PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 132, Number 1, Pages 147-156

S 0002-9939(03)07075-8

Article electronically published on April 24, 2003

THE FORM SUM AND THE FRIEDRICHS EXTENSION
OF SCHRODINGER-TYPE OPERATORS
ON RIEMANNIAN MANIFOLDS

OGNJEN MILATOVIC

(Communicated by David S. Tartakoff)

ABSTRACT. We consider Hy = A + V, where (M, g) is a Riemannian man-
ifold (not necessarily complete), and Ay is the scalar Laplacian on M. We
assume that V = Vi + Vi, where Vp € L2 (M) and —C < Vj € L{ (M) (C'is

loc loc
a constant) are real-valued, and A + Vp is semibounded below on C2°(M).

Let Tp be the Friedrichs extension of (Aas 4+ Vo)|cse (ar). We prove that the
form sum To+Vi coincides with the self-adjoint operator Tr associated to the
closure of the restriction to C2° (M) x C2°(M) of the sum of two closed qua-
dratic forms of Ty and V;. This is an extension of a result of Cycon. The proof
adopts the scheme of Cycon, but requires the use of a more general version of
Kato’s inequality for operators on Riemannian manifolds.

1. INTRODUCTION AND THE MAIN RESULT

Let (M,g) be a Riemannian manifold (ie. M is a C°°-manifold, (g;x) is a
Riemannian metric on M), dim M = n. We will assume that M is connected. We
will also assume that we are given a positive smooth measure dpu, i.e. in any local
coordinates z', 22, ..., 2" there exists a strictly positive C*°-density p(z) such that
dp = p(z)dz'dz?...dz". We do not assume that (M, g) is complete.

We will consider a Schrédinger-type operator of the form

Hy =Apn+ V.
Here Ay := d*d, where d: C*°(M) — QY (M), and V € L} (M) is real-valued.
1.1. Maximal operator. We define the maximal operator Hy max associated to
Hy as an operator in L?(M) given by Hy maxt = Hyu with domain
(1.1) Dom(Hy pmax) = {u € L*(M) : Vu € L, (M), Hyu € L*(M)}.
Here Apyu in Hyu = Apyu + Vu is understood in the distributional sense.

We make the following assumptions on V.

Assumption A. Assume V =V + V7, where
(i) Vo € LE (M) and Ay + Vp is semibounded below on C2°(M).

loc

(i) V4 € L. (M) and V; > —C, where C > 0 is a constant.
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1.2. Quadratic forms. For any self-adjoint operator T: Dom(T) C L*(M) —
L?(M) such that T > —«, we will denote by Q(T') the domain of the quadratic
form t associated to T. By Theorem 2.1 in [3], ¢ is a closed semibounded below
form, i.e. Q(T) is a Hilbert space with the inner product

(12) (ua v)t = t(ua ’U) + (1 + a)(u, ’U)Lz(M),

where t(+,-) is the sesquilinear form obtained by polarization of ¢.

1.3. Form sum. By (i) of Assumption A, As+Vj is symmetric and semibounded
below on C°(M), so we can associate to it a semibounded below self-adjoint op-
erator Ty (Friedrichs extension, cf. Theorem 14.1 in [3]).

We will denote by Tp+V; the form sum of Ty and V3. By Theorem 4.1 in [3], this is
the self-adjoint operator associated to the semibounded below closed quadratic form
t, given by the sum of two semibounded below closed quadratic forms corresponding
to Ty and V7. By the same theorem, the following is true: Q(To+V1) = Q(To) N
Q(V1). Clearly, To+V; is a self-adjoint restriction of Hy,max-

1.4. Operator Tr. Denote by ¢min the restriction of ¢, to C°(M) x C°(M).
Denote by TF the self-adjoint operator associated to the closure of ¢, in the sense
of the norm in Q(Tp+V;). Clearly, Tr is a self-adjoint restriction of Hy, max.

We will give a sufficient condition for Tr = Ty+V;.

