PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 131, Number 12, Pages 3777-3781

S 0002-9939(03)06965-X

Article electronically published on February 24, 2003

ON COMMUTING OPERATOR EXPONENTIALS

FOTIOS C. PALIOGIANNIS

(Communicated by Joseph A. Ball)

ABSTRACT. Let A, B be bounded operators on a Banach space with 2mi-
congruence-free spectra such that e“e® = eBeA. E. M. E. Wermuth has
shown that AB = BA. Ch. Schmoeger later established this result, using
inner derivations and, in a second paper, has shown that: for a, b in a complex
unital Banach algebra, if the spectrum of a + b is 27wi-congruence-free and
eteb = ettt = ebe% then ab = ba (and thus, answering an open problem
raised by E. M. E. Wermuth). In this paper we use the holomorphic functional
calculus to give alternative simple proofs of both of these results. Moreover,
we use the Borel functional calculus to give new proofs of recent results of
Ch. Schmoeger concerning normal operator exponentials on a complex Hilbert
space, under a weaker hypothesis on the spectra.

Let X be a Banach space and A = B(X) the Banach algebra of all bounded
operators on X. For A € A the spectrum of A is denoted by o(A4). We assume that
the reader is familiar with the holomorphic functional calculus (see, e.g., [1l, Chap.
VII] or [2| Chap. 3]). We denote by H(A) the algebra of functions holomorphic in
a neighborhood of o(A).

The o(A) is said to be 2wi-congruence free if o(A) N o(A + 2kwi) = @ for
k=+1,42,....

The following result is due to E. M. E. Wermuth ([8]). We give here an alternative
proof. See also Ch. Schmoeger ([f]) for a short proof using inner derivations.

Theorem 1. Let A, B € A. Suppose that o(A) and o(B) are 2mi-congruence-free
and that e“e? = ePel. Then AB = BA.

Proof. Setting T = e?, the hypothesis becomes e4T = Te?. We show that AT =
TA. Since o(A) is compact and 2mi-congruence-free, there is § > 0 such that with
D ={z€ C:[z—A| <dforsomeA € o(A)} wehave DNJy_1 1o (D+2kmi) =2
and o(A) C D. /

Now for z € D, the exponential function f(z) = e* is one-to-one holomorphic in
D, and therefore has a holomorphic inverse g : e” — D (e.g., [4, Thm. 1033]) such
that g(f(z)) = z. At the same time, by the spectral mapping theorem we have
a(e?) = {e* : X € 0(A)}. Since, eAT = Te and g € H(e?) it follows (e.g., [T}
Chap. VII, Prop. 4.9]) that g(e?)T = Tg(e®). Moreover, since go f = id on o(A)
(where id(A\) = A VA € 0(A)) and g(f(A)) = (go f)(A) (see, e.g., [2, Thm. 3.3.8]),
we have g(e4) = A. Thus, AT = TA.
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To finish the proof of the theorem, note now that, since Ae? = ef A and o(B) is
2mi-congruence-free, the holomorphic functional calculus applied to B and a similar
argument as above give AB = BA. O

We now give a simpler proof of a result due to Ch. Schmoeger ([6]) that answers
the following open problem raised by E. M. E. Wermuth in [8]: To find a natural
assumption which together with e?e? = eAtB implies AB = BA.

Theorem 2. Let A,B € A. Suppose that o(A + B) is 2mwi-congruence-free. If
edel = eAtB = eBeA then AB = BA.

Proof. Set S = A+ B and T = e. Then we have Te® = % = ¢BT. This implies
eST = Te¥(= TePT). Since the spectrum of S is 27i-congruence-free, a similar
argument as in the proof of Theorem [I] gives that ST = T'S. Moreover, since the
map f +— f(A) of H(A) — A is an algebra homomorphism, we have Ae4 = ¢4 A.
Now, (A + B)e? = e*(A + B) implies that Be? = eAB. Multiplying this
last equality to the left by e? (and noting that e®B = BeP) we get e®Be? =
BeBeA = ePBeAB, which, by using the hypothesis, gives Be® = ¢°B. Again the
proof of Theorem [M implies that SB = BS. Therefore, AB = BA and the proof is
complete. O

Next, we give an alternative proof of two further results of Schmoeger ([6] Thm.
5(a) and Corollary 2]).

