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A THREE-CURVES THEOREM FOR VISCOSITY
SUBSOLUTIONS OF PARABOLIC EQUATIONS
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(Communicated by David S. Tartakoff)

ABSTRACT. We prove a three-curves theorem for viscosity subsolutions of fully
nonlinear uniformly parabolic equations F(D?u,t,z) — ut = 0.

0. INTRODUCTION

Three-curves theorems play a central role in the qualitative theory of partial
differential equations, starting with Hadamard’s classical three-circles theorem for
the real part of an analytic function. Briefly stated, this theorem says that if Au > 0
in a domain Q C R? containing two concentric circles of radii r1, 72 and the region
between them and if M (r) denotes the maximum of u on any concentric circle of
radius r, then M (r) is a convex function of logr. An application of this is Liouville’s
theorem: functions harmonic in the plane, except possibly at one point and bounded
either above or below, are constant. In n dimensions, the three-spheres theorem
states that if Au > 0 in a domain 2 C R™ containing two concentric spheres of
radii 71,72 and the region between them and if M (r) denotes the maximum of u
on any concentric sphere of radius r, then M(r) is a convex function of 72~". A
three-cylinders theorem for linear parabolic equations appears in |G].

In this paper we prove the fully nonlinear analogue of a three-curves theorem
which appears in [PW] for the 1-dimensional heat equation. Specifically, in Theorem
1.1, we prove the following. Suppose u is a viscosity subsolution of the uniformly
parabolic nonlinear equation F'(D?u,t,z) —u; = 0 (with F(0,-) = 0) in any region
containing two concentric concave paraboloids of opening 2p1_2 and 2p5 2 and the
region between them (see below for more details). If M(p) denotes the maximum
of u on any concentric concave paraboloid of opening 2p~2, with p; < p < pg, then
there exists an a priori function ¢(p), such that M (p) is a convex function of 1(p).

Let M > 0, z € R". We say that P(x) is a paraboloid of opening M if P(x) =
£ 2|24+ 1(z) + Lo, where [ is linear and Iy is constant. P(z) is convex if + appears

2
and concave if — appears. So for tg,p > 0, the equation t = to — @ denotes the

graph of a concave paraboloid of opening p% with vertex at (¢9,0) € R"*! which we

will henceforth write as p = \/K%t By concentric concave paraboloids of opening

2p1_2 and 2p5 2 we mean these paraboloids have common vertex (to,0).
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Our region Q C R"*! is described as follows. @ is bounded below by the line
t = 0 and above by the line ¢t = ¢/, where t < t5. Q is bounded laterally by

|| |=]

the arcs of the paraboloids p; = N and p2 = N of openings 2p; % and

2p5 2 respectively, with p; < ps. Geometrically, Q is a concave paraboloid shell,
truncated just below the vertex (to,0). For p1 < p < pa, define the functions
Mi(p)= max__ult,a),

[z|=pv/To—1
0<t<t’

M, = max u(0, z),
p1vito<|z|<p2vio
M(p) = max{ M (p), M},

Hence M (p) = maxq u.

We now make a few brief comments about viscosity subsolutions of parabolic
equations. For f € C(Q) and positive constants A < A, S(\, A, f) denotes the
class of viscosity subsolutions of the equation M™(D?u, \,A) — u; = f(t,x). That
is, u € C(Q) and satisfies MT(D?u, \,A) — uy > f(t,x) in the viscosity sense,
where for any real n X n symmetric matrix M

MEMNA) = MY (M) =AD e+ XD e

e; >0 e; <0

where e; = e;(M) are the eigenvalues of M. By diagonalizing M, it can be shown
that M™ is subadditive. That is, MT(M + N) < M*T(M) + MT(N) for any
symmetric matrices M, N.

