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ABSTRACT. In this paper, the general Clifford R, s-valued Hardy spaces and
conjugate Hardy spaces are characterized. In particular, each function in Ry,-
valued Hardy space can be determined by half of its function components
through Riesz transform, and the explicit determining formulas are given. The
products of two functions in the Hardy space give six kinds of compensated
quantities, which correspond to six paracommutators, and their boundedness,
compactness and Schatten-von Neumann properties are given.

1. INTRODUCTION

Clifford-valued (R,-valued) Hardy spaces have been the subject of many works,
in particular, by F. Sommen, F. Brackx, R. Delanghe, J. Ryan, T. Qian, M. Mitrea,
K. Giirlebeck, W. Sproflig, S. Bernstein, etc.; see [10], [111, [3], [9], [B], [E], [1], etc. In
this paper, we give the general Clifford-valued (R,, s-valued) a new characterization.

To explain the Hardy space theory on the general Clifford algebras R, s, let us
go back to the classical Hardy space theory on the complex numbers C. Denote the
square-integrable complex-valued function space on the real line R by L?(R,C).
The classical Hardy space H?(R, C) is defined to be

OF
H*(R,C) ={f € L*(R,C) | F(z + iy) = P, * f(), 5 =0
where P, * f(z) is the Poisson integral of f(z). By Fourier theory it turns out to
be

H*(R,C) = {f +iHf | f € L*(R,R)} = {f € L*(R,C) | suppf C [0, +00)}.

In this space, each complex-valued function f + iH f is determined by its real
component. There is a decomposition L?(R,C) = H*(R,C) @EQ(R, (), where
FQ(R7 () is the conjugate Hardy space.

In this paper, we generalize these to the general Clifford algebras R,, s and give

the characterizations of the general Clifford-valued Hardy spaces and conjugate
Hardy spaces. In particular, R,-valued Hardy spaces are characterized, and each

Received by the editors November 15, 2001 and, in revised form, September 4, 2002.

2000 Mathematics Subject Classification. Primary 15A66, 42B30, 46J15, 47B35.

Key words and phrases. Clifford algebra, Cauchy-Riemann operator, Hardy space, compen-
sated compactness, paracommutator.

Research supported by NNSF of China Nos. 90104004 and 69735020 and 973 project of China
G1999075105.

(©2003 American Mathematical Society

47



48 LIZHONG PENG AND JIMAN ZHAO

function in this kind of Hardy space is determined by half of its function components
through Riesz transform. Moreover, for those representations, the explicit formulas
are given. Comparing with the decomposition of square-integrable function space
on the real line R into the direct sum of Hardy space and conjugate Hardy space,
the square-integrable Clifford algebra-valued function spaces are decomposed into
the orthogonal sum of Clifford-valued Hardy and conjugate Hardy spaces.

In the classical case, taking two functions f = fo +iH fo and g = go + iHgo €
H?(R,C), one has studied the product fg = fogo — H foHgo + i(foHgo + H fogo);
both its real part and imaginary part have compensated compactness. They are
called compensated quantities. A one-to-one correspondence between paracommu-
tator Ty(A)f and compensated quantity Q4 (f, g) has been established in [§]. The
paracommutator was studied systematically by Janson, Peetre and Peng ([6], [7]).
For the special case, the corresponding relation is as follows: (fg,b) = (Hyf,g).
Therefore the BMO-boundedness, VMO-compactness and Schatten-von Neumann
properties of Hyf or fg can be read in theorems in [§]. In [13], [14], Zhijian Wu
studied the product of a left monogenic function and a right monogenic function. In
this paper, we shall consider the product of two left monogenic functions in Hardy
spaces. This gives a nature method to obtain some examples of compensated quan-
tities.

In §2 we give some preliminaries. In §3 we characterize the Hardy space
H (k)(R", R, s). By the characterization of Hardy space, we give some examples
of the compensated quantities and paracommutators arising from the product of
two functions in Hardy space.

