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ENDPOINT ESTIMATES
FOR THE CIRCULAR MAXIMAL FUNCTION
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(Communicated by Andreas Seeger)

ABSTRACT. We consider the problem of endpoint estimates for the circular
maximal function defined by

Mf(z) = sup
1<t<2

/ [z —ty)do(y)

Jst

where do is the normalized surface area measure on S1. Let A be the closed tri-
angle with vertices (0,0), (1/2,1/2), (2/5,1/5). We prove that for (1/p,1/q) €
AN {(1/2,1/2),(2/5,1/5)}, there is a constant C' such that ||Mf|Lq(r2) <
C||f||Lp(R2)- Furthermore, ”Mf”LE’vOO(R?) < C||f||L5/2,1(R2)~

1. INTRODUCTION AND STATEMENT OF RESULTS

Bourgain [B1] showed that the circular maximal function defined by

sup
t>0

flz - ty)dff(y)‘
Sl

is bounded on LP(R?) if p > 2. Mockenhaupt, Seeger and Sogge [MSS] later found
a new proof of this result based on their local smoothing estimates. Their result
actually implies that if one modifies the definition so that the supremum is taken
over 1 < t < 2, then the resulting maximal operator M (see below) is bounded
from LP(R?) to LY(R?) for some ¢ > p. Here M is defined by

(1.1) Mf(x)= sup

1<t<2

flz - ty)dff(y)‘ :
Sl

Let A be the closed triangle with vertices P = (2/5,1/5),Q = (1/2,1/2), R = (0, 0).
Schlag [S] showed M is bounded from LP(R?) — L%(R?) if (1/p,1/q) lies in the
interior of A. His result was obtained using a combinatorial method. A different
proof was later obtained by Schlag and Sogge [SS] which was based on some local
smoothing estimates. It can easily be shown that M cannot be bounded from
LP(R?) to LI(R?) if (1/p. 1/q) € ([0,1] x [0,1]\ &) U{(1/2,1/2)} (see ], [S5]).
Thus, when (1/p,1/q) € (R, P]U[P,Q), the LP — L9 estimates for M are still open.
In this note these remaining endpoint estimates are considered. The following is
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our main result which gives the complete type set for M except for the L?/2 — L5
estimate.

Theorem 1.1. Let M be defined by (1.1). Then for (1/p,1/q) € A\ {P,Q}, there
is a constant C such that

M fllLarey < Cllf[(r2)-
Furthermore || M f||ps.cr2) < C|| fll 1521 (r2)-

Theorem 1.1 will be proven using some sharp Carleson-Sjolin type estimate for
the 2-dimensional wave equation. Let us define

Uuf(a) = [ el feyas.
R2
In Section 2, we will show the following LP — L9 local smoothing estimates.

Proposition 1.2. If supp f C {£ € R? : |¢| ~ N}, then for 1/p+3/q = 1,
14/3 < g < o0,

2 1/q
(12) ([ [ os@iraac) < o2 e,
Rz J1

This is a slight improvement of the results obtained by Schlag and Sogge [SS], and
Tao and Vargas [T'V2], section 4]. In particular, the e-loss on regularity is removed.
For the proof of (1.2) we use the bilinear cone restriction estimate of Wolff [W]
and Tao [T] together with a modification of an argument in [TV2], section 4]. Let
F={¢mneR*xR: (=7, 1<7<2}andlet Qp, Q2 be closed subsets of
St with dist(21,2) comparable to 1. Now set I'; = {(£,7) € T : {/7 € Q;} for
i = 1,2. The following is the bilinear cone restriction estimate in R due to Wolff
[W] (for r > 5/3) and Tao [T] (for r = 5/3):

If supp f C 'y and supp g C I'y, then for r > 5/3

(1.3) | Fdpgdpl, < Cllfllllgll2

where dpu is the surface measure of T'.

Once Proposition 1.2 has been established, the proof of Theorem 1.1 is straight-
forward.

