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ABSTRACT. We prove a second order formula concerning distribution of singu-
lar values of Toeplitz matrices in some cases when conditions of the H. Widom
Theorem are not satisfied.

1. INTRODUCTION AND NOTATION

In 1920 G. Szego proved a basic result concerning the distribution of the eigen-
values {)\,(cn)}k of the Toeplitz matrix
=1

To(f) = (fi—j):;zlo (fk = % /_: O d@)

associated with a bounded real valued function f on the interval [—m,7]: For any
continuous function F' one has

" () .
(1) limw 1/ F(f(6)) db.

n—oo n 21 —r

An analogous result holds for the singular values 3(1") > sén) > > ssl") of not

necessarily selfadjoint Toeplitz matrices T, (f). The analogue of (@) is

2) i D ) 1 | rson

n—00 n 2 J_,
Let
K={feL®(-mm): Y |kllfil> <ooyp,
k=—o0

M = ||fllcor m = dist (0, convR(f))

where R(f) denotes the essential range of f and “conv” denotes the convex hull.
For f € K we let

it = (S [af)
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1756 MILUTIN R. DOSTANIC

Then it is easy to see that each singular value of T, (f) belongs to the interval
[m, M] (see Lemma 1.2 in [7]).

2
Let t,(cn) = (s,(cn)) . H. Widom [7] proved a more exact formula than (Il) and (2)).

Namely he proved
Theorem 1. If f € K and G € C3[m?, M?], then

®) A (;G (8) -5 [ _clrop) d@)

=tr (G (T(HT(f) + G (T (HT() - 2T (G(f1)) -

We denote by T'(f) the infinite Toeplitz matrix (fz,]> - and by H(f) =
i,j=

( fi+j+1> the infinite Hankel matrix associated with the symbol f.
j=0

b=

If f e JK, it is obvious that H(f) is a Hilbert-Schmidt operator. Moreover,
|H(f)|; < ||fllx, where | - |2 denotes the Hilbert-Schmidt norm of the operator
H(f) acting on I? of the nonnegative integers. For the little bit of the theory of
trace class (i.e., nuclear) and the Hilbert-Schmidt operators that will be needed we
refer the reader to [3].

It is easy to see that T'(f) = (T'(f))" and hence the operators T'(f)T(f) and
T (f)T(f) are selfadjoint. Therefore, operators G (T'(f)T(f)) and G (T (f)T(f))
are defined by the spectral theorem. If f > 0, the operator T(f) is obviously
nonnegative.

In the case of eigenvalues, formulae similar to (B]) are established in [I] and [4] but
under much more restrictive assumptions on G (which is assumed to be analytic)
and on the symbol f.

The function G in Theorem 1 is given in terms of the function F in relation (2)

by G(A\) =F (\/X) For G to belong to C? it is not enough that F belongs to C®

but we also must have F'(0) = F”(0) = F'’(0) = 0 (in the case when m = 0).

It is conjectured in [7] that the condition F' € C3[0, M], F’(0) = 0 (in the case
m = 0) is sufficient for the statement of Theorem 1.

Essentially, in the case m = 0 it is necessary to prove Theorem 1 when F(\) =
A7 and 3 small enough. In this paper, we shall prove formula (@]) in the case m = 0
and when the conditions of Theorem 1 are not satisfied.

2. REsuLT

Theorem 2. Let f € K and m = 0. If F(\) = A* (o >2), or F € C%[0, M],
F’(0) = 0, then the operator

s—r (VIrw) + F (Vrur®) - e
is of the trace class and
(4) lim. (iF(sé’”) - CFP(rO) d@) s,
k=1 -

Remark 1. Theorem [is stated for the case m = 0. If m > 0, @) holds according
to Theorem [ (Of course, in that case the condition F’(0) = 0 is superficial.)
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In the proof of Theorem Bl we will use the following Lemma of Lizorkin [5]:

Lemma 1. Let « > 1, 0 > 0. Then

(07 =aep (<522 ) [Tt (A=)

o s

where ¢ is a nondecreasing function of bounded variation and A = exp(—ima),

0(§) = > ag, where ay are positive numbers related to Fourier coefficients ¢, of
k<&
the function (i\)® e 2o by
cp = Aage kT

T

Here the function (i\)®e’* %> is assumed to be periodically extended from
(-0, 0) to the entire real line. Our convention is 27 = Y™ # Inz = In|z| +iarg z,
0<argz<2m.

