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ABSTRACT. In this paper, we investigate the Hansen-Mullen conjecture with
the help of some formal series similar to the Artin-Hasse exponential series
over p-adic number fields and the estimates of character sums over Galois
rings. Given n we prove, for large enough ¢, the Hansen-Mullen conjecture
that there exists a primitive polynomial f(z) = 2™ — a1z™ 1t +--- + (=1)"an,
over Fy of degree n with the m-th (0 < m < n) coefficient a, fixed in advance
n+1 n
2

if n is odd and when m = 2,2 + 1 if n is even.

except when m = 5 5

1. INTRODUCTION

Let F, be a finite field with ¢ = p* elements where p is a prime number, and
let k a positive integer. A monic polynomial f(z) € F,[z] of degree n is called
a primitive polynomial if the least positive integer T such that f(z)[z7 — 1 over
F,[z] is ¢" — 1. Hansen and Mullen [9] conjectured that with the three nontrivial
exceptions

(g,n,m,a) = (4,3,1,0),(4,3,2,0),(2,4,2,1),

there exists a primitive polynomial over Fy of degree n with the m-th (0 < m < n)
coefficient a € Fj, fixed in advance. For m = 1, the Hansen-Mullen conjecture is true
by the work on the existence of primitive element solutions of trace equations over
finite fields, which was done by Cohen [I], Davenport [3], Jungnickel and Vanstone
[11], Moreno [I7], etc. For m = 2, Han [0, [6] proved that the Hansen-Mullen
conjecture is true if

(1) g is odd and n > 7; or

(2) g is even and (n,a) # (4,0), (5,0), (6,0).

On the other hand, Han [7] discussed Cohen’s Problem [2] and proved that for
any positive integer k < p, there exists a primitive polynomial f(z) = 2" —a;2" 1+

-+ (—=1)"a, over Fy of degree n with the first k coefficients a1, a9, - - - , a) fixed
in advance if n > 2k and ¢ is large enough. As a corollary, the Hansen-Mullen
conjecture of the k-th (1 < k < p) coeflicient is true for ¢ large enough and n > 2k.
The main idea of the proof is to express the conditions on the coefficients of the
primitive polynomial in terms of traces of powers of its roots.

Received by the editors March 13, 2002 and, in revised form, August 24, 2002.

2000 Mathematics Subject Classification. Primary 11T55, 11F85, 11140, 11L07.

Key words and phrases. Finite field, primitive polynomial, character sums over Galois rings,
p-adic formal series.

This work was supported by NSF of China with contract No. 19971096 and No. 90104035.

(©2003 American Mathematical Society
15



16 SHUQIN FAN AND WENBAO HAN

For k > p, however, we must cope with the inevitable problems relating to the
characteristic in handling the trace conditions. In this paper, we will transfer the
working to the unramified extensions of the p-adic fields and their completions,
as well as the appropriate quotient rings, Galois rings where we can translate the
existence of the primitive polynomial into the existence of the primitive element
solution of some system of trace equations over Galois rings. To estimate the
number of primitive element solutions, we need the estimates of character sums
over Galois rings [10} [13] and over the Teichmiiller points of p-adic number fields
[15].

In this paper, we investigate the Hansen-Mullen conjecture with the help of
some p-adic formal series similar to the Artin-Hasse exponential series over K}, (the
unique unramified extension of Q,, of degree k) and the estimates of character sums
over Galois rings. The paper is arranged as follows. First we give a short review on
character sums over Galois rings. In Section B, we give a description of the Hansen-
Mullen conjecture over Oy (the ring of integers of Kj). Then we define a p-adic
formal series Ey .(x) over K}, associated with the traces of powers of Teichmiiller
points £ € ', the set of Teichmiiller points in K. Using Dieudonné’s Theorem
we prove that E; () € Og[[z]] so that we obtain a congruence connection between
the traces of powers of Teichmiiller points and the coefficients of the lifting primitive
polynomials over Oy. In Section [ we obtain the estimate of the number of the
primitive element solutions in I',,; of some system of trace equations by using the
estimates of character sums over Galois rings. In fact, we get two main results: (a)
The Hansen-Mullen conjecture of the m-th (0 < m < n) coefficient over F, holds
if q%_(m_[%]) > m2«@" =1 (b) The Hansen-Mullen conjecture of the (n —m)-th
(0 < m < n) coefficient over F, holds if q%_(m_[%])_l > m2¢@" =1, In the above,
w(g™ —1) is the number of the distinct prime factors of ¢™ — 1 and m4 is the “non-p
part” of m, i.e. my is the largest divisor of m prime to p. In fact, (a) and (b) are
suitable for those m such that m < § and m > 3, respectively. As an asymptotic
result, we prove that for any given n, there exists a constant ¢(n) such that the
Hansen-Mullen conjecture over Fy of the m-th coefficient is true for ¢ > ¢(n) except

when m = "T“ if n is odd and when m = §, % + 1 if n is even.