Proof of Theorem 1.1. It is well-known that
do(€) = ¢lay () + e~ la_(¢)

where a4 are smooth functions satisfying [0%a (€)] < Cu (1 + |&])~*/27 121, There-
fore, it is sufficient to show that the maximal operator M defined by
Mf(z) = sup

sup | [ e tiela, () i) de

satisfies the estimates in Theorem 1.1 in place of M. Let 8 € C§°(1/2, 2) satisfying

2 B(:/27) = 1 and let 3;(§) = B(€]/27). Let fj, fo be defined by f; = 5;f,
fo= ngo f;, respectively. Set M; f = M f;. Trivially, we have

Mf(x) < Mfo(x) + Y =M, f(@).

It is easy to see that || M follq < C| fllp for 1 < p < ¢, so we only need to consider
221 M, f. Now we need the following well-known lemma.




ENDPOINT ESTIMATES 1435

Lemma 1.3. Let I be an interval and let F' be a smooth function defined on R™ x I.
Then, for 1 < p < oo,

—1 1
I50p 17, )l 2oy < COFloquescry + IFU ol 2y O F I o))

By Lemma 1.3 and Plancherel’s theorem it is easy to see that for j > 1,
(1.4) [M;fll2 < Clfl2
Let I be the interval [1,2]. Using Lemma 1.3 and Holder’s inequality, we have

M, fllg < C2772 U fH | paqraxy + C279/ 2/ 0(||U f2 || Larexcry + U2 | Laex1))

where the supports of the Fourier transforms of fjl, f]2 and ff are contained in
the set {§ € R? : [¢| ~ 27}, and || f}[|,, [|/7[l, and ||f}]l, are bounded by C||f],.
Applying Proposition 1.2 to the last inequality, it is easy to see that for 1/p+3/q =1
and ¢ > 14/3,

IM;fllq < C2TEDY £,

A complex interpolation between this and (1.4) shows that if (1/p, 1/q) is contained
in the closed triangle with vertices (1,0),(5/14,3/14),(1/2,1/2) but is not on the
closed line segment [(1/2,1/2),(5/14,3/14)], then

(1.5) IM;fllg < C2EP=aD2) 7|,

Using (1.5) and Lemma (in Section 2) with n = 1, we have for (1/p,1/q) €
[P.Q),

(1.6) [Mfllg,00 < CllIf]

Since M is a local operator, an interpolation (real interpolation) between these
estimates and the trivial L>° — L*° estimate completes the proof of Theorem 1.1. [

p,1-

We point out that similar endpoint estimates hold for the spherical maximal
function in R™, n > 3. Set

M"f(x) = sup
1<t<2

/ £ — ty)do™ (y)
Snf 1

where do” is the normalized surface area measure on S"~1. Set P, = (0,0), P> =
((n=1)/n, (n=1)/n), Py = (n—1)/n,1/n), Py = ((n*—n)/(n*+1), (n—1)/(n*+1)).
Let Q be the closed quadrangle with vertices Py, P2, P5, Py. It was shown in [SS]
that |[M™fllq < C||fllp if (1/p,1/q) is contained in the interior of Q and that these
maximal inequalities can never hold if (1/p, 1/q) is outside of Q. Using an argument
similar to the one used for the circular maximal function, we can show the following.

Theorem 1.4. Suppose M™ is defined as in the above for n > 3. Then there is a
constant C' such that

[M” fll Loy < ClIflLen)
if (1/p,1/q) is contained in Q\ {Pa, P3, Py}. Furthermore,
| M" fll Laroe mry < Ol f|| e mmy
’Lf(]‘/pal/Q) = P27P3;P4-
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Proof of Theorem 1.4. Now recall d/a\"(f) = e'ltla, (€) + e UEla_(¢) with |0gax (&)
< Co (1 + |€])~(»=1/2=1el | Define

iz, 7 jig)
/ne< &+ t\E\de )

It is sufficient to consider M instead of M™. As before, by Littlewood-Paley de-
composition, f = fo + Z >1 fj- Set M;f = M(f;). Tt can be easily seen that
Mofllg < C|lfllp for 1 < p < ¢. Theorem 1.4 follows from Lemma 2@ and the
following estimates. There is a constant C' such that for j > 1,

Mf(z) = sup

1<t<2

(1.7) [M; fllr < C27|| ]|,

(1.8) [M; flloe < C27| f]1,

(1.9) [M;fllz < C27

(1.10) IM; Fllanan) /o1y < C277 =057 || f|a.