Lemma 2. If 1 < a < 2 and M > 0, then there exists a nondecreasing function
00 of bounded variation, such that for each \ € [0, M?]

[e.¢]
A\ Q :/ 67i27ra7iM2tei)\tdQO(t)

—o0
holds and [ t*doo(t) < oo.
Proof. We apply Lemmal[ll with o = M?2. Since A > 0, wehave (i \)* = ¢z \ ¢
and thus
NP if o _ pmma i / el (A=M?)E do(€),
ie.,
37i o0 L2 .
)\a = e S / e_zM Eezk(g_ﬁ) dg(g)
—0o0

Substituting £ — 557z = t, 0o(t) def 0 (t + 2’;\2’2) in the last formula we get

oo
A — / o 2mi o =i M?t i At doo ().

—0o0

The last formula holds for A € [0, M?] and a > 1. Since g is a function of bounded
variation, so is gg.

We will show now that for 1 < a < 2,
(5) / £ doo(t) < oo.
Since gg is a function of bounded variation, applying the Cauchy inequality to (5]
we get

/ ] doo () < oo.

Since go(t) = 0 (t + 2’;\;[’2), in order to prove (B it is enough to show that

/OO t2 do(t) < oo.

—0o0
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From the way the function p is defined it follows that it suffices to prove

ZnQan < 00

nez

where a,, is the sequence of positive numbers from Lemma [ (with o = M?), i.e.,
the convergence of the series

(6) S (1),
ne”

where ¢, are the Fourier coefficients of the function (i A\)®e’*2x? on the interval

[—M?% M?]. Since
M2 . .
o IATQ I AnT
/M2(Z/\> exp (W) - exp <— e ) d\

+1 s
M2\ _ ias
= (— . (ix)%e 2 e "™ dx,
7r -

™

in order to prove the convergence of the series (@) it is enough to prove that for
1 < a < 2 the series

Z(—l)”nQ/ (ix)ae%e_im dx
nez -

converges.

Since « > 1, integrating by parts twice and having in mind the definition of
the function z — 27, we conclude that the convergence of the above series will be
established once we prove that the series

> (-1)"4,

ne”Z

_g iax

converges for 1 < a < 2. Here 4, &f f:r(z x)*® 2e 2 e~ dz. Consider now
the behavior of A, as n — oco. If n > 0, one gets

a\l-« iro W(n_%) . 3ria
A, = (n——) —e 2 / te—2p=it gr _ ™%
2 0

”(”—7) .
/ =2t dt| .
0

Since for 1 < a <2 [;7t*2e*dt =T(a — 1)e*'5(*~1) we obtain

11—« . ina S .
A, = (n— %) [if‘(a —1)(e¥ 1) +e T /( )tO‘*Qe*”dt

T / t“‘%“dt] .
w(nfﬁ)

2
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Integrating by parts, we get

/ﬂ:;)ta%“dt = (=) (” (”— %))aiz-ei T+ 0(n*7Y),

/,:(x;&) to et dt = (—1)" (7r (n — %)) " e +0 (7)), n— o,

A= (=) fir(a ) (@ 1) 0 (00 )]

o0
Therefore, the series Y (—1)"A,, converge. In a similar way one shows that the
n=1

series

also converge. O

Remark 2. From Lemma 2 (by integrating over A\) we obtain the representation

a+1 oo —2mia—iM2t e —1
(7) AT = e : T(a—kl) dpo (t),

forl<a<2,X€ [O,Mﬂ.

Let dv = O‘i—tldpo. If 1 < a < 2, then the function py does not have a jump at
the t = 0, hence

+oo
/ t|*d|v| < 0o for k=0,1,2,3

—0o0

(Jv] is a variation of measure v). From (), putting 8 = o + 1, we get
+oo
(8) M= / e 2miamiMA NGy, (1) — A, 2 < B<3,A€ [0,M?],
and
—+oo
A= / e—27rioz—iM2t dv (f,) .