2. ESTIMATES OF CHARACTER SUMS OVER (GALOIS RINGS

2.1. p-adic number fields and Galois rings. Let p be a prime number. For
r =% €Q,a,bec Z\{0}, define the order of a € Z at p, denoted by ordya, to be
the largest integer d such p?|a and ord,r = ord,a — ord,b. The non-archimedean
valuation | |, on Q can be defined by

|0|p = 07
|7A|p :pfordpr.

It is well known that | |, is a metric on Q.

Let Q, be the completion of Q with respect to the metric | |,, let Kj be the
unique unramified extension of Q,, of degree k, let Oy = {z € Kyi||z|, < 1} be
the ring of integers of Ky, let @p be the algebraic closure of 5, and let Q2 be the
completion of Q,. Denote the set of the Teichmiiller points in K} by

Ty = {€e K € =¢)
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and I'; = T'x\{0}. Then every element o € K}, can be written in a unique way as

o0
o= Z a;p'  where a; € Ty, iy € Z.
i=ig

If a € Oy, we have

oo
o= Zaipi where a; € T'y.
i=0
Define the canonical projective map ¢ from Oy to 'y by

o(a) = ap.

In fact, Oy is a local ring with unique maximal ideal P, = pOy. For e > 1, the
Galois ring R. j is defined by Oy /p®Oy. In particular, when e =1, R, = Fy is a
finite field with ¢ = p* elements and F, = {£|¢ € T'x} where £ is the residue class
mod p including £. It is obvious that any element 8 € R, , can be uniquely written

as
e—1

0= Z b;p'  where b; € T}
i=0
Let n > 0 be an integer and 74 the Frobenius map of K, over Ky given by

o0
k.
T(z) =Y al p’
i=io
0 .
for z = 3 a;pp* € Kyng, where a; € Ty, ig € Z. As we know, 75, is the generator
i=io
of the Galois group of K, /K} which is a cyclic group of order n. The trace map
Tr(:) : Kpx — K is defined via

Tr(z) =2 +m(z) + -+ 70 ' (2)

for z € K,1.

Trlo,, mod p° is the Frobenius map of Re ni over R, . Later we also use 73 to
denote 7|0, mod p° without confusion. As we know, 7 is the generator of the
Galois group of Re ni/Re which is a cyclic group of order n. More precisely, we
have

e—1
k
A
i=0
e—1 .
for z = )" a;p" € Re ni, where a; € Tpg, i =0,1,--- ;e — 1.
=0

i
The map Tre ni k() = Tr()|o,, mod p®is the trace map from Re ni t0 Re -
More precisely,

Trenkr(z) =2+ 7(x) + -+ T,?_l(x)

for z € Re nk.
Similarly, the norm map Norm(-) from K, to Kj can be defined by

Norm(z) =z - mp(z) - -7 (2)

for x € K.
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2.2. Characters over Galois rings. Let e, k,n € Z~. Now we give a few basic
facts on the additive characters over Galois rings R, ; and multiplicative characters
over I'y, .

2.2.1. Additive characters over Galois rings. An additive character of R is a
homomorphism from the additive group of R, to C*, the multiplicative group of
a complex field. Define 1(c) = e?™ k1 (/P for ¢ € Re 1. It is easily seen that ¢
is an additive character of R, j, that is, the so-called canonical additive character.
For a € R, , define ¢, (c) = 9(ac), ¢ € Re . Similar to the case of finite fields, we
can prove that v, is also an additive character. In fact, we have

Lemma 1. {¢,} consists of all the additive characters of Re .

aEReyk

Proof. 1t is obvious that we only need to prove a = 0 if and only if 1), is trivial, that
is, a principle character. Suppose a # 0, a = p'u, where u € RZ,,0< [ <e—1,
such that Tre1(ac) = 0 for all ¢ € Rey. We have p'Trx1(uc) = 0 for all
¢ € Re , hence plTre,kyl(c) =0 for all ¢ € Re. Since Trep1(-) : Rep — Zpe is
surjective, there exists ¢’ € Rey such that Trex1(c’) = 1. This gives p! = 0, a
contradiction. O

Lemma 2. Let a € R, j;, and let ¢ be the canonical additive character of Re . We

have
q° if a = 0;
Z Yela) = { :
L 0 if a # 0.
Proof. Special case for Theorem 5.4 in [16]. O

We have a more general result than Lemma

Lemma 3. Leta € R, 1, and let ¢ be the canonical additive character of Re . We

have
d . d
e—d \ _ | @ if a =0 mod p%;
Z be(pCa) = { 0 otherwise,
cERg,

where 1 < d < e.

2.2.2. Multiplicative character over Teichmiiller points. By definition, I, is the set
of Teichmiiller points in K, and is independent on e. I'}, forms a multiplicative
group with order ¢" — 1. Let g be a primitive element (i.e. generator) of I'},;
the canonical multiplicative character x can be defined by x(g') = e2mil/a" =1 for
0<1<g"—2 For0<j<qg"—2 define x;(g") = x(g"). The x;’s are all the
multiplicative characters of I'}, and form a cyclic group with order ¢" — 1. It is
familiar that the order of each character x; is a divisor of ¢ — 1.