Interpolations (by Lemma [2.6) between (1.7) and (1.9), (1.8) and (1.9), (1.8)
and (1.10) give the restricted weak types (n/(n — 1),n/(n — 1)), (n/(n — 1),n),
((n?*+1)/(n? —n),(n?>+1)/(n — 1)), respectively. Therefore, we only need to show

(1.7), (1.8), (1.9), (1.10).
It is easy to see that (1.8) and (1.9) follow from the fact that if 5 € C§°(R™\ 0),

o i o ,
/ ez<x,g>+n|§|%d§ < Cmin(2?, 20 02(1 4 99| |z| — 1))~ N)

for every N. Using Lemma 1.3 and Plancherel’s theorem, we have (1.9). To see
(1.10), let Upf(z) = [q. e*®8+E f(£)d¢ and use Lemma 1.3 to get

(1.11)
”Mjf”L%(R

ny = 2 R

i3t 9isn 2| 2m
+C279 T 97 +2(||Utf I 222 ey + T L3 )

where the supports of the Fourier transforms of fjl, ff and f;’ are contained in the
set {¢ € R+ [¢] ~ 27}, and ||f}lp, [I£7]l, and [|f7], are bounded by C||f|,. By
the Strichartz estimates and re-scaling we can see that for [ = 1,2, 3,

j/2
[T, 2252 g0y < C2 NS

Putting this into (1.11) yields (1.10). O

Finally, we mention that an analogue of Theorem 1.4 holds for the maximal
operators associated with smoothly varying hypersurfaces, which were considered
in [SS] (Theorem 4.1). This can be shown in the same way.

2. PROOF OF PROPOSITION 1.2

This section is devoted to the proof of the sharp local smoothing estimate (1.2).
It will be deduced from (I3) and the following proposition. We only need to set
ro = 5/3 in Proposition 2.1.
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Proposition 2.1. Let I be the interval [1,2]. Suppose that ([L3)) holds for r > ro,
ro < 2. Then for every f with supp f C {£ € R? : |¢| ~ N},

(2.1) |Ufl Laaxry < CN3275/9) £ Loray
provided (3+ 1) < q¢<o0 and 3/q+1/p=1.

Let f be a function with supp fC {£ € R? : |¢| ~ N}. Without loss of generality

we may assume the support of f is contained in a small conic neighborhood of the
direction (1,0).

To exploit the bilinear estimates, we use a decomposition technique which was
used in [T'V2, section 4]. For each j > 1, let us dyadically divide the circle S Linto
27 arcs I,z of length 72'~7. We will write I] ~ I,i, to mean that Ij and I,i, are
not adjacent but have adjacent parent arcs of length 72277, Then, by a Whitney
decomposition of S x S! away from the diagonal D of S! x St (See [TVV]), we
have

S'x ST\ D= UJ>1U ke k! ):Ii T3, Ij xI,i,
Let ¢ be a smooth function in C§°([1/2,4]) satisfying ¢(z) = 1if 1 <z < 2. Let
fi be given in polar coordinates by

£i(r,0) = Flr,0)x,) (O)0(r/N).

Since the support of fis contained in a small conic neighborhood of the direction
(1,0), we may assume that all the I are contained in a small neighborhood of
(1,0). Trivially, it follows that

Uif(x) - Uf(x) = Z]‘zl Z (h,ﬂ,)zlgN,g,Utfi(x) Ui fl (x).

Thus, it is more convenient to consider a bilinear operator than a linear one. For
each j > 1, define a bilinear operator BN by

BN fv Z[JNN Utfk Utgljg.'(x)'
We want to compute the operator norm of BY from L?(R?)x LP(R?) to L9/%(R*x I).

Lemma 2.2. Suppose for some p,q satisfying 4 < q, 2 <p and 1/2 < 1/q+ 1/p,
there is a constant B such that if I} ~ I}, then

(2.2) ||Utfk Utgk/HLQ(RzX]) BkaHLP(]Rz)”gk/”LP(]R2)
Then there is a constant C, independent of j and N, such that

(23) 1BY (91,8 sy < CBIS ooy 9] o

Proof. Since the I,z are contained in a small neighborhood of (1,0), it is easy to

see that if I,Z ~ I,jc/', then supp f{ + supp g, is contained in the set {{ € ]R? :

dist(¢/|¢], I]) < 2*77}. From this we can see that the Fourier supports of {Uf} -