2. PRELIMINARIES

This section is an overview of some basic facts which are concerned with Clifford
algebras. We set up the general formalism which will be used in the sequel (cf. [2]).
Let Vs (0 < s < n) be an n-dimensional (n > 1) real linear space with
basis {e1, -, e, }, and provided with a bilinear form (v, w),v,w € V{, ), such that
(eiaej) =0,i#j; (€,e;) =1,i=1,---,s;and (e;,¢;) = =1, i=s+1,---,n.
Ifv= Z?:l vie; € Vi, s), then the associated quadratic form reads

S n
(v,v) = va - Z V7.
i=1

1=s+1
Consider the 2"-dimensional real linear space C(V(,_5)) with basis
{eA:ehh...,h,,, A= (hl,'” ,hr) EPN,]. <h <---<h, Sn}
where N stands for the set {1,--- ,n} and ey = eq.
Now a product on C(V{;,s)) is defined by

eaeg = (—1)"(ANBNS)(_1)p(4.5)

where S stands for the set {1,---,n}, n(A) = |A|,
p(A,B) =Y p(A,j), p(Aj) ={i€ A:i>j}

JjEB

€AAB

and the sets A, B and A A B are ordered in the prescribed way. It is easy to check
that C(V,, ) turned into a linear, associative, but non-commutative algebra over
R; it is called the universal Clifford algebra over V(,, ).
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In this paper, we use the real Clifford algebra R, s, which means that in R" the
basis {e1, - ,e,} satisfies e;e; = 1,6 = 1,---,s, and e;e; = —1,i=s+1,---,n
When s = 0, we simply set R, s = Ry.

If f is Lipschitz continuous, then at any point of differentiability z € U (U is an
open subset of R"™1) of f(z) =, fi(z)er, we have

zzz%(m)ejeb ZZ x)ere;,

I j=0 I j= 0
D*f = D(D*)f, fD* = (fD*")D.
We shall call f left k-monogenic (right k-monogenic, or two-sided k-monogenic,
respectively) if D¥f = 0 (fD* = 0, or D*f = fD¥ = 0, respectively); D is called
the Cauchy-Riemann operator.
3. Harpy space H®)(R" R, )

Definition 1. Let R, s be a real Clifford algebra. A Clifford module L*(R™, R,, 5)
is defined to be

L*(R", Ry ) = {f : R" — R, f(x fo Jer |, fr € L*(R", R),VI}.

The Hardy space H¥)(R™ R, ;) is defined to be

H®(R" R, ) ={f € L*(R",Rn) | F(x0,2) = Py, * f(x), 20 >0,
DFYF(2,20) # 0, DFF(x0,2) = 0},
where k € N, 0 < s <n, and P, is the Poisson kernel.

In these Hilbert spaces, the inner product is denoted by

— [ S h@e
I

where, f(x),g(x) € L*(R", Rys).
In detail, for arbitrary f(z) =), fr(z)er € HY(R™ R, ), let
F(xo,2) = Puy # f(x) = > (P * f1(x))er
I

and

oF,
Fi(ao,2) = Pay * f1(x), 8,Fi(z,20) = %
J

Then we have

F(i[,’o, ZF] :L'(), )61, DF (Eo, ZZ&) F]€]€[

I I j=0
The latter can be rewritten as
DF(onafC) = (607 €1, 5 6ny 5 E(1,2,0 ,n))A(F07 Flv to aan to 7F(1,2,~~~ ,n))Tv

where eg,e1,++ ,€n,  ,€(1,2,... n) is an ordered basis of R, s. It is arranged ac-
cording to I in lexicographical order. A is a 2™ x 2™ matrix uniquely determined
when the order of this basis is set.
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Example 1. HY(R? Ry1) = {f € L*(R? Ra.) | F(wo,7) = Py, * f(2),20 >
0, DF(zg,2) =0}, DF = (eq, e1, €2, e12) A(Fp, F1, Fy, Fi2)T, where

dy O —02 0

o1 0 O

d 0 do O

0 —02 01 0o
3.1. Characterization of H*)(R" R, ).

A:

Theorem 1. In the Hardy space HY(R", R,) = {f € L*(R",R,) | F(zo,z) =
Py x f(x), zo > 0,D* 1 F(z9,2) # 0, DF(z,7) = 0}, each function f =Y, frer
is determined by its 2"~ linearly independent function components. Explicitly for
Q={A= (h1,-,hy) € PN,21 < h; < --- < hy < n}, denote A = {A =
(h1,hay - yhopt1),1 < hy < -+ < hogy1 <n} whenn=2m, k=0,1,--- ;m—1,
whenn =2m+1, k=0,1,--- ,m. Then each f; can be represented by the Riesz
transforms of all fi; fx can also be represented by the Riesz transforms of all fy,
where J € A, K € Q\ A.