Lemma 4. Let n be a positive integer, { € Iy, Then we have

0 otherwise,

u(d 47*_1 if € is a primitive element of '} ;
> sy - g des Tt

Jo P 2

where pu(d) is the Mébius function and @(d) is the Buler function, and x? runs
through all the p(d) multiplicative characters over I', with order d.
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Proof. In the following formula, v runs through all the distinct prime factors of
q" — 1:

d
IECONCICE) i (RE20 oS
dlgr—1 ¥ x () Y|lgv—1 ey x
If € is a primitive element of I'}, , then

B N~ ey | 1Y _ ¢"-1
II (*+ o2 x@) =11 (”w) -1

S () & g1

Otherwise, there exists a prime number 7 | %_r(lf) so that 3> x((€) = ¢(v),

x
hence

IT 1+ g%%% > x| =o.

vlgr—1 x

O

2.3. Estimates of character sums over Galois rings. Let k,n > 1, and let
h(z) be a polynomial over R, ,; with 2(0) = 0 and h(z) not identically 0. Let

h(z) = ho(x) + hi(z)p+ - 4+ he_1(2)p Y, hi(z) € Tpplz],

be the p-adic expansion of h(z). Such an expansion can be derived from a p-adic
expansion of the coeflicients of h(x). Let d; be the degree of h;(z) and let

d;
hz(l‘) = Z hi,jxj, hi,j el
§=0

h(z) is called nondegenerate if the coefficients h; ; of h;(z) satisfy
hij =0, if j=0(modp),0<j<d;;0<i<e—1.
Define the weighted e-degree of h(x) by
D.(h(x)) = max(dop®*,d1p* 2, - ,de_1).

Various kinds of character sums over Galois rings are investigated; see for exam-
ple [10], [I5], etc. Here we give two theorems from [I5] in a little different form for
our later use. These results are analogous to Weil estimates on character sums over
finite fields.

Theorem 5 ([I3], [15]). Let f(x) € Renk[z] be nondegenerate with weighted e-
degree D.(f(x)), and let e, be a nontrivial additive character of Renk. Then

| Z Ve (f(E)] < (De(f(z)) — 1)qn/2.
€l
For twisted character sums, we have
Theorem 6 ([I5]). Let f(z) € Renk[x] be nondegenerate with weighted e-degree

D.(f(x)),%en a nontrivial additive character of Renr and x a nontrivial multi-
plicative character of I'Y,.. Then

1S en(FO)XE)] < De(f(2))g™2.

¢ery,
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3. HANSEN-MULLEN CONJECTURE OVER p-ADIC NUMBER FIELDS

Throughout this section, ¢ = p¥, e € Z~y.

Let f(xz) € Oglz] be a monic polynomial of degree n. We call f(x) a basic

irreducible polynomial over Oy, if f(z) mod p is irreducible over Fj,.

Definition 7. Let f(x) € Og[x] be a basic irreducible polynomial of degree n. We

call f(x) a lifting primitive polynomial over Oy if there exists a positive integer T'

such that f(z)|zT — 1 and the least positive integer T' = ¢" — 1.

In fact, the set of primitive elements of I, (all the generators of I'}, as a cyclic
multiplicative group) is the same as the set of roots (in O,) of lifting primitive
polynomials of degree n in O[z]. So in the rest of the paper, we will identify them
without explanation. N

If f(x) is a lifting primitive polynomial of O [x], it is easily seen that f(z) = f(x)
mod p is a primitive polynomial over F,. On the other hand, if f(z) is a primitive

polynomial over F, by the Hensel Lemma there is a polynomial f(z) € Og[z] such

that f(z) = f(x) mod p and f(x) is a lifting primitive polynomial over Oy.

By the discussions above, the coefficients of primitive polynomials over Fj, and
the lifting primitive polynomials over Oy are closely related. Now we reformulate
the Hansen-Mullen conjecture using Oy.

Hansen-Mullen conjecture over Oy. Let ¢ = p¥. For any given a € T}, with
the three nontrivial exceptions

(q7na m, a) = (45 37 1; 0)7 (45 37 2; 0)7 (25 47 2; 1)7

there exists a lifting primitive polynomial f(x) over Oy of degree n with the m-th
(0 < m < n) coefficient a,, fixed in advance such that ¢(a,,) = a, where ¢ is the
canonical projective map from Oy to R = Fj.

So we only need to consider the existence of the lifting primitive polynomials
over Ok. As in [Bl 6] [7], we want to express the conditions on the coefficients of
a primitive polynomial over F, in terms of traces of the powers of the roots in
an extension field of F; of the primitive polynomial. To cope with the inevitable
problems relating to the characteristic in handling the trace conditions, the work is
transferred to the unramified extensions of the p-adic field and their completions,
as well as the appropriate quotient rings, Galois rings.

For this reason, we investigate the relation between the coefficients of the lifting
primitive polynomial over p-adic number field K}, and the traces of the powers of the
roots, in the extension field K, of the lifting primitive polynomial and reducing
the formula associated to the coefficients and the roots modulo suitable p€.