Uil } (k):Timrd, A€ contained in essentially disjoint rectangles and the overlap
E) . k/

among these rectangles is uniformly bounded in j. Now we use a lemma in [TV2],
which can be proven using Plancherel’s theorem and a standard argument.
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Lemma 2.3 ([TV2], Lemma 7.1). Let {Ry} be a collection of rectangles in fre-
quency space such that the dilates {2Ry} are essentially disjoint, and suppose that
{Fy} are a collection of functions whose Fourier supports are contained in Ry.
Then for 1 < p < oo we have

Q- E I S wFally S Q sllElp)M

where p, = min(p,p’) and p* = max(p,p’).

Using this and the observation made above, we have for ¢/2 > 2,

i - (3" y1-2
||Z[{€'~I£,Utfli ‘ Utgi/”L%(R?) ZI’NF HUtf’f Utgk/HM(]R? )

with C independent of j and ¢. After raising both sides to the power ¢/2, we
integrate on the interval I to get

3" ye-
13 g Ui Ul g g <€ [ g W2 Ul 0
Since ¢/2 > 2, by Minkowski’s inequality

N j ( ) 1-2
1B; (f’g)”L%(R%d) < C(ZI£~1£,||UJ’Z 'Utgk'HL (]R2><I)) -

_2
From (2:2) we have [BY(/.0)l,4 5oy < OB o A1) N0 1552,
Since there are at most four values of k associated to each k', it follows from
Schwarz’s inequality and the condition 1/2 —1/¢ < 1/p that

1BY )3 o py < OB KIS wllghll) 7.

Now it is sufficient to show (3 ||f2[%,)"/? < C||f||z» for p > 2. But this follows
from Lemma 2.3, because the Fourier supports of f; are contained in essentially
disjoint rectangles. O

In view of Lemma 2.2, to compute the norm of B;V it is sufficient to consider
Utfg : Utgi, when I,z ~ I,z,. This will be done by treating the cases 2/ > N2 and

2 < Nz separately. By rotation, we may assume that f,ﬁ and Q\i/ are supported on
the sets

{EER? & ~ N || ~ N2}, {£€R*:m ~ N, |G| < N277},

respectively.
First we claim that if 2/ > N2, then for p < g, 1/p+3/q=1,
(2.4) UL Urglol| sz gz py < CN G120 2710410 gy gl .

To see this, note that J?,Z is supported in a rectangle of size N x N277. By dilation
(€1,62) — (N&1, N277&)

Ufi(x) = N*2 /R N NE RN NG NER (6, &) (N6, N2 E)de

where 8 € C§°([1/2,4] x [-2,2]) and § = 1 on the set [1,2] x [-1,1]. For & €
[1/2,4] x [—2,2], we have

&

HNE, N2778)| = tNGy [14 (2797 2)? = tN& + 0127 N).
1
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Since 27 > N3, ei(t2"*N) 3 is uniformly contained in Cg°([1/2,4] x [-2,2]), so it
can be expanded in a Fourier series so that ¢©(2” "N g — Y ez Cy(t)eH & with
> iezz |Ci(t)| < M uniformly in ¢. By re-scaling, (&1,&2) — (§1/N,27¢/N)

Vi) = 3 Cile / O Hitks (68N 62/N)I) 7 (6 e,
lez?
This is essentially a sum of Fourier transforms. We need the following elementary
lemma known as Bernstein’s inequality.

Lemma 2.4. Iff 18 supported on a rectangle Q, then for 1 <p < q < o0

1£lla <1Q17 ™71 £ lp-

Using this, we can easily see that for 1 <p < g,
”Ut.f]ZHLq(]R?xI) < O N2(/p=1/9)9—i(1/p—1/q) ||f]Z||p
because f,ﬁ is supported in a rectangle of size N x N277. In particular, if one sets
1/p=1-3/q, then
US| ozexry < CN /20027022200 f
because 2/ > N'/2 and ¢ > 4. The same estimates also hold for g,jc',. Thus, by

Hélder’s equality, we can see that (2.4) follows. From Lemma 2.2 and (2.4), it
follows that if 27 > N'/2, then for 1/p+3/¢=1, p> 2 and ¢q > 4,

