property then there exist two sequences which converge monotonically from above
and below, respectively, to the unique solution. These results are stated in Section
2, and proofs of these results are given in Section 3.

2. THE MAIN RESULTS

In addition to the general smoothness assumptions in the Introduction we need
a pair of coupled upper and lower solutions which are defined in the following.

Definition 2.1. Two smooth functions @ = (uy,---,uy) and a= (U, ,aN)
are called coupled upper and lower solutions of (1.1) if @ > @ on Q4 and if for each
i=1,---,N,

0t; /ot — Lia; > fi(t,z,u,v) for (u,v) €S xS with u; = 4,
0t 0v > g;(t, z,u,v) for (u,v) € S x S with u; = 4,

(2.1) 0, /0t — Lit; < fi(t,z,u,v) for (u,v) € S xS with u; = Gy,
0, /0v < gi(t, z,u,v) for (u,v) € S x S with u; = 4,
@it ) > mi(t,x) > ai(t,x) i QLY.



TIME DELAYED PARABOLIC SYSTEMS 1081

In the above definition inequality between vectors is in the component-wise sense,
and the smoothness of t, 1 is in the sense that these functions are continuously
differentiable to the order appearing in (1.1). The subsets S,S; and Sy are given
by

S={uelC(@Qp);a<u<uonQr},
(2.2) S ={vel(Qr);a, <v, <u,on Dr},
SQ = {V S C(@T)7ﬁ7" S Vo S ﬁT' on ET}

Notice that if the N-vector functions

f(~,u,v) = (fl('vuvv)v"' ,fN(',ll,V)),

(23) g(',u,v); (gl('vuvv)v"' 7gN('auaV))

are quasimonotone nondecreasing in § x & and S x Sp respectively (that is, for
eachi=1,--- N, fi(-,u,v) and g;(-, u, v) are nondecreasing with respect to all the
components of u and v except u;), then the inequalities for @1 in (2.1) are reduced
to

du; /0t — Lit; > fi(t,x,@,@,) in Dr,

(24) aﬁz/al/ Z gi(tvxvﬁaﬁ‘r/) on ST;
i(t,x) > mi(t, ) in QY (i=1,---,N),

and those for 0 are reduced to (2.4) with all the inequalities reversed. Similar
inequalities can be obtained if f(-,u,v) and g(-,u,v) are mixed quasimonotone
functions (e.g., see [0 [10]). We assume that a pair of coupled upper and lower
solutions u, & exist, and for each i = 1,--- , N there exist positive constants K;, K
such that

|fi(t7x7u7 V) - fi(taxau,avlﬂ < K’L(|u - ll/| + |V - V,|)
for (u,v), (', v') € § x Sy,

2.5
B e — gt V)] < Kiu |+ v = V)
for (u,v),(u',v') € § x Sa,
where |w| = |wy |+ - -+|wy]| for any w = (w1, -+ ,wy) in RY. Our main existence-

uniqueness result is the following.

Theorem 2.1. Let 01, u be a pair of coupled upper and lower solutions of (1.1), and
let condition (2.5) hold. Then there exists a unique solution u* = (uf,--- ,uy) €S
to (1.1).

If the functions f(-,u,v),g(-,u,v) are quasimonotone nondecreasing, then for
any initial iteration u(® we can construct a sequence {u®)} = {ugk), e ,ug\]f)}
from the linear iteration process

Eiugk) = F(t, z, u(k’l),u(Tk_l)) in D,
(2.6) Biugk) = Gi(t,z,ukF=1, u(kfl)) on St,

T/

ugk)(t,x):m(t,x) in Q((,i) (i=1,---,N),



1082 C. V. PAO

where
(2.7)
Liu; = 0u; /Ot — Liu; + Kjug,  Byu; = Bug + Klu,,
filt,z,uyur) = Kus + fi(t, z,u,u,), Gi(t,z,u,u) = Klu + ¢i(t, 2, u,u,0)
(i=1,---,N)

and K; and K/ are the Lipschitz constants in (2.5). Denote the sequence by {@*)}
if u® = @, and by {u®} if u® = @. Then we have the following monotone
convergence of these sequences.