Theorem 3. Let A, B € A. Suppose that o(A) is 2mi-congruence-free and e”* = eB.

Then A € {B}" (and so AB = BA).

Proof. Let T be any operator that commutes with B, i.e., TB = BT. Then
Tf(B) = f(B)T for any f € H(B). In particular, TeP = eBT. As e = €B,
we have Ted = eAT.

Now, since o(A) is 2mi-congruence-free, it follows, as before, that TA = AT.
Therefore, A € {B}" (the double commutant of B), and so AB = BA. O

Corollary 4. Let A, B be bounded self-adjoint operators on a complex Hilbert space.
If e = eB, then A= B.

Proof. Since 0(A) C R, o(A) is automatically 2mi-congruence-free (and so is o(B)).
By Theorem Bl we have AB = BA. It now follows that I = e4(ef)™1 = ede B =
eA"B. Let S = A— B and U = {S}" be the abelian C*-algebra generated by
self-adjoint operator S. If ™ denotes the Gelfand isomorphism from I onto C(Y'),
where Y is the maximal ideal space of U, then (from the continuous functional
calculus) we have

65:[:>(§§):1:>e§:1260 on o(S) CR.
Therefore, S = 0, and so A = B. O

Now, we turn our attention to normal operator exponentials. Let B(H) be the
algebra of all bounded operators on a complex Hilbert space H. Let N € B(H) be
a normal operator and let N = [ AdE()) be its spectral decomposition, where E
is the associated spectral measure defined on the Borel subsets of the spectrum of
N, o(N). We denote by B(c(N)) the C*-algebra of all bounded Borel measurable
complex-valued functions on o(N), and by ® the *-homomorphism ®(f) = f(N) =
J fdE, from B(o(N)) to {N}"—the abelian von Neumann algebra generated by
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N. This is the Borel functional calculus for N (see, e.g., [I, Chap. IX, Thm. 2.3]
or [Bl Thm. 3.3, Thm. 3.10]).

Commuting normal operator exponentials are studied in a recent paper of Ch.
Schmoeger ([7]). In [7], the spectrum o(N) is defined to be generalized 2mi-
congruence-free if

E(c(N)No(N +2kmi)) =0 forallk=1,2,....

Note that since E(@) = 0, if 0(N) is 2mi-congruence-free, then o(N) is generalized
2mi-congruence-free.

Under this hypothesis of generalized 2mi-congruence-free spectra, Ch. Schmoeger
proves a series of results concerning normal operator exponentials (see [7, Theorems
1.2, 1.3, 1.4, 1.5)).

In the sequel, we give new direct proofs of Schmoeger’s results under a weaker
hypothesis on the spectra. In fact, as it was suggested to the author by the anony-
mous referee, Schmoeger’s definition of generalized 2wi-congruence-free spectrum
may be revised in a weaker form that reads as follows:

Definition. Let N € B(H) be a normal operator and let E be its spectral measure.
The spectrum o(N) is said to be generalized 2mi-congruence-free if there is a Borel
subset A of o(N) such that E(A N (A 4+ 2kmi)) = 0 for all & = 1,2,... and
E(c(N)\A) =0.

Remark 5. Note that this revised version of Schmoeger’s definition is a weaker
hypothesis on the o(N); for if E(o(N)No(N + 2kmi)) = 0 for all &k = 1,2,...,
then, since o(N) is compact, the set A = o(N)\Uj—,(c(N) N o (N + 2k7i)) is a
Borel (relatively open) subset of o(IN) such that E(A N (A 4 2kmi)) = 0 for all
k=1,2,... and E(c(N)\A) =0.

Through the rest of this paper the hypothesis of generalized 2mwi-congruence-free
spectrum is to be understood in the sense of the above definition.