(2.5) 1B (f,9)l| Lar2 gz xry < CNCT2D2mC4/DI || g

Now we turn to the case 29 < N2. To begin with, we want to show that if
21 < N%, then
(2.6) U}, - Urgiall Lo @2y < CN275 | f{llooll g lloo-
Dividing the arc I,z into v N277 sub-arcs Ik n» We decompose fg into v N277 func-
tions {f,gn}n such that the fk’n are supported on rectangles of size N x N'/2, whose

major directions are (1,6,). Then using the same method as in the previous case,
for these decomposed functions we linearize the phase t|¢| to obtain

2.7) Ufi(z) =) Cialt) / 6i<z,5>ei(t51+t§29n)(1+972L)_1/2ei(§/N,l>f‘]z,n(g)df

n lez?

with > cp2 [Crn(t)] < M uniformly in ¢, n. Indeed, after the dilation § — N¢
on the support of fgn(N), we have t|(N&, N&)| = (tN& + tN&:6,)/\/1 + 62 +
N&O((€2/€1—0,)?). Since the diameter of the angular support of ]/”Zn(N) is about
N~12 we have N&O((€2/€1 — 0,)%) = O(1). Introducing a cut-off function 3, we
expand BeiNEO(€/6-6:)") iy 5 Fourier series Yz Cp.n(t)e&D and re-scale by
& — N¢ to get (2.7).‘ Since the number of n is about v/N277, an application of
Lemma 24 to each f} , in (2.7) gives

||Utf;z||L<>o R2x1) < CVN27| 1| o-

Trivially, the same estimate holds for gk/ Therefore, (2.6) follows.
Now we want to show that if IJ ~ I,i,, then

(2.8) UL Urgl || r@exry < CN273/m20G8/m=D ) g0l g1, .
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By re-scaling it suffices to show the following.

Lemma 2.5. Suppose (I3) holds. If f and § are supported on the sets {¢ € R? :
& ~1,]&] ~ 277} and {€ € R? 1 & ~ 1,|&| < 2773, respectively, then

IUf - Usgllrgexry < C273/™ V| 2]l g]l2.

Proof. By Plancherel’s theorem, it is sufficient to show
| fdugdpll, < C2772%77| f|l2]|gll2

whenever f and g are supported on the sets {(£,7) € T : & ~ 1,|&| ~ 277} and
{(6,7) €T : & ~ 1,]&| < 277}, respectively. To obtain this from the bilinear cone
restriction estimate, observe that the cone I' can be rotated without affecting the
estimate (L3)). Now make a coordinate transform given by

77127—+€1 77227—_51 p==E&

This rotation will move the forward light cone I' to the cone T which is tangent
to the np-axis. Note that the defining equation for T' (i.e. 72 = €2 + €2, 7 ~ 1) is

transformed to 21,7y = p? with 1, ~ 1. Therefore, m is essentially the same as

. ) .
Tf(z,t) = /fe“x’("“p”*”” /2m f(n, p)di(n, p)

where dp is the surface measure on . It is sufficient to consider T f - Tg instead
of @@ In (n, p)-coordinates the conditions imposed on the supports of f,g
should be read as: the supports of f, g are contained in {(n,p) € T m~1l,p~
279}, {(n,p) € T : ;1 ~ 1,|p| < 279}, respectively. Now make the change of
variables p — 277p to get Tf(x,t) = 27IT(f(-,277-))(w1,2 /29,27 2t). For the
bilinear operator

Tf((E, t) : Tg(x, t) = 272ij('7 27]")(%1’ 27jx2; 272jt) ' Tg('a 27j')(x1a 27jx2a 272jt)

the functions f(-,277-) and g(-,277-) have disjoint angular supports with distance

comparable to 1, contained in the coneI'. T herefore, by the bilinear cone restriction
estimate (L3) we see that | Tf(-,277) - Tg(-,277")||» < C27|| f|l2|lg|l2- Now, by re-
scaling it follows that

ITf-Tgll, < C2772%77| f]l2]lg]2-

This completes the proof. O

Since for some fixed I, and Ij,, the expression U f] - U.gy, can be considered as

a bilinear operator, an interpolation between (2.6) and (2.8) shows that if I,z ~ I,z/,
then for p, q satisfying ¢ > 2r and 1/p = r/q,