Theorem 2.2. Let the conditions in Theorem 2.1 be satisfied. If, in addition,
f(-,u,v) and g(-,u,v) are quasimonotone nondecreasing in S x S and S x Sa,
respectively, then the sequences {@®}, {u®} converge monotonically to the unique
solution u* € §. Moreover,

(2.8) a<u® <u ) <u <altb <a® <a on Qp
for every k =1,2,---.

Remark 2.1. Theorems 2.1 and 2.2 remain true if some of the boundary conditions
in (1.1) are replaced by the Dirichlet condition w; = g;(t,x). The proof for this
case is the same as that given in Section 3 except with a slightly different integral
representation from that in (3.5) (see [3], 9, [I10]).

As an application of the above theorems we consider a two-compartment model

in generic repression which is given by (cf. [0, 1T, [5])

Ouy /0t + (a1 + b1)ur = aqug + f(v1(t — 11, x)),

0v1 /0t + (az + b2)v1 = agvs,

811,2/8t — D1VQUQ + boug =0,
(29) 81)2/815 — DQVQUQ + bovg = COUQ(t — To, LE) in Dp,

Oua [0V + Prug = frur, Ova/Ov + [avy = [ovr on St,

Ul(o, J)) = 771(0) JJ), 'Ul(ta J)) = nf(ta J)), (_Tl S t S O)a

uz(t,x) =na(t,x), (=12 <t<0), v2(0,2)=mn;(0,z),
where a;,b;, 5; and ¢,, @ = 1,2, are all positive constants. The function f(v;) is
given by f(v1) = o(1+cyv])~! with o and ¢; being the kinetic constants and p > 1
being the order of repression (cf. [6], [L1]). It is easy to see by considering (2.9)

with u = (u1,v1,u2,v2) and L1 = Lo = 0 that for any positive constants M, M*
satisfying

(210) M > maX{n15n27U/b1}7 M > {nran;acoM/bQ}v

the pair u = (M, M*, M, M*) and G = (0,0,0,0) are coupled upper and lower
solutions. Since the Lipschitz condition (2.5) is clearly satisfied by the functions at
the right-hand side of (2.9), Theorem 2.1 ensures that for any non-negative function
n(t,x), problem (2.9) has a unique bounded global solution u* = (uf, v}, u3,v3). A
similar global existence result can be obtained for the three-compartment model in
[6], including some improved upper and lower solutions which can be used to study
the asymptotic behavior of the solution.
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3. PROOF OF THE THEOREMS
To prove Theorem 2.1 we first consider an equivalent system of (1.1) given by
Liu; = F;(t,z,u,u;) in Dp,
(3.1) Biu; = Gi(t,z,u,ur) on St,
wilt, ) = mi(t,z) inQY (i=1,,N),
where £;, B;, F; and G; are given by (2.7). It is clear from (2.1) and (2.7) that
(3.2) Litu; > Fi(t,z,u,v) for (u,v) €S x & with u; = 4,
Biu; > Gi(t,z,u,v) for (u,v) € S x S with u; = @,

and a similar relation for @;. We show that problem (3.1) has a unique solution if
F;(-,u,v) and G;(+,u,v) satisfy the following hypothesis.

Hypothesis (H). For each i = 1,--- N, F;(t,z,u,v) and G;(t,x,u,v) are uni-
formly bounded on Dy x RN x RN and satisfy the global Lipschitz condition

|F;(t,z,u,v) — Fy(t,z,u’,v')| < K;(Ju—u| + |[v = Vv']),

(3-3) |Gi(t, x,u,v) — Gi(t,z,u',v')| < F;(|u —u'|+ |v—V|)
for all u,u’,v,v' in RN,
Let T';(t, x; s,£) be the fundamental solution of L;, and let
IO ta) = [ it 0. €m0, €)d¢,
Q