We write P, for the projection operator, defined by
P, (xo,21....) = (o, 21,22, ... ,Tpn-1,0,0,...)

from [? to the subspace of I2 on which T},(f) may be thought of as acting. We
identify T),(f) with P, T(f)P, in the obvious way. We define an operator Q,, on [?
by

Qn(xO;xla'“) = (xnflaxnf%"'7x1;x0a070a"')'

For f € L®(—m, ) we define f(0) = f(—0).
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Lemma 3. 1) For any f,g € L*°(—n, ) we have

T(f-9)=T(f)-T(9) = H(f)H(9), i
Tn(f : g) - Tn(f) : Tn(g) = PnH(f)H(g)Pn + QnH(f)H(g)Qn

2) If f € K, then we have f € K, |f|? € K, ¢/ € K (Vt € R) and
11721l x < const|flx,
He“fHK < const - [t| - || fl k-

Proof. 1) Routine computation. (Or see [2], Propositions 2.7 and 3.6.)
2) Can be proved in a same way as Proposition 1 in [6]. O

Lemma 4. If f € K, 1 < a < 2, then the operator (T (|f|?))" — T (|f]*®) is
nuclear.

Proof. Integrating the identity
d islf12) gmisT(171)
& (T () e )
= [ (e il ) =1 () 7 (i 72)] T
on the interval [0, ¢] and multiplying the result by ¢ *T(111) on the right, we get
t
(9) T(gam)_emﬂuﬂ__/’H(aam>,H<4fr)a@sﬂ(ﬂﬂd&
0

Since f € K, we have ¢'*//I" € K, i|f|> € K. Applying Lemma B formula (3)

yields
= [ () o)

for all ¢ € R, since the operator it=9T(I11%) i unitary. Here |-|; denotes the nuclear

‘T@MN>_JWWW

, )
norm of an operator. Since the operators H (e”mz) and H (z ‘f‘ ) are Hilbert-

Schmidt, their product is nuclear, and thus, according to Lemma [ (statement 2))
we get

() H (iF1)] < o Isl- 171
co 1s independent of s), and thus
( p ,
it|f|? itT(|f1?) 2 el €0 ,2 2
(10) T () = U] < collflc | sds = S
According to Lemma 2]

(T (|f|2))a /Re—Qm'a—z‘MzteitT(lf\z)dQO(t)7

|f|2a _ /e—Qm'a—iMztemf\?dQO(t),
R

and thus,

T(|7Pe) = [erimia b () dgo)
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Therefore,

(@) = (1gpe)) = [ embriomaeie (0) p (o1) ) ()

Inequality (I0) shows that the integral on the right side in the formula above,
converges in nuclear norm and thus ((7" (| f|?)) - (|f1?*)) is a nuclear operator.
Moreover,

(@) =T (7)), < PUrlE [ #deot®) < 400 (by Lemma 2)
R
|
Lemma 5. If 1 < a <2 and f € K, then
Tim e (Tul12) " = Tull12)) = 26 ((T(S12) " = TUF2)) -

Proof. In a same way as we proved (@) we get
T, (eitlf\2) _ eitTu(If1?)
— /t |:Tn (eislf\2i |f|2) -7, (eiS\fIQ) T, (Z |f|2)} ei(tfs)Tﬂ(\fF) ds
0
and thus by Lemma [3
t

7, () 0 = [ [eum (40 (1172 P

by )= [ r)
YO H (eis\f|2) H(i|f]?) Qn] =T (1£1%) 4.

From Lemma[Z we obtain

(@ (P =7 (1£17))
= /Re*%”‘a*iMQt (eitT"(‘fF) - T, (eitlf‘2)) doo(t) (I<a<?2).

It follows from (1) that

(12)

‘Tn <e7ﬁt|f‘2) _ eitTn(‘fF)‘ < const |t|2, Vvt € R.
1

(const does not depend on t and n) and thus, since [, [¢|? doo(t) < oo, by the same
arguments as in the proof of (14) in [7] and by the Lebesgue theorem on dominant

convergence, (1) and ([2)) give
Tim e (Tull12) " = TullF2)) = 260 ((T(S12) " = TAF2)) -
([l

[e%

Lemma 6. If f € K, 1 < a <2, then the operator (T(f)T(f)) “ +(T(NHT(f))" -
2T (|f|**) is nuclear and

tim_ b [(T.(F)Ta() * = Tull72*)]

n—oo

=t [(TOT)" + (@NHTT) " —27(f12)].
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Proof. By Lemma [2l we have