Proof. For convenience, we consider DF' in its Fourier transform
n
DF(J:O,E) = Z ZﬁjFI(xo,g)ejeI.
I j=0
Since a/OE(anE) = _|§|E(‘x07§)a @E(‘x(ﬁg) = ijﬁ@@@), .7 = 1725 N, for

all I, then

DF(x0,€) = Z(_|§|E€0 + Zigjﬁ;ej)el
(1) I =1

= (607 €1, €1, ,6(1727...7n))B(F;, F\l; e aF\I; e 7F\(1,2,~~~ ,n))T'

1) Let us prove that B is a Hermitian matrix. Denote

_ T _

B = (UO; ULy ULy 7u(1,2,~~~,n)) = (’Uo,’l}l, UL, V(1,2 ,n))a
where ug, w1, <++, ur, *++, U 2,... ny are the rows of B, and vo, v1, ---, v, -,
V(1,2,... ,n) are the columns of B.

Let
n n
— . — — — . — —
ug = —[&leg — E i§jej, ur = uper, wo = —|[&leo + E i§jej, wr = woey,
Jj=1 Jj=1
for all I.

We will prove that us are the coordinates of u; with respect to the basis {eg, 1,

©,€(1,2,...,n) }» and vy are the transpose of wr. Here wr are the coordinates of wr
with respect to the basis, I = (0),(1),---,(1,2,---,n).

In fact, let A = (ﬁo,ﬁl, e ,ﬁ], e ,ﬁ(1727,,,7n))T. From (I), we have

DF = (€0s €1, -+, €12, m)) (WO, UL A, - -+ U, - - 7“(1,2,~~~,n))‘)T'

~

Obviously, usA = Uj(ﬁ(), ﬁl, e ,ﬁ;, ey Fag, ,n))T is the coefficient of ey in l/)F,
for each I.
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On the other hand, for each j = 1,2,---,n, there is a unique I; satisfying
. — 1;
ejer; = (—1)%er.

From (@), the e; component in DF is

n
—[¢|Frer + ) i¢; Fryezer, = (—|¢|Fr + Z )i Fy Jer,
Jj=1
SO
(2) urh = —[¢[Fr + Y (—1)lig; Fy,
j=1
and
uj = —[¢lever — Zifjejef
(3) .
—¢leoer = > (1)t igier, = —[¢ler + Y _(=1)iger,.
J=1 j=1

From (E[) and (B]), we obtain that u; is the component of u; with respect to the
basis VI.
Now to prove that vy is the transpose of wy, i.e. to prove

_ =
(605 €1, 5 €(1,2,-- ,n))vl =wy.

Let A = (0,0,--- e ,0)T be the vector in R?" with all zeros except for an f
(f € L3(R", R)) in the Ith entry. From (II), we have

n
(—I&leoer + Y igjejen) f = (eo,ex, -+ yer -+ e 2 m)vrf.

j=1
This is w; = (eg, €1, -+, e, ,€(1,2,-- ,n)VI, 80 the transpose of wy is precisely vy.
These cases and
n
—[¢lecer + > (1) %iger,,
(4) =
w1 = —[glerer = (=) igjer,

Jj=1

show that uy is the conjugate transpose of vy for each I. So B = B,ie. Bisa
Hermitian matrix.

2) Let us prove BB = —2|¢|B. By the properties of Fourier transform, we know
that the Cauchy-Riemann operator D corresponds to the operator D = —&] +
Z;L=1 i€;e;, and the latter corresponds to B, so we get

(5) BB = —2|¢|B.
3) We are going to prove that rg = 2"~1. From (H), we get
(B +2|¢|Eyn)B=—-B"B =0,
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i.e. BBT = BTB = 0. Therefore, —2|¢| and 0 are eigenvalues of B. Denote
by Vo, V_sj¢| the eigenspace of B associated with 0, —2[&][, respectively; Vj is the
eigenspace of BT associated with 0. Then

(6) dimV_yj¢) = dimVy > rp.
Applying the Plus Nullity Theorem, we get

(7) rg +dimVp =2"
and

rer + dimVy = 2".
Threfore
dimVy = dimVyy = dimV_y¢|.