(Fi(u7 uT))(ta J)) = E(ta xz, u(ta J)), uT(ta J))),
(Gi(u’ uT'))(th) = Gi(ta T, u(ta J)), Ur/ (t7x)) (Z = 17 U aN)7

where u(t,x) = n(t,x) when t <0 (cf. [3,B8]). Define an operator A; : C(Dr) —
C(Dr) by

(3.4)

(Aq)(t,z) = J(t,z) + tds Ti(t, z; s, &) (Fy(u,u,)) (s, €)de
- Lk,

t
+/ dS/ Fz(t;xasag)wz(svg)dg (Z:]-a 7N)a

o oN
where ;(t, x) is the density of the single layer potential and it is associated with

the functions F;(u,u,) and G;(u,u) (cf. [8], pg. 495). In the case L; =0, A; is
defined by

(3.6) (Au)(t,x) =0 (0,2) + /Ot(F(u, u.))(s,x)ds (x € Q).
By the integral representation for parabolic boundary value problems a solution
of (3.1), if it exists, may be expressed as
(3.7) u; = A;ju on Dr (t=1,---,N).
Define A : B, — C(Dr) by
Au = (Aju,--- ,Ayu) (ué€ B,),

where B, is the ball in C(Dr) with radius 7 > 0. Then equation (3.7) has a unique
solution in B, if A has a unique fixed point in B,.. We show this in the following.
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Lemma 3.1. Under the hypothesis (H) the integral system (3.7) has a unique so-
lution u* = (uj,--- ,uly) in By for somer > 0. Moreover, u* is the unique solution

of (3.1).
Proof. By (3.5) and the positive property of I';,

t
|&Ms@%+/@/fww@@mmmm&

/dif (b i, €) 4 (s, €| de.

Since u and u, are known when ¢ < 0, Hypothesis (H) implies that F;(u, u,) and
G;(u,u,) are uniformly bounded for all u,u, and u,s in C(D7r). By Lemma 9.6.1
of [8], ¥:(t, z) is bounded and continuous on St. In view of

[@Aﬁﬁm&&%ﬁ[®A£me®%<Q

for some constant C;, the uniform boundedness of F;(u, u,) and v;(t, z) ensures the
existence of 7; > o such that |A;u| < r; for all u € C(D7). It is obvious from (3.6)
that this relation also holds if L; = 0. By the definition of A we obtain || Au|| < r,
where r =71 + -+ 7y and || - || is the (maximum) norm in C(Dr).

Let 1, @ (t,z) be the density function corresponding to F;(ul®, u(Tl))
Gi(u®, u(l)), where [ = 1,2. By Lemma 9.6.1 of [8] there exists a constant K
such that

(3:8) 0t 2) — 0 (1, 2) < K7 u® —u®].

and

Using this relation and the argument in the proof of Lemma 9.6.2 in [§], we conclude
that A is a compact operator on B, into itself. The existence of a fixed point
u* € B, follows from the Schauder fixed point theorem. Finally, by the argument
in the proof of Theorem 9.6.1 in [8] u* is a classical solution of (3.1).

To show the uniqueness of the solution we let 7, = min{ry, -+ , 78,7, * , TN}
and consider problem (3.7) in the domain Dy = (0,7,] x £ (that is, with T' = 7).
Since u, and u,s are known in Dy, the argument in the proof of Theorem 9.6.1 in [§]
shows that the solution u* is unique on D; = [0,7,] x Q. Knowing the uniqueness
of the solution in D, a ladder argument ensures that u* is the unique solution
of (3.7) on D,, = (0,m7,] x Q for every integer m = 1,2,---. This proves the
lemma. ([l

Proof of Theorem 2.1. The proof is based on Lemma 3.1 for some modified func-
tions F(-,u,u,) and G;(-, u, u,/) which are defined to coincide with F;(-,u,u,) on
S x & and with G;(-, u, uT/) on § x 8§ and satisfy the conditions in Hypothesis
(H). For example, if we denote by [u], a vector in R? with o components of u € R
and white u in the split form

u=([ula,[us,u,) G=1,---,N)

for each i, where a;, b;, and ¢; are nonnegative integers satisfying a; + b; + ¢; = N
and
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then a possible choice of F;, G; are the truncated functions given by