Lemma 8 ([12]). Let A be an nxn matriz with entries in Q). We have the following
identity of formal power series in Q[x]:

(1) det(1 — Az) = exp(— ZT’I“(AS)J?S/S)
s=1

where T'r(A?®) is the trace of matriz A%, s =1,2,---.

Let f(z) be a lifting primitive polynomial of degree n over O;. Now we give

the relation between the coefficients of lifting primitive polynomial f(z) over p-adic
number field K, and the traces of the powers of the roots of f(z) in the extension
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=~ 1

n

field K,i. It is easy to see that if £ is a root of f(z) in €, then & &9,--- €9  are

all the roots of f(x) in Q.

Lemma 9. Let f(z) = 2" — 012" 1 + -+ + (=1)"0, € Ok[z] be a lifting primitive

polynomial of degree n, and let & be a root of f(x) in Q. We have

~1 o
(2) 2" f(~) = exp(~ > Tr(€)at /s).
s=1
Proof. Let A = (a;j)1<i<n,1<j<n, Where
o if i # j;
A I if i = j.

Expanding the left-hand and right-hand sides of (), respectively, we get (). O

Now we go back to the Hansen-Mullen conjecture and discuss the relation be-
tween the existence of lifting primitive polynomials of degree n over Oy with the
m-th coefficient fixed for 1 < m < n—1, m = p'my, (my1,p) = 1 and the
existence of primitive element solutions in I}, of some kind of system of trace
equations, that is:

Tr(z') =0 mod p°,
if 1 <t<m, (t,p) =1,

(3) Tr(zt) =0 mod p°¢~!,
if mip!=t <t <mip!, (t,p)=1,1=1,---,e—1,

Tr(z™) = p*la, mod p¢,
where T'r(+) is the trace from K, to K, a € .

Theorem 10. Let a € Ty, m = p®~tmy, (m1,p) =1 and e > 1. Let

~ 1

fl2) = (=€) (@—&" )

" — o 4 (=D,

be the minimal polynomial of & over Oy where the system of equations @) is assumed
to have a primitive element solution £ € I'),.. For 1 <m < n, we have

(—1)"“17rL1_1ap€_1 mod p.

Om

Proposition 11. If the system of equations (B)) has one primitive element solution
£ eIy, for any given a € I'y, the Hansen-Mullen conjecture is true for the m-th
coefficient.

Proof. By Theorem [0 ¢(o,,) runs across 'y if a runs through T'). O

Since the reciprocal polynomial of a (lifting) primitive polynomial over F, (or
Oy,) is also a (lifting) primitive polynomial, then, if there exists a (lifting) primitive
polynomial over F, (or O) with the m-th coefficient fixed and the constant term
fixed as a primitive element b in Ty, there exists a primitive polynomial with (n—m)-
th coefficient fixed. So we consider another system of equations with the constant
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term fixed:
Tr(z') =0 mod p°,
if 1 <t<m, (t,p) =1,
Tr(zt) =0 mod pt,
(4) if mp' =t <t <mp!, (L,p)=1,1=1,---,e—1,
Tr(z™) = p*la, mod p¢,
Norm(x) =b.

Proposition 12. Let b be a primitive element of T'y. If the system of equations
@) has one primitive element solution & € T, for any given a € 'y, the Hansen-
Mullen conjecture is true for the (n —m)-th coefficient.

Proof. Let € € T'f, be a primitive element solution of (), f(z) the minimal poly-
nomial of £ over Oy, and o, the m-th coefficient of f(z). Then 2" f(2) is a lifting
primitive polynomial over Oy and the (n — m)-th coefficient of 32" f(1) is Z=. By
Theorem [I0] #(%) runs across I'y if @ runs through I'y. So we finish the proof of
the Hansen-Mullen conjecture for the (n — m)-th coefficient. (]

Before we prove Theorem [0, we give a simple result.

Lemma 13. Let (t,p) =1 and £ € Tpp. We have
Tr(E") = 7(Tr(€))
where ¢ is the Frobenius map of Ky over Q, for i =0,1,---.

To prove Theorem [[0], we define, for later use, a formal series over K}, similar to

the Artin-Hasse exponential series associated with the trace of power of £ € I},

that is,

o0

(5) Eyo(z) = exp <_ Z M)

tp®

s=e€

where ¢, e € Z>( and (¢,p) = 1. Later we use E; to denote E; . We want to discuss
the p-adic property of the coefficients of E; .(z) under some conditions. Now we
give Dieudonné’s Theorem as a lemma.

Lemma 14 (Dieudonné’s Theorem). Let f(x) = 14+ajz+azx®+--- € 1+xKy[[z]].
Then

f(x) € 1+ z04[[z]]
if and only if
f(=@)P

(6) 77 (@)

where T is the Frobenius map of Kj, over Qp.