Since B is a hermitian matrix, B can be diagonalized. If B has other eigenvalues
different from —2|¢| and 0, let d be the sum of the dimensions of their eigenspaces.
Then

dimV_s¢| + dimVp + d = 2".
Together with (@) and (), we have
2" = dimV_s¢) +dimVy +d > 2" +d > 2",
which is a contradiction. So the eigenvalues of B are —2|¢| and 0, and we get
dimV,Q‘E‘ =rg.
Thus from dimV_s¢| = dimVy and (7), we know rp = 2"~!. Therefore each f can
be determined by 27! of its function components.

In fact, the rows u; are the maximum linearly independent in all rows of B,
where

JeA={A=(hi,ho, - hogs1),1 <hy <--- < hopy1 < nb.

This can be deduced from uj = —[le; — Y27, i&jeje.
If
Z ajuy = 0,
JeA

there must be an ay = 0. Hence the u; are linearly independent and, together with
rg = 2", we know all the rows of B can be determined by these u.
On the other hand, for each j =1,--- ,n, there is a J; € Q\ A, which uniquely
satisfies eje; = (—1)7.J;, so
n
@y = —llles =Y (~1)"ikjes,.

j=1
Solving the equations UJ(;—‘;, ﬁ, e ,Fm))T =0, we get
n
falz) ==Y (1) R;f,,,
j=1
where J € A, i.e. each f; can be represented by the Riesz transforms of all fx,

where J € A, K € Q\ A. Similarly, fx can be represented by the Riesz transforms
of all f;. The proof is finished. O



CLIFFORD-VALUED HARDY SPACES 53

Remark. From the proof of the above theorem, we can write each function f €
HM(R™ R,) as follows:
1) When n is even,

f=> frer

T
(8) = (f0+R1fOel+R2f062+"'+Rn.fnen)
+(f12 + Rifi2e1 + Rafioea + -+ + Ry fi2en)era + - -
+(fn—1,n + len—l,nel + Ran—l,neQ + -+ Rnfn—l,nen)en—l,n + -
+(fi2..n + Rifr2..me1 + Rafio..ne2 + - - + Ry f12..n€n)€12..n-

2) When n is odd,

f=> frer

I
(9) = (f0+R1fOel+R2f062+"'+Rn.fnen)
+(fi2 + Rifi2e1 + Rafioea + -+ + Ry fi2en)era + -+
+(fn71,n + lenfl,nel + R2fn71,ne2 + -+ Rnfnfl,nen)enfl,n + -
+(f2n + R1f2~~~nel + R2f2~~~n62 +-+ Rnf2~~~nen)62~~~n~

In fact, we can represent the function by using other function components.

Example 2. The Hardy space HM(R', Ry) = {f € L*(R',Ry) | F(zo,z) =
Py * f(x),zg > 0, DF(x9,x) = 0} is exactly the classical Hardy space. For each
f € HV(R', Ry), it can be represented by the Hilbert transform (when n = 1, there
is only one Riesz transform, namely the Hilbert transform) of one of its function
components.

Example 3. For each f € H(R?, R3),
DF (xq,€)

= (eo, €1, €2, €3, €(1,2)5 €(1,3)s €(2,3)» 6(1,2,3))

B(F\Ovﬁlvﬁ?;F\?wF\(l,Q);F\(l,3)aF\(2,3);ﬁ(1,2,3))T5

where

[ wo ] [ K i —i&e —i&s 0 0 0 0

uy & —[¢] 0 0 & i3 0 0

s i& 0 —|¢ 0 —i& 0 i& 0

| v |_|%® 0 0 Skl 0 -i& - 0

U(1,2) 0 —i& & 0 -l 0 0 —i&

U(1,3) 0 —i& 0 i& 0 -l 0 &

U(2,3) 0 0 —i&3 & 0 0 [ —i&
L ua23 1 L O 0 0 0 i3 —i&e  i&1 —[¢] |
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By using Theorem 1,

Ji(x) = Ry fo(z) + Raf1,2)(x) + R3 f1,3)(),
Ja(x) = Rafo(x) — R1f1,2)(x) + R3 f2,3) (),
f3(x) = Rz fo(x) — R1f1,3)(x) — Raf2,3)(x),
fa.2,3)(®) = R3f1,2)(x) — Raf(1,3)(x) + Rif2,3)(x).

In fact, fo, f(1,2), f(1,3)> f(2,3) can be represented by the Riesz transform of other
function components.