Theorem 6. Let N, M be bounded normal operators in B(H) and suppose that
eNeM = eMeN,
(a) If o(N) is generalized 27i-congruence-free, then NeM = eMN.

(b) If o(N) and o(M) are generalized 2mi-congruence-free, then NM = MN.

Proof. (a) Set T = e™. Then eNT = TeVN. We prove that NT = TN. Since
o(N) is generalized 2mi-congruence-free, there is a Borel subset A of o(N) such
that E(A N (A4 2k7wi)) =0for all k =1,2,... and E(c(N)\A) = 0.

Let © = A\ Uy.0(A N (A +2kmi)). Then the exponential function f(z) = e* is
one-to-one on @ and E(2) = I. If @ = sup,c, () [€*| and 8 = sup, ¢, (n) 2] = 7(N)
(the spectral radius of N), choose zp € C such that |z9| > a + 3 and define a
function f on o(N) by

~Z B f(z) iszQa
f(z) = {z—l—zo if z € (6(N)\Q).

The function f, so defined, is a bounded Borel function which is one-to-one on
o(N), and therefore has an inverse function g from f(o(N)) to o(IN) such that

g(f(z)) = z. It is easy to see that the direct image under f of any Borel set in
o(N) is a Borel set, and so ¢ is a (bounded) Borel function on f(o(N)). At the
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same time, since E(c(N)\Q) = 0 and f — f = Xo(N)\Q * (f = f), it follows that

®(f - f) = 0. Hence, f(N) = f(N)=eN.

Moreover, since o(eMN) = o(f(N)) C f(o(N)) ([, Prop. 3.6]), no matter how
one extends g on f(o(N)), we have that g € B(a(eN)) and g(f(\) = A VA € o(N).
It follows now by, e.g., [B, Prop. 3.7] that g(e’V) =

Furthermore, since eV is normal and eNT = Te , the spectral theorem ([1]
Chap. IX, Prop. 8.1] or [, Thm. 3.10]) implies g(e¥)T = Tg(e"). Thus, NT =
TN.

(b) From (a) we have NeM = e¢M N. Since M is normal and o(M) is generalized
2mi-congruence-free, an analogous argument as above gives NM = M N. O

The following example, which was provided by the anonymous referee, shows
that Schmoeger’s generalized 2mi-congruence-free hypothesis indeed needs to be
relaxed.

Example 7. Let © = A + v where \ is Lebesgue measure on the unit interval
[0,1] and v is a singular measure on the interval [274,1 + 27i], and let N = M,
(multiplication by the coordinate function z) on L?(u). Then

p(o(N)No(N + 2ri)) = p([27i, 1 4 2mi]) > 0.

At the same time there exists a set 2 C o(N) such that the exponential function
is one-to-one on Q and p(C\Q) = 0. Thus, in this case, Theorem [6(a) ([7, Thm.
1.2(a)]) is valid even though Schmoeger’s hypothesis is violated.

We conclude this paper by proving the remaining results ([7, Theorems 1.3, 1.4,
1.5]).

Theorem 8. Let A,B € B(H). Suppose that A+ B is normal and o(A + B) is
generalized 2mi-congruence-free. If edeP = eATE = eBel | then AB = BA.

Proof. Set N = A+ B and T = e”*. Reasoning as in Theorem P and as in the proof
of Theorem [6a), the result follows. O

Theorem 9. Let A € B(H) be normal and suppose that o(A) is generalized 2mi-
congruence-free. If B € B(H) and e = B, then A € {B}" (and so AB = BA).

Proof. Reason as in Theorem [3] and use the normality of A and the generalized
2mi-congruence-freedom of its spectrum. O

Theorem 10. Let A, B € B(H). If A is self-adjoint, 0(A) C [—m, 7] and e'* = €5,
then we have

(a) B* = —B if B is normal,

(b) A e {BY}', if m or —m is not an eigenvalue of A.

Proof. Argue as in [, Theorem 1.5]; for part (a) use Corollary ], and for part (b)
use Remark [5] and Theorem [9 O
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