€ 1+ paxOy[[z])

Lemma 15. Let t,e > 1 be positive integers satisfying (t,p) = 1, and let  be a
primitive element of T'%, such that Tr(&') =0 mod p¢. Then we have

Eie(x) € 1+ 20[[z]].
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Proof. Consider

Foo(a) = exp( pZTr (&) 1)

s=e
Tr(E™) e — Tr(E™) e
= exp(—p———=z —p —
( f,pe 926;-1 f,ps )
and
T ftpb+1 s+1
B) = ep > T )y
o0
Tr(Etp s
oot 3 Ty
s=e+1 P
Therefore
E;(z)P Tr(&P")
—_— - — 61 O
D) exp(—p povs ) € 1+ pxOy[[z]]

By Dieudonné’s Theorem, we have
Eic(z) € 1+ zO0x[[z])-
O

Lemma 16. Let t,e > 1 be positive integers satisfying (t,p) = 1, and let  be a
primitive element of T, such Tr(€') =0 mod p®. Let

Ei(z)=14az+ - +az' +---
Then we have
a; € pOy,  if p°tl.
More precisely
Ei(z) = Eye(x) mod p.
Proof. We rewrite E(z) as

oo

e—1
Ei(z) = exp(— Z ftp ztP") HeXp gp) )

Since the first term (i.e., Eye(x)) is in 1 + zOg[[z]] and the second product of
the right-hand side belongs to 1 4+ pzOy[[x]], the only possible terms a; such that
a; ¢ pOy, are the terms in the expansion of E; .(x). So we must have p°|l. O

Now we come back to prove Theorem [T
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Proof of Theorem By Lemma [@ we have
~1
n _ — T S
x f(a:) exp(— Z r(£%)x®/s)
= J] B H Ey(x H Ey(x

(t,p)=1 (t,p)= (t,p)=

t>0 tgm t>m
e—1
(t,p)=1 =1 (t,p)=1 (t,p)=1
t<my myp' Tt <t<mapt t>m

Then by Lemma

xnf(i)z my,e— 1 H Ete )f[ H

(t,p)=1 =1 (t,p)=1
t<mgy mlpl_1<t<m1pl
X Bt e H E;(z) mod p.
(t p)=1
t>m

It is obvious that the degrees of the nonconstant terms in

H Et,efl(x)

(t,p)=1

forl=1,---,e—1and in

are greater than m, hence the coefficient of z™ in :c”]?(%) mod p is same as the
coefficient of =™ in

H(z) = Ep, e—1( H Eic(z) mod p.
O<t<m1
(t,p):l

Since there exists a formal series G(z) € Og[[z]] such that

G(zP") = H Eye(x)

0<t<m
(t,p)=1

and m = m1p°~!, the coefficient of #™ in H(z) is the same as the coefficient of 2™

in B, e—1(x). By observing that the coefficient of ™ in Ey,, —1(z) is —%,
we have
T m
(—=D)™o = — r(e™) mod p.
m
As a result, we have
Om = (—1)’”_17711710#’671 mod p.
O

In the next section we will estimate the number of primitive element solutions

of I'}, in (B) and ().
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4. ESTIMATES AND CALCULATIONS

Now we estimate the number of primitive element solutions of (3) and () in
I'? ., respectively. For this reason, we define

(7) Si={tlp'"'m1 <t < p'my and (t,p) =1}
forl=1,2,---,e—1and
8) So ={t]1 <t <my,(t,p) =1},

S = {(Ct)(t,p)=1| ct € Refl,k fort e Sl,l =0,1,---,e— 1}

Let W = #S. We have W = g-i-o (e=0#S;,
Let N be the number of primitive element solutions of @) in I'},, ¢ the canonical
additive character of Rk, en = ¥ - TTenk,i the canonical additive character of

Re ni and (@ run through all the multiplicative character over I'y . with order d.
From Lemmas[2, [3 and [@],

N =SS I S eerre))

gery, 1=0 t;sz Cct€Re_1 K

> blem (Tr(em) —p ) 3 S g
cmleRek dlgn—1 # )Xw)
KDL Sl SRR
d|gn—1 X(d) (ct)(t,p)=1€S

XA((Ct)(t,p)=17 X( ))7

where
5= P =) Csiie-ngs
(¢"—1)
and
A((et) t,p)= Z X(d) Zpl Z ci€')
gerx, 1=0 tes;

where (c¢)(,p)=1 € S.
Denote

SDIDWE

=0 teS)
It is easy to check that h(x) is nondegenerate if h(z) # 0. So
A((Ct)(t,p)=1vx(d)) = Z X(d)(g)we,n(h(x))
€ely

Now we estimate V.
(1) Suppose h(z) =0. Then ¢; =0 € R._;, for t € S;, where l =0,1,--- ,e—1.
So

A((Ct)(t,p):hx(d)) =q" - L
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(b) When d > 1,
A((ct)tp)=15 X(d)) =0.
We have
(d)
> —“(d S S G em,a) x Al -t X))
dlgn—1 x (D h(z)=0
=q" — 1.

(2) Suppose h(z) # 0. Then ¢ # 0 for some t € S; and some [ such that
0 <1 <e—1. In this case h(x) is nondegenerate.