Theorem 1.5. Suppose that Assumption A holds. Then Tr = Ty+Vi.

Remark 1.6. Theorem [[.5 was proven by Cycon [2] in the case of the operator
—A + V in an open set M C R", where A is the standard Laplacian on R™ with
the standard metric. In the case V) = 0 and M = R" with standard metric, Theo-
rem [[LH was proven in Simon [13].

2. OPERATORS WITH A POSITIVE FORM CORE

Definition 2.1. Let T: C2°(M) C L?(M) — L?*(M) be a symmetric semibounded
below operator. Let T denote its Friedrichs extension and Q(T)" the set of a.e.
positive elements of Q(Tr%). We say that Tr has a positive form core if for every
u € Q(Tr)" there exists a sequence uy € C°(M)™T such that

llug —ullt — 0 as k — oo,
where |- ||+ is the norm associated to the closure of quadratic form ¢(v, w) := (T'v, w)
(v,w € CX(M)) via (2.
The main result of this section is

Theorem 2.2. Suppose that A + Vi is as in (1) of Assumption A. Let Ty be the
Friedrichs extension of (Anr + Vo)lcsary- Then To has a positive form core.

Remark 2.3. In the case of the operator —A + V4 in an open set M C R"™, Theo-
rem was proven in [2| Th. 1].

We will first prove the following special case of Theorem
Proposition 2.4. Suppose that —C < Vo € L2 (M), where C > 0 is a constant.

loc

Let Ty be the Friedrichs extension of (An + V0)|ch(M). Then T, has a positive
form core.
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We begin with a few preliminary lemmas.

In what follows T} is as in the hypothesis of Proposition[24] and ¢; is the closed
quadratic form associated with T,. Without loss of generality, we may and we will
assume that Vy > 0 so that T} is a positive self-adjoint operator.

We will denote W2(M) := {u € L2(M): du € L*(T*M)}. By W, *(M) we
will denote the closure of C°(M) in the norm ||u|3,1.2 := ||dul|? + [Ju||?, where ||-||
is the L2 norm. By Q(Vp) we will denote the set {u € L2(M): V;/?u € L2(M)}.
Clearly, Q(Vp) is the closure of C2°(M) in the norm

1/2
(2.1) ull?, = 1[Ve2ul|® + [ful|?,

where || - || is the norm in L?(M).
In the proofs of the following three lemmas, we will use the arguments from the
proof of Lemma 1 in [5].

Lemma 2.5. Q(T) = W (M) N Q(Vg).

Proof. Denote by Hy := Wy?(M) N Q(Vy). Consider a sesquilinear form S: H; x
‘H1 — C given by

S(u,v) = (du, dv) + (Vo *u, Vg *v),

where (-, ) is the inner product in L?.
This sesquilinear form is closed, so the pre-Hilbert space H; is complete in the
norm

(2.2) (u,v)g, = (du, dv) + (Vo' ?u, Vi %0) + (u,v).

By definition of Wy?(M) and Q(Vp), it follows that H; is the closure of C2°(M)
in the norm || - ||, corresponding to (2.2]).

For all u,v € C*(M), (u,v)s, = (u,v) + (Tyu,v). By Theorem 14.1 in [3], Q(Ty
is the closure of C°(M) in the norm || - ||, corresponding to ([22), so Q(T}) =
Wy (M) N Q(Vo). D

Lemma 2.6. Assume that w € C(M). Then there exists a sequence ¢ €
C®(M)™* such that || — |ulllt, — 0 as k — oo, where || - ||¢, is the norm cor-
responding to (Z2).

Proof. Let u € C°(M). Then |u] € W2 (M). Using a partition of unity we may
assume that u is supported in a coordinate neighborhood. Let |u|? = J?|u|, where
J? is the Friedrichs mollifying operator; cf. Sect. 5.11 in [I]. Then |u|? € C°(M).
It is well-known that [u|” — |u| as p — 04 both in the space W2 (M) and in
the space Lgomp(M ). Also, since |u| is continuous compactly supported on M and

Vo € L2 (M), we have

(2.3) /VO(|u|’))2 dp — /V0|u|2d,u as p— 0 +.