T
T

Corollary 1. In the Hardy space H®¥)(R™ R,) = {f(z) € L*(R", R,,)|F(29,2) =
Py, * f(z),20 > 0, D¥"1F(xg,2) # 0, D¥F(x9,2) = 0}, each f is determined by
27~ linearly independent function components.

Proof. Let F(xo,x) = >, Fi(xo,x)e; and DF(xg,x) = Y, E?:()ﬁjFIejeI. For
convenience, we consider DF in its Fourier transform. Using the formula

DF(x0,§) = (eo, €1, ,er, -+ ,€q,2,... ny)) B(Fo, Fi,-- , Fr,--- ;F\(l,2,~~~,n))T
k times, we obtain

DkF(xovf) = (60,61,' LS R 76(1,2,~~~,n))Bk(ﬁ57F\1a' T 7E;' o 7ﬁ(1,2,~~~,n))T'

Now we prove rgr = rg = 2"~ 1. From Theorem 1, we know BB = —2[¢|B.
Therefore
B = 2f¢[ B = (~20el?BF? = - = (~20¢)* B,
Then rgx = 27!, This ends the proof. O

Theorem 2. HY(R", R, ) ={0}.

Proof. For convenience, we still consider DF' in its Fourier transform. Denote B =

(Uo,ul, ULy 7u(12~~~n))T = (’U(),’Ul, UL, 50,2, n)) Let 170) = _|£|60 +
iy i€jeq, up = uger, and wg = —|Eleg + Y7, i€je;, wy = wgey, for all I.

As in Theorem 1, we can prove that u; are the coordinates of w; with respect to
the basis {eg, 1, ,€(1,2,....n)}, and vy are the transpose of w;. Here wy are the
coordinates of wy with respect to the basis, I = (0),(1),---,(1,2,---,n). Then we
get

1) B is a symmetric matrix.
2) BB = 2|¢[*Egn.
The method to prove this is similar to Theorem 1.
Therefore rg = 2", i.e. F(x,z) = 0. Thus H"(R", R, ) ={0}. O

Corollary 2.
H®(R" R, ) ={0},k € N.

More generally, we have the following theorem.

Theorem 3. For each f € HY(R", R,, ) = {f € L>(R",Ry,.5) | F = Ppy* f, 20 >

0, DF(zp,x) = 0}, if Z';.:l x? # 0, then f = 0; otherwise, f can be determined by

27~ linearly independent function components.
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Proof. We consider DF in its Fourier transform. Denote

B = (u07u17 e ’uI7 P ’u(12'”n))T = (UO, Ul, . ;va P ,U(1,2,... ,TL))

Using a method similar to that in Theorem 1, we get BB = 2Z;=1 f?EQn. If
> &3 #0, then rg = 2". Therefore f = 0. If > i1 €7 =0, then B is a hermitian
matrix. Using Theorem 1, we have rg = 2"~ !, Therefore f is determined by 2"~!
linearly independent function coefficients. O

Corollary 3. For each f € H®(R", Ry, i) = {f € L*(R", Ry 5) | F = Py f, w0 >
0, D¥=1F(x9,7) # 0, D¥F(xg,2) = 0}, if > x5 # 0, then f = 0; otherwise, f
can be determined by 271 linearly independent function components.

(k

Similarly, we denote the conjugate Hardy space H )(R”, R, ;) by

T (R, Roy) = {f € L2(R", Rny) | F(0,7) = Pay % £(2),
o > O,Ek_lF(xo,x) #0, D'F= 0},

where k € N, 0 < s <n.
From the above theorems, we have

Corollary 4. In the conjugate Hardy space " (R",R,) = {f(x) € L*(R™, R,,) |
F(zo,xz) = Py * f(z),20 > 0,3k_1F(xo,x) #0 EkF(xo,x) = 0}, each f is
determined by 2"~ linearly independent function components.

=5 (k)

Corollary 5. H ' (R", R, ,) = {0}.

F. Sommen proved a decomposition of L?(R™, R,,) first in [T2]. The inner product
he used was Clifford algebra-valued. Here we can get the orthogonal decomposition
of L?(R™, R,) by using our characterization of Hardy space and conjugate Hardy
space:

L*(R",R,) = HY(R",R,) o H" (R", R,,).