In general, a function u, continuous in a bounded domain Q C R"*1, is a viscosity
subsolution of the fully nonlinear parabolic equation

F(D?u(t,x),t,x) —ui(t,x) = f(t,x), (t,x)€Q,

if the following condition holds: if (tg,20) € @, ¥ € C*(Q) and u — 1) has a local
maximum at (to, zg) (i.e., ¥ touches u from above at (to,x¢)), then

F(D*Y(to, o), to, x0) — ¥e(to, m0) > f(to, o).

Finally, it is known (see Proposition 2.13 [CC]) that viscosity subsolutions of
F(D%u,t,x) —us = f(t,z) belong to the class ﬁ(%, A, f(t,x)— F(0,t,2)). Soif uis
a viscosity subsolution of the uniformly parabolic nonlinear equation F(D?u,t,x)—
u; = 0 and F(0,-) =0, then u € ﬁ(%, A, 0). Our Theorem 1.1 applies to this class
of functions. See [CC] (Chapter 2) and [W] (Chapter 3) for a complete discussion
about viscosity solutions of fully nonlinear equations.

We will need the following lemma, which appears in [CC] for the elliptic case
and in [W] for the parabolic case.

Lemma 0.1. Let u € S\ A, f), ¢ € C*(Q) and suppose MF(D?p(2),\,A) —
wr(2) <g(z)Vz=(t,x) € Q. Thenu—p € S\, A, f—g) in Q.

Proof. Let 1 be any C?(Q) function touching the graph of u — ¢ from above at the
point 2o = (to,z0) € Q. Then ¥+¢ € C?(Q) and touches the graph of u from above
at zp. Since u € S(\, A, f), we have M (D?(+¢)(20)) — (¥ +0)(20) > f(20). By
the subadditivity of M*, this gives M (D?(20))+M™ (p(20)) — i (20) — @i (20) >
f(20), which by assumption on ¢ yields M (D?(20)) — 11 (20) > f(20) —g(20). O



A THREE-CURVES THEOREM 1511

1. MAIN THEOREM

Before we state Theorem 1.1, we make some comments concerning the maximum
principle which relate to our theorem. For simplicity, we make these remarks for the
linear setting, Lu — u; > 0, where L := a% (¢, x)%, the a% (¢, ) are measurable
and satisfy A|¢]? < a¥(t,x)¢7¢7 < A|€J%, V€ € R™. The same comments hold true
for the class S(\, A, 0).

Let M(p) be defined as above. If u is nonconstant and satisfies Lu — uy > 0
in @, then by the maximum principle, M (p) cannot be constant in any interval,
nor have an interior maximum. Moreover, M (p) cannot have a relative maximum
(since u is a subsolution) and so has at most one minimum. Hence M(p) either
always increases, always decreases or first decreases and then increases.

Three-curves theorems rely heavily on the maximum principle. In our three-
paraboloids theorem, we use the maximum principle in the following way. Suppose
Lu —u; > 0 in Q. We define a function ¢(p) = a + bip(p), where constants a, b
(with b > 0) are chosen so that ¢(p1) = M(p1), p(p2) = M(p2) and Ly — ¢ <0
in Q. This gives Ly — o3 < Lu — uz in @ and u < ¢ on 9'Q). By the maximum
principle, u < ¢ in @ and hence M (p) < ¢(p) for p € (p1, p2)-

But to do this, since Ly — ¢ = b(LY — ;) and b > 0, we need ¢ to satisfy

Lyp — 1 < 0. Yet b = % and b > 0 implies that (p) is increasing or

decreasing with M (p). Thus we need to find a function ¢ (p) which is an increasing
supersolution and another function ¢ (p) which is a decreasing supersolution. We
denote the increasing supersolution by ¢4 (p) and the decreasing supersolution by
¥_(p). The explicit forms of 14, ¥_ in the fully nonlinear setting are given in
equations (3) and (4). Hence in our nonlinear setting, it is not a single function
¥ but a pair (¢4,1_) which satisfies the conclusion of our Theorem 1.1. This
unavoidable feature occurs even in the linear case for subsolutions of uniformly
elliptic equations with measurable coefficients Lu := a% (2)u,i,; = 0 in the simple
case of spheres |x| = r, where r € (r1,72). See Chapter 2.12 in [PW] for a complete
discussion of three-curves theorems for elliptic equations.

Of course, if 9 is a solution to the differential equation, then so is ¢ (indepen-
dent of the sign of b) and the single function ¥ will satisfy the desired convexity
inequality. It is this situation that lends itself most easily to applications. In partic-
ular, for the three-spheres theorem for Au > 0 in a spherical region in R™ (n > 3),
(r) = r>=", while for the three-paraboloids theorem for Au — u; > 0, the single

2
¥ that works is 9(p) = (f jﬂ_/f dr. See equation (6) in our proof of Tychonov’s
theorem, which is an application of the three-paraboloids theorem for the heat

equation.

Theorem 1.1. Let u € S = S(\,A,0) in a domain Q C R*™! containing two
concave concentric parabaloids of opening 2pf2 and 2py 2 and the region between
them. If M(p) denotes the mazimum of u on any concentric concave paraboloid of
opening 2p~2, with p1 < p < pa, then there exists a differentiable function 1(p),
depending only n, A\, A and p, such that

(1) M(p) < M) Wle2) - fﬁéﬁ)i + %ﬁ)(w) — (o)
||

Proof. For p = T define the function ¢(p) = a + by)(p), where constants a, b
(b > 0) are chosen so that ¢(p1) = M(p1) and p(p2) = M(p2). We will find
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such that v = u — ¢ € S(\ A, 0) and then apply the maximum principle to v on
Q. Since u € S(\,A,0) and ¢ € C?(Q), by Lemma 0.1, we need only show that
MT(D2p(t,z),\,A) — pi(t, ) <0, V(t,z) € Q.

From ¢g,2, = b{¢"(p)pw,pz; + V' (p)pa,x, } and ¢©r = by’ (p)py, direct calcula-
tion gives

(2)
b )’ b - p
wows (b 1) = ———— Q" s + — (6;]x|? — 2 }, L) = —/—n .
Pz, _7( ) |£C|2(t0—t) {w J P ( J| | J) @t( ) Q(to—t)
That is,

2 _ b T w ¥ Yo
Det,0) = pey {7 (5 ) + el

and for the matrix inside the braces, %|x|2 is an eigenvalue of multiplicity n — 1,
while |x|?" is an eigenvalue of multiplicity 1. Say 1’ > 0. Then if " > 0,

—# _ ﬂ 2 2 //}
~ =g A Dl + et

S {o-nL el

MF(D*p(t,2))

T lo—t

and hence

bA / ’
MH(D2p(t, 7)) — pult, ) = p— {(n— 1)% L — %}

bA 1 p(n—1 P
wer e (5w
b

P _ EI 2 2 1
- s {A(n DSl + Al }

LW ELIAS

while, if ¢/ < 0,

MF(D?p(t,2))

Tt ) P
and hence

bA An=1) ¢ wp
HD?*p(t,x)) — it ) = —— o + ———= . — - 2L
MEDPplt, ) = ult o) = o {ur o B

_ bA " s P
to—t{w +w(p 20 ) J 7

where 01:M~ Since n — 1 < ¢1, both cases for ¥’ > 0 give

B MDA - < o (e (2= K )} =0

for

2
P oer /4N
dr

Y =14(p) = /

C1
a r

and K is either X\ or A. Now suppose ¢’ < 0. If ¢” > 0, then as before

tom2 o DA v, An—1) ¢
M) = oo {2 2
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and hence
bA c
+(D2,) — _ " 12 P
MH(D?p) — ¢, —to_t{¢ +9 (p ZA)}’
where ¢o = 221 while, if ¢ < 0,
bA !
w0t = 2 Lo s -2
to—t p
thus