Fi('a u, uT) F; ([ ](lm [u]bm [ﬁ]cm [ﬁT](lm [uT]bm [ﬁT]Ci)’
(3'9) éz(a u, uT/) = Gi([ﬁ](lm [u]bm [ﬁ]cm [ﬁT’](lm [uT’]bm [ﬁTl]Ci)
(Z':L... ,N)7

where a;,b; and ¢; may be different for different u. In other words, the modified
functions F}, G; are obtained from F; and G; by replacing the component u; by u;
whenever u; > 4;, and by 4; whenever u; < 4;. Hence the integer a; (resp., ¢;)
in the split form of u is the maximal number of components u; satisfying u; > @;
(resp., u; < @;). The above definition implies that the truncated functions F, and
G satisfy the conditions in Hypothesis (H). By Lemma 3.1 the modified problem
of (3.1) (that is, problem (3.1) with F}, G; replaced, respectively, by F; and (A}’Z) has
a unique solution u*. Hence to prove the theorem it suffices to show &1 < u* < u
on 37*.

Given any u € RN we write u = (u;, [u]y_1). By the Lipschitz condition (2.5),

[

Kt + fi(-, 0, [uln—1,ur) < Kyui + fi(c, i, [ulv-1,ur)
< Kia; + f(-, i, [ulny—1,u,) for (u,u,;) €S x S;.

This implies that the truncated function F} satisfies the relation

Fy(ty, [uln-1,ur) < Fj(ui, [u]y—1, 1) < Fi(@, [u]y_1,u,)

3.10
( ) for all u,u, € RV,

A similar relation holds for G;(u;, [u]x_1,u,). These relations and (3.2) yield
L;i; > Fy(u,u,) in Dr,

(3.11) R
Bi'ai Z Gi(u, uT/) on ST

for all u,u, and u,, in RY. Similarly, 4; satisfies the inequalities in (3.11) in
reversed order. Since u* satisfies (3.1) when F; and G; are replaced by F; and G;
we see from (3.11) that the function w; = @; — u} satisfies the relation

Eiwi = ,Ciﬁi - F‘i(u*,ui) Z 0 in DT,
Biwi = Bzflll - Gi(u*, ui/) 2 0 on ST,
w;(0,2) = 4;(0,z) —n;(0,z) >0 nQ (i=1,---,N).

By the positivity lemma for parabolic boundary value problems we obtain w; > 0
on Dp,i=1,---,N. This proves u* < i. A similar argument gives u* > 9. This
shows that u* is the unique solution of the original problem (3.1). The equivalence
between (3.1) and (1.1) ensures that u* is the unique solution of (1.1) in S. This
completes the proof of the theorem. O

Proof of Theorem 2.2. 1t is easily seen from the argument in [8] (see pg. 494)
for parabolic boundary value problems without time delays that the sequences
{@*}, {u*} goverened by (2.6) with @® = & and u(® = 1, respectively, possess
the monotone property in (2.8). This implies that the pointwise limits
lim ™ (¢, z) = a(t, z), klim uM(t,z) = u(t, z)
—00

k—oo
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exist and satisfy relation (2.8) where u* is replaced by u or u. Since by (3.5)—(3.6)
the sequence {u'®} given in (2.6) can be expressed as

W = Au* Y k=12 (i=1,---,N),

the dominated convergence theorem ensures that u; = A;u, i =1,--- , N, where u
stands for either @ or u. A regularity argument as that in [8,[9] shows that @ and u

ar

e solutions of (3.1). Finally, a ladder argument as that in the proof of Lemma 3.1

shows that @ = u and their common value is the unique solution of (1.1) in §. O

10.

11.

12.

13.

14.

15.
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