(THT)" = Tu (1F15)

(13) _ /Oo p—2mi a—i Mt (eitT(?)T(f) _ eitT(\f|2)) doo(t).
—oo
Since [/ T(NTW) — i tT(1%) ) < const - [t| (t € R), and [ [t| doo(t) < 400, the

(03

integral in (I3) converges (in nuclear norm) and thus the operator (T'(f)T(f))  —
T (|f|2) “ is nuclear. In a similar way we prove that the operator (T(f)T(T)) -
T, (1f1%) “ is nuclear. Thus (T(HT(f)) “ ¥ (T(HT(f)) Y (1f1%) “ is also nu-

clear. Therefore, according to Lemma[4] the operator (T(?)T(f)) Yy (T(f)T(T)) >
2T (| f[**) is nuclear. Since et 1T (NT() eitT’L(lf‘2)‘ <dp-|t| (t € R, do is inde-
1

pendent of n and t) and [ |t[doo(t) < +o0, it follows from
(Tn(?)Tn(f)) ¢ - Tn (|f|2) :
0 . . 2 . — . 2
:/ p—2mia—iM>t (ethn(f)T(f) — i tTn(lf )) doo(t)

—0o0

that
lim tr (Tu(F)T(£) " =T (12))

n—00

_ /Oo e—2mia—i Mt 10 gy (eitT”(?)T(f) _eitT,,L(\fF)) doo(t).

n—oo
— 00

From relation (14) in [7] and from Lemma 2], the last equality becomes
(14) Tim o (THT() " =T (172)°)

= ((TOT) " +(THTD)" =27 (1f13)°)
From (I4) and Lemma Bl adding, we obtain

T o [(Ta(DTu() T (1£12)]
=t [(@DTW) "+ (TNTD) " =27 (172)].
O

Remark 3. By using representation (8) by the same method as the one used for
proving Lemmas 4, 5, 6 one can show that:

2\ 7 28\ .
Lemma 7. If f € K and 2 < 3 < 3, then the operator T (|f| ) -T (|f| ) is
the trace class and the following holds:

oo |7, (1) = 7 (1727) ] =2 (17) 7 (107)]

Also, The operator (T(?)T(f))ﬁ + (T(f)T(?))B — 2T (|f|*#) is the trace class and
the following holds:

lim tr [(Tn(?)Tn(f))ﬁ -7, (|f|26)}

n—oo

= w (1) + (@HTF)’ —2r (1777)].



THE DISTRIBUTION SINGULAR VALUES OF TOEPLITZ MATRICES 1763

3. PROOF OF THEOREM 2

Note that Theorem 2 holds for the functions A — A%, A — At and A — X ¢
(a > 6) as a consequence of Theorem 1. In other words,

lim Y s(n)a—ﬁ 7rf@o‘de>
) Tim. (Z( ) - | e
=t |(T(HT(H)* + (@WHTF)* -27 (7).

for « = 2,4 and a > 6.

From Lemma 6 and Lemma 7 we obtain that (IJ) also holds if 2 < o < 4 and
4 < o < 6. Therefore, formula @) holds if FF(A\) =A% and a > 2.

Now let F € C%[0,M?] and F’(0) = 0. Then, for the function Fy(\) =

6
> %/\k we have

k=2
Jim (ZF (s”) - 5= / Fo (1£0)) d0>
—u & (VI@rn) + m (VIorD) - @)

Let R(A\) = F()\) — Fo()\). The function A — R(v/\) satisfies the conditions of
Theorem 1 and hence

JLH;O<ZR ) -5 Rs@D )

—u [r(VI(rw) + r (VIr®) -2 as)|.

Adding ([I6)) and () one gets ). (The operators on the right-hand side of (I6)
and (7)) are nuclear and so is their sum, i.e., the operator S is nuclear.)

(16)

Remark 4. The question of whether the condition F’(0) = 0 in Theorem 2 is nec-
essary remains open. To answer it affirmatively it is enough to find the example of
a function f € K such that m = dist(0, convR(f)) = 0 and

Jim (ZS(”’ o [ ir@as

—T

~tr WT(?) () +JT(HT —2T<|f|>]> £0.
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