+P2,\ bA % ’ n_l_ﬁ
M%) = o= o vw (PSR- £}

Since ca < n — 1, both cases for ¢’ < 0 yield

bK Ca P
4 +(D?2 _ < " ’ _ _
@ M) -t < o fur (22 £) ) o0

for
B or? /4

v =1v_(p) ::/ e ar
P

Thus in all cases, we have a function ¥ (p) = 1 (p, n, A, A) for which M*(D%p, X\, A)—
©r <0 in Q, which setting v = u — ¢, gives v € S(0) in Q. We now show v <0 on
d'Q. Recall that M (p) = max{Mi(p), M2}, where for p; < p < pa,

Mi(p) = max  u(t,z), My = max u(0, x).
|z|=pv/to—t p1vto<|z|<p2v/to
o<t<t’

On [z| = p1vto — ¢, v = u—p(p1) < Mi(p1) — ¢(p1) < M(p1) — ¢(p1) = 0. The
same inequalities show that v < 0 on |z| = p2y/to — t. Finally, on {t =0} N Q, we
have v(0,z) = u(0,z) — ¢(p) < M2 — ¢(p) < 0. Thus v < 0 on &'Q and hence by
the maximum principle for viscosity subsolutions, v < 0 in Q. That is, u < ¢ in Q.
Hence M (p) < ¢(p), which gives us (1). O

Ifu € S(\, A, 0), Theorem 1.1, applied to —u, along with the identity max(—w) =
— minw, immediately yields (1) with the inequality reversed and m(p) in place of
M (p), where m(p) = mingu. Since S(A\,A,0) = S(A\,A,0) N S(\A,0), setting
w(p) = M(p) — m(p) and adding these inequalities gives the following convexity
inequality for the oscillation of viscosity solutions.

Corollary 1.2. Let u € S(\,A,0) in a domain Q C R™* ! containing two concave
concentric parabaloids of opening 2,0;2 and 2p§2 and the region between them. If
w(p) denotes the oscillation of u on any concentric concave paraboloid of opening
2p~2, with p1 < p < pa, then
o) o) < ZoD () = V) + wlp2) (Wlp) = o))
B ¥(p2) — (p1)

In the linear setting, a simplified version of Theorem 1.1 yields a uniqueness
result for slowly increasing solutions of the nonhomogeneous Dirichlet problem

Au—u = f, (t,z) € (0,T) x R™,
u(0,2) = g(x), = €R™,

originally due to Tychonov. Our proof is a generalization of an argument which
appears in [PW].
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Theorem 1.3. Let u,w € C(Q) be solutions of Au — uy = [ in the strip Q =
(0,T) x R™ with u(0,z) = w(0,z) = g(x). If there are constants ¢, ca such that

lu(t, z)|, [w(t,z)| < 1™ uniformly for t € [0,T),
then u = w in Q.

Proof. If v satisfies Av — v; = 0 in the paraboloid region @) of Theorem 1.1, then
setting ¢(p) = a + by(p), an easy calculation using (2) shows

(6) Ap(t,w) - pult, ) = to%t{wuw’ <”le - g)} 0

for

and thus we obtain convexity inequality (5) for w(p) = oscgv and ¥(p). So for
u,w in our theorem, set v = u — w, put tg < ﬁ and apply inequality (5) to v in
Q1 = [0,%] x R", where Av —v; = 0 and v(0,2) = 0. Now let p; — oo in (5).
From the trivial inequality oscv < 2maxv we have w(ps) < 4016“’”3“0”5). Since
2
W (p2) = py e T with ca(to — t) — 1 <0, we have lim ;Ezzg = 0, which by (5)
p2—0
yields w(p) < w(p1). Letting p1 — 0, we see that the oscillation of v in @1 occurs
on the hyperplane z = 0, which by the maximum principle implies w = 0 in Q.
Hence v is constant in Q;. But v(0,2) = 0 implies this constant must be 0, so
v =0 in Q1. Repeating this process, now using t = %0 as the initial line, we find
that v =0 in Q2 = [%‘), to] x R™. After a finite number of steps, we get v =0 in @
and hence u = w in Q. O
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