(a) When d = 1, by Theorem

A ((ee) t,py=15 X))

IN

(De(h(@)) — g2 + 1
De(h(m))q"/Q_

IN

(b) When d # 1, by Theorem
[A((e) tpy=1: X' D)] < De(h(x))g"?.
In the above D (h(z)) is the weighted degree of h(x) and D.(h(z)) < m.
Since the total number of multiplicative characters x(9) is ¢(d), we get
(9) N 23 {(g" 1) = 220D W~ 1)ma? }
where w(g™ — 1) is the number of the distinct prime factors of ¢" — 1.

Lemma 17. Let m = p* ‘my, (mq,p) = 1. Let

e—1

Omre =D (e—D#S,

=0

where Sy are defined by (@) and @&). Then

Hml,e =m — [m],
p
50 Oy e = m if and only if mi < p.
Proof. By definition of S;, we have
m
#S0 = ma—[—,
p
#51 = mup—mi —#So
= mip—2my +[—];
if 1 <l < e, then
#S = mip' —map'™t = (map' ™t — map'™?)
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It is easily check that Lemma[I7 holds for e < 2. Let e > 2; we use induction on

e. Therefore
e

Omierr = Y (e+1—D#S

1=0
e—1 e
= S (e D#Si+ > #8
1=0 =0
m m
= Oye +mi— [—]+mup —2my + [—]
p p
e
+ Z(mlpl —2mip' '+ map'?)
1=2
= Gml,e - mlpe_l + mlpe
and m1p® — Oy er1 = Mip® ' — O, . By induction hypothesis on e, that is,
mipet — Oy e = [], we have Oy, 41 = mip® — [22]. The second conclusion is
obvious. So we finish the proof of Lemma [I7] O

Theorem 18. Let N be the number of primitive element solutions of (3) in I'%,.
For 0 <m <mn, let m=p°tmq, (m1,p) =1. If

(10) gz~
where w(q™ — 1) is the number of the distinct prime factors of ¢" — 1, then N > 0.

Proof. By (@) and Lemma [[7] it is easily seen that N > 0 if
q% > mzw(q"—anf:o(e—l)#sl

[ my

1)) S @@ =)

my

= me(Q"—qu—[T],
Hence our theorem holds. O

Following the method introduced by Lenstra and Schoof [14], for given positive
integer n and prime number p , if m — {%} < g, inequality (I0) holds for ¢ large

enough, where ¢ is the power of p. Therefore we prove

Proposition 19. Let n be a positive integer, p a prime number and q a power of

e—1 mi

p. For 0 <m < n, let m =p*~*mq,(mq,p) = 1. If m — {7} < g, there exists a

constant c(n, m,p) depending onn, m,p such that there exists a primitive polynomial
over Fy of degree n with the m-th coefficient fized in advance if ¢ > c(n, m,p).

Similary we have

Proposition 20. Let n be a positive integer. If m < 3, there exists a constant
c(n,m) depending on n,m such that there exists a primitive polynomial over Fy of
degree n with the m-th coefficient fized in advance if ¢ > c(n,m).

From Proposition 20}, for large enough ¢, the Hansen-Mullen conjecture is true
for those terms x"~™ such that m < § except when m = 3 if n is even. But for
the terms z”~™ such that m > %, the above estimate (I0) gives no information
in most cases. However, we can consider the reciprocal polynomial of a primitive
polynomial since the reciprocal polynomial of a primitive polynomial is still a prim-

itive polynomial. We hope that we can prove the Hansen-Mullen conjecture of the
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m-th coefficient for m > % in most cases if ¢ is large enough. In this way we can
establish the Hansen-Mullen conjecture of the m-th coefficient with only possibly
one or two exceptions, that is, those terms 2™~ such that m is around %. In fact,
the (n —m)-th coefficient can be fixed if the m-th coefficient and the constant term
can be fixed at the same time.

For this reason, we estimate the number of primitive element solution of (H]),
which we denote by N'.

Let ¢, %en, X @ be defined as before, and let Xe,n be the multiplicative character

over 'y, defined by xen, = x - Norm. We have

Vo= SIS s

gers, 1=0 tes, Ct€Re_1 k
my

Y e (Tr(E™) = p*"a)))

Cmq ERe K

DINCLALIN'S %Zx(‘”(@

dlgn—1 (@
u(d)
RO IS e lema)
X dlgr—1? X(d) (¢t (t.p)=1 €S

XA((Ct)(t,p)=1v X(d)v Xe,n)~

In the above, x run across all the multiplicative characters over T},

_ 1 p(@ 1) Cseetepyas
)= 1=0 l
@1 @ -1
and
A((Ct)(t,p)zla X(d)a Xe,n) = Z (X(d) 'XE,n)(f)wE,n(h(g))
gely,

where (¢¢)(¢,p)=1 € S and h(z) is defined as before.

Now we estimate N'.

(1) Suppose h(z) # 0. Then ¢ # 0 for some t € S; and some [ such that
0 <1 <e—1. From Theorems Bl and [,

< De(h(l‘)) ' q%a

‘A((Ct)(t,p):h X(d)7 Xe,n)
and since the number of the multiplicative characters with order d is p(d),
1
| ZX(E) Z 50 Z Z w Cmi ) : A((Ct)(t,p):hX(d)7Xe,n)|
X dlgn—1 X(d) h(a
<(g—1)-2¢6@" =D (g™ —L%J —1)- De(h(z)) - ¢%.
(2) Suppose h(z) =0. Then ¢; =0 € R._;, for t € S;, where l =0,1,--- ,e—1.
(a) When X(d) * Xe,n = X0,
PP ema) =1

and
A((et) (t.p)=1: XV Xen) = ¢ — 1.
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Let x, be the multiplicative character such that x_}, - Xe.n = Xo; We
have order(x) = order(xen) = order(x;},). Let x(a,) be the multiplicative
character x over I'y, with order d;; we have

Z Z M % Z Z w le ) A((Ct)(t,p)=lvx(d)7Xe,n)

d|<1” 1 ¥ Xe.n X P =x0 h(z)=0

dl n — n
DI 2D DRI —1>=q—1)<q 1)

di|g—1 X(d1) w(q_l

where the last equation holds since % is a primitive element.
(b) When x'* - xe.n # xo,

A((Ct)(t,p)zlv X(d); Xe,n) =0

and

1 d
Sap X ED Y Y e e

X djgn—1 Xe.n XD F#xo h(z)=0

S

: A((ct)(t,p):h X(d)7 Xe,n) =0.
Therefore

even stronger, if
q%—(m—L%J)—l > m - owl@ =1
we have N’ > 0. So we have

Theorem 21. Let N’ be the number of primitive element solutions of @) in T,
For 0 <m <mn, let m =p°tmy, (my,p) =1. If

(11) q%_(m_[%])_l > m - ow@"=1)
where w(q™ — 1) is the number of the distinct prime factors of ¢™ — 1, then N’ > 0.

Again by the method of Lenstra and Schoof, for given n and prime number p, if
m— [%} < % —1, there exists a constant c(n, m,p) depending on n,m, p such that

there exists a primitive polynomial over Fy of degree n with the m-th coefficient
fixed as any element in F, and the constant term fixed as any primitive element
in F, in advance for ¢ > ¢(n,m,p), where ¢ is the power of p. Considering the
reciprocal polynomial of primitive polynomial, we can give the following

Proposition 22. Let n be a positive integer, p a prime number and q power of p.

For0<m <n, if (m— L%J) < § —1, there is a constant c(n,m,p) depending on

n,m,p such that there exists a primitive polynomial over Fy of degree n with the
(n — m)-th coefficient fized in advance if ¢ > c(n,m,p).
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We can also get

Proposition 23. Let n be a positive integer and 5 < m < n. If § +1 < m,
there exists a constant ¢(n,m) depending on n,m such that there exists a primitive
polynomial over Fy of degree n with the m-th coefficient fized in advance if ¢ >
c(n,m).

Now we give our two main results of this paper.

Theorem 24. Let n be a positive integer, p a prime number and q a power of p.
Let ny be the “non-p part” of 5 if n is even and the “non-p part” of ”T_l if nis
odd. There exists a constant c¢(n,p) depending on n,p such that the Hansen-Mullen
conjecture over Fy of the m-th (0 < m < n) coefficient of primitive polynomial with
degree n is true for ¢ > c(n,p) except when:

(1) m= "TH if n is odd, n1 < p;
(2) m= 35,5 +1ifnis even, ny < p.

Proof. We first prove the case of odd n. From Proposition[I9 there exists a constant
c(n,m,p) such that for every 1 < m < % there exists a primitive polynomial of
degree n with the m-th coefficient over Fy if ¢ > ¢(n, m,p). By Proposition 22, for
every pair (n,m,p) such that § <m <n whenn; >pand F+1<m<n-1
when n; < p , there exists a constant ¢(n,m, p) such that there exists a primitive
polynomial over F; of degree n with the m-th coefficient fixed as any element in Fj

if ¢ > c¢(n,m,p). If ny < p, let

c(n,p) = max c(n,m,p)
i
and if ny > p, let
c(n,p) = Jmax c(n, m,p).

Then the Hansen-Mullen conjecture over Fy, of the m-th (0 < m < n) coefficient of
primitive polynomial with degree n is true for ¢ > ¢(n,p) except when m = ”TH if
n is odd and n; < p.

The proof of even n is similar. So we have completed the proof. (]

We give still another theorem:

Theorem 25. Let n be a positive integer. There is a constant ¢(n) depending on
n such that there exists a primitive polynomial of degree n over F, with the m-th
(0 <m < n) coefficient fized in advance for q > c(n) except when m = "L if n is

odd and when m = 3,5 + 1 if n is even.

Proof. From Propositions 20l and [23] we can easily obtain the proof. O

ACKNOWLEDGEMENT

The authors are indebted to the referee for her or his valuable comments which
corrected several errors in the original paper and made the paper simpler and more
succinct.



p-ADIC FORMAL SERIES AND PRIMITIVE POLYNOMIALS 31

REFERENCES

1. S.D.Cohen, Primitive elements and polynomials with arbitrary traces, Discrete Math, vol. 83,
no. 1, pp. 1-7, 1990. MR [91h:11143

2. S.D.Cohen, Primitive elements and polynomials: existence results, Lect. Notes in Pure and
Applied Math, vol. 141, edited by G.L.Mullen and P.J.Shiue, Dekker, New York, pp. 43-55,
1993. MR 93k:11113

3. H.Davenport, Bases for finite fields, J.London Math. Soc, vol. 43, pp. 21-39, 1968. MR [37:2729

4. B. Dwork, G.Gerotto and F.J.Sullivan, An Introduction to G-Functions, Annals of Mathe-
matics Studies, Number 133, Princeton University Press, 1994. MR [96¢:12009

5. W-B.Han, The coefficients of primitive polynomials over finite fields, Math. of Comp, vol. 65,
no. 213, pp. 331-340, Jan. 1996. MR 96d:11128

6. W-B.Han, On two exponential sums and their applications, Finite Fields and Their Applica-
tions, 3, pp. 115-130, 1997.

7. W-B.Han, On Cohen’s Problem, Chinacrypt’96, Academic Press(China), pp. 231-235, 1996
(in Chinese).

8. W-B.Han, The distribution of the coefficients of primitive polynomials over finite fields, Pro-
ceeding of CCNT’99, Prog.in Comp. Sci. and Applied. Logic, vol. 20, Birkhauser Verlag,
Basel/Switzerland, pp. 43-57, 2001.

9. T.Hansen and G.L.Mullen, Primitive polynomials over finite fields, Math. of Comp, vol. 59,
no. 200, pp. 639-643, Supplement: S47-S50, Oct. 1992. MR 93a:11101

10. T.Helleseth, P.V.Kumar, O.Moreno and A.G.Shanbhag, Improved estimates via exponential
sums for the minimum distance of Z4 -linear trace codes, IEEE. Trans. Inform. Theory, vol.
42, no.4, pp. 1212-1216, July 1996. MR [97m:94028

11. D.Jungnickel and S.A.Vanstone, On primitive polynomials over finite fields, J. of Algebra, vol.
124, pp. 337-353, 1989. MR 90k:11164

12. N. Koblitz, p-adic number, p-adic analysis and zeta functions, GTM58, Springer-Verlag, 1984.
MR 86¢:11086

13. P.V.Kumar, T.Helleseth and A.R.Calderbank, An upper bound for Weil exponential sums
over Galois rings and applications, IEEE. Trans. Inform. Theory, vol. 41, no.2, pp. 456-468,
Mar. 1995. MR [96c¢:11140

14. H.W.Lenstra and R.J.Schoof, Primitive normal bases for finite fields, Math. of Comp, vol. 48,
no. 177, pp. 217-232, 1987. MR 88c:11076

15. W.-C.W.Li, Character sums over p-adic fields, J. Number Theory, 74, pp. 181-229, 1999. MR
2000b:11100

16. R.Lidl, H.Niedereiter, Finite Fields, Addison-Wesley, London, 1983. MR [86¢:11106

17. O.Moreno, On the existence of a primitive quadratic trace over GF'(p™), J. of Combin. Theory
Ser. A, vol. 51, pp. 104-110, 1989. MR [90b:11133

DEPARTMENT OF APPLIED MATHEMATICS, INFORMATION ENGINEERING UNIVERSITY, ZHENG-
ZHOU, 450002, PEOPLE’S REPUBLIC OF CHINA
E-mail address: sq.fan@263.net

DEPARTMENT OF APPLIED MATHEMATICS, INFORMATION ENGINEERING UNIVERSITY, ZHENG-
ZHOU, 450002, PEOPLE’S REPUBLIC OF CHINA
E-mail address: wb.han@netease.com


http://www.ams.org/mathscinet-getitem?mr=91h:11143
http://www.ams.org/mathscinet-getitem?mr=93k:11113
http://www.ams.org/mathscinet-getitem?mr=37:2729
http://www.ams.org/mathscinet-getitem?mr=96c:12009
http://www.ams.org/mathscinet-getitem?mr=96d:11128
http://www.ams.org/mathscinet-getitem?mr=93a:11101
http://www.ams.org/mathscinet-getitem?mr=97m:94028
http://www.ams.org/mathscinet-getitem?mr=90k:11164
http://www.ams.org/mathscinet-getitem?mr=86c:11086
http://www.ams.org/mathscinet-getitem?mr=96c:11140
http://www.ams.org/mathscinet-getitem?mr=88c:11076
http://www.ams.org/mathscinet-getitem?mr=2000b:11100
http://www.ams.org/mathscinet-getitem?mr=86c:11106
http://www.ams.org/mathscinet-getitem?mr=90b:11133

	1. Introduction
	2. Estimates of character sums over Galois rings
	2.1. p-adic number fields and Galois rings
	2.2. Characters over Galois rings
	2.3. Estimates of character sums over Galois rings

	3. Hansen-Mullen conjecture over p-adic number fields
	4. Estimates and calculations
	Acknowledgement
	References