U L Urgly |l g2 < CN~6/at2/pid Gat2/o=2)y gy l1gl ||,

with C' independent of I ,z, I ,Z,. Therefore, from Lemma 2.2 and the above it follows
that if 27 < N'/2, then for p, ¢ satisfying ¢ > 2r, 1/p =r/q, and 1/p+1/q > 1/2,
p=2,q24,

(2.9) IBY (f,9)ll Loz < CNO/a+2/ptgdO/at2/m=2) £ |l g .
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To sum up the last estimates, we use the following lemma which is a multilinear
extension of a result implicit in [B3]. An explicit statement can also be found in
[CSW]|. We denote by LP" the Lorentz spaces.

Lemma 2.6 (An interpolation lemma). Let €1, e2 > 0. Suppose that {T};} is a
sequence of n-linear (or sublinear) operators such that for some 1 < pi, pb < oo,
i=1,...nand 1< q,q2 < o0,

”Tj(fla .- '7fn)||Q1 < M1261jH Hfl pls ||Tj(f17 .. ~7fn)qu < M227€2j H Hfl
Then T = STy is bounded from LP" x - x L™} to L9 with
T S o < CMPMy ™ TT Il s

where 0 = e9/(e1 +¢€2), 1/q=0/q1 + (1 —0)/q2, 1/p" = /p% + (1 — 0)/ph.

Proof of LemmalZ8l Let N € Z, which will be chosen later. Let FEi,...,E, be
measurable sets and let A > 0. Set Ty = Eivoo T; and TN =Y %, T;. Note

Py

| Tn || < OM 2N < O M2~ Nez

Pl x..x LPY Lo HTN”LT’%xme”g—»L‘D

and [{z : |T(xe,,-- - xe,)(@)| > A < {o [In(xe,, - xe,) @) > 54 + [{z
TN (XEys -, XE,)(2)] > 2A}|. By Tchebyshev’s inequality, the measure of the set
{z:|T(xE,,---sXE,)(x)] > A} is bounded above by

C(Mfl 9e1Nq H |Ei|q1/p§ A9 4 Mézzz—EQN(p H |Ei|<12/p§)\—@).
Now choosing N which optimizes this yields
{2 | T(XBs - xm ) (@) > A} < C(M M= TTIE V7 A,
This completes the proof. (I

Using Lemma [2:6] and (2.9), we see that if 1/p+3/¢ =1 and ¢ = r + 3 (note
that 4 < ¢ <5 and the conditions imposed on p, g in (2.9) are satisfied),

(2.10) | Z2JSN1/QBJN(JC7 Dl parzemaxry < CN*712/4| f|

Indeed, observe that in (2.9) the exponent on 27 is negative if 3/q + 1/p > 1, and
positive if 3/¢+ 1/p < 1. Use Lemma 2.6, and solve the conditions 1/p+3/¢ =1
and 1/p = r/q to get (2.10) (which is an estimate at the point of intersection of
these two lines). Since (3]) holds for ro < r, it follows that for 1/p+3/¢ =1 and
To + 3 é q S 57

| Z2J§N1/2B§V(fv 9 parzoo@m2xr) < CN3712/4)| £l lg]

Since ¢/2 > 2, by real interpolation for bilinear operators between these estimates
(note that 1o + 3 < 5), the L/2:_norm in the left-hand side can be replaced by
an L9/2-norm (see [BI]], Exercise 3.13.5). Therefore we have that for 1/p+3/q = 1
and rg + 3 < g < 5,

l ZQigNl/?BjN(fa Dl parz@exn < CN3=12/1) f|

p71||9| p,1-

p,1-

pallgllp.1-
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Recall that (U, f)? = 2]21 B]N(f, f). Since g > 4, by the last inequality and
(2.5) we have

U f 12 <D aisnie BY (F Ollaje + 1D 2 <nire BY (£, Fllgs
< CN(3_12/Q)(Z 212N1/22_(1_4/Q)j + 1)||f||2,1
< CNG-R/a| 72,

provided that 1/p+3/¢ =1 and ro + 3 < ¢ < 5. This can be interpolated (via real
interpolation) with the trivial estimate ||Uyf/|| poo@x 1) < CN3/2| f|l1 to replace the
LP1-norm by an LP-norm. This completes the proof of Proposition 2.1.
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