Therefore,

(2.4) llul” = lullly, =0 as p— 0+,

where || - ||, is the norm corresponding to (2.2). O

Lemma 2.7. Suppose that uw € Q(Ty). Then |u| € Q(Tp).



150 OGNJEN MILATOVIC

Proof. Let u € Q(Ty). By Lemma ZH, we get u € Wol’Q(M) N Q(Vp). Since
u € Wy*(M), Lemma 7.6 from [4] gives |u| € Wy *(M). From u € Q(Vp), we
immediately get [u| € Q(Vp). Therefore, |u| € Wy*(M)NQ(Vp), so by Lemma 5]
we obtain |u| € Q(Tp). O

2.8. Proof of Proposition 2.4. We will follow the proof of Lemma 2 in [2].
Suppose that u € Q(T,)*. By Lemma[20] there exists a sequence ¢; € C°(M)
such that

(2.5) l¢; —ully, =0 as j — oo,
where || - ||+, is the norm corresponding to (Z.2).
In what follows, we will denote (signw)(z) := ‘Zgg‘ when w(z) # 0, and 0
otherwise.
We have
1/2
(2.6) sl —ully, = llles] —ull® + lldi;| — dul® + Vg *(6;] = w)||?

< Ny — ull? + |dld;] — dull? + Vo /* (65 — w)|)?
= ||¢; —ull® + || Re((sign ¢;)de;) — dul® + Vo /(65 — w)||?,

where || - || denotes the norm L2
From (2.6) we obtain
(2.7)

161 — ull?, < 6 — ul® + [||(sign ;) (de; — du)]| + || (sign &; — 1)du]]]>
Vo285 — w2
< [l — ull® + [|de; — dul| + ||(sign &; — Deull]2 + Vo> (¢; — w)||?,

where || - || denotes the norm in L2.

By (23), the first, second and fourth term on the right-hand side of ([Z1) go to
0 as j — oo.

It remains to show that

(2.8) [|(sign¢; — 1)dul| — 0 as j — oo.

Since ¢; — u in L*(M), a lemma of Riesz shows that there exists a subsequence
¢j, such that ¢;, — u a.e. du, as k — oo. By Lemma 7.7 from [4], it follows that
du = 0 almost everywhere on {x € M : u(z) = 0}. Hence, as k — oo, sign ¢;, — 1
a.e. on M. Since du € L?*(T*M), dominated convergence theorem immediately
implies (2.8)) (after passing to the chosen subsequence ¢;, ).

This shows that

(2.9) |||¢Jk| - Uth —0 as k — oo.

By 23) and Lemma 26 there exists a sequence 1, in C°(M)* such that
lr — ulls, — 0 as I — oo. By Definition 21 it follows that 7T, has a positive form
core. O

In what follows, we will use a version of Kato’s inequality. For the proof of this
inequality in general setting, cf. Theorem 5.6 in [1].

Theorem 2.9. Let E be a Hermitian vector bundle on M, and let V: C®(E) —
C*®(T*M®E) be a Hermitian connection on E. Let V*: C*(T*MQFE) — C>*(E)
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be formal adjoint of V with respect to the usual inner product on L*(E). Assume
that uw € L (E) and V*Vu € L, (E). Then

loc loc

(2.10) Aprlul < Re(V*Vu,signu),

where

signu(z) = {Zé§§| if u(x) #0,

0 otherwise.

Definition 2.10. Let (X,u) be a measure space. A bounded linear operator
A: L*(X,p) — L3(X, ) is said to be positivity preserving if for every 0 < u €
L?(X, ) we have Au > 0.

We will also use the following abstract theorem due to Simon; cf. Theorem 2.1
in [I1].
Theorem 2.11 (Simon [L1]). Suppose that (X, u) is a measure space. Suppose
that H is a positive self-adjoint operator in L?(X, u). Then (H +1)~1 is positivity
preserving if and only if the