Now we give a natural method to obtain some compensated quantities. For each
f, g € HO(R™, R,,), for convenience, we assume n is an even number. By using
(®), in the product fg, we have

RfoRgrer
= (fo + Rifoer + Rafoea + - - + Ry foen)
(91 + Rigrei + Ragres + - - - + Rngren)er

n n
= [(fogr = > _RifoRjgr) +---+ > (R;jfoRkgr — RefoR;g1)eseler
=t Gk=1,j<k
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and

RfrerRgey
= (fr + Rifren + Rafrea + - - - + Ry fren)er
(97 + Rigser + Ragjea + -+ + Rugren)es
= (fr + Rifre1 + Rafrea + - + Ry fren)

(97— Y _Rjgse; + > Rjgsej)ere;

jel g1
= [(fr97+ Y R;frR;igs = R;ifrR;g,)
JeI Jgr
+ Z(QJijI — f1R;g7)e;
jer
+ Z(QJkaI + frRrgs)ex
kgl
+ Z (Rj frRrgs + RifrR;97)€jk
jeL kgl j<k
+ Y (RjfiRigs — RifiR;g5)es
k,j¢l,j<k
- Z (R;frRrgs — Ref1Rjg7)ejkleres,
J,kel,j<k

where I € Q\ A, I #{0}.
If we denote

n
Qo(u,v) = uv — Z RjuR;v,Q;(u,v) = uR;v — Rjuv,
j=1

Qj,k(uv U) = RjURk’U — Rk’LLRj’U,

PO(U, ’U) =uv + Z R]‘UR]"U — Z RkuRkv, Pj (u7 v) = Rjuv _ UR1U,
Jjel k¢l
Png(u, U) = RjU'RkU + Rk’U,RjU,

where j, k=1,--- ,n, j <k, for real-valued functions u,v € L?(R"), then in the
product fg, there are six kinds of components as above.
For a real-valued symbol function b, write

<Qj(ua ’U), b> = <ngvv>v <Pj(ua ’U), b> = <Tbjuvg>7Where ] = 07 ]-a L2
(@ (w,0),b) = (Hy*u, 0), (P g(u,v),b) = (T] ", v),

where, j, k =,1,2,--- \n, j <k. '

Denote the corresponding Fourier kernels of Hj by A;(£,n), and the Fourier
kernels of Hg’k by A;r(&,n). Then we obtain
E&n _1.&

o L2 )2 g :_iﬁ_ﬂ
|§||77| 2( )aA](éU??) ( )s

A =1
(&) € Tl €l Tl



CLIFFORD-VALUED HARDY SPACES 57
where j =1, - | n,

Aj7k(§,77) = w7 J?k = 17 > T, .7 < k.
[l1n]
Similarly, denote the corresponding Fourier kernels of Tg , Tbj’k by B;(&,n), j =
0,1,---,n, and Bj (£, n), respectively. Then

§in; EkMe & .
BO(€777):1+ 77) ( +_) .7_17anv
jze; €] |n] %; €[ Inl’ 1€l [nl

By s(e.n) = 7””"5’%7&' ,

Therefore we have six kinds of kernels: Ag; Aj,7 =1,--- ,n; Ajp, 5,k =1, ,n,
j<k;Bo; Bj,j=1,---,n;and Bj,j,k=1,---,n,j <k.

Using theorems in [8], we get (Qo(u,v),b) is a compensated quantity which
belongs to the real Hardy space H!'(R?), and its corresponding paracommutator is
bounded if and only if b € BMO(R?). It is compact if and only if b € VMO(R?);
for % =1 < p < o0, it belongs to S, if and only if b € B,(R?); for 0 < p < % =1,
it belongs to S, if and only if b is a polynomial.

(Qj(u,v),by, j=1,---,n, are compensated quantities which belong to the real
Hardy space H'(R?), and their corresponding paracommutators are bounded if
and only if b € BMO(R?). They are compact if and only if b € VMO(R?); for
2 < p < 00, they belong to S, if and only if b € B,(R?); for 0 < p < 2, they belong
to S, if and only if b is a polynomial.

Similarly Q; %, j,k=1,---,n, j <k, have the same properties. The quantities
Pj(u,v),j = 0,1,---,n, Pji(u,v), j,k = 1,--- ,nj < k, are not compensated,
they belong to L'(R?) only. Their corresponding paracommutators are bounded iff
b € L°°(R?), and can never be compact unless b = 0.

j7k:17"'an7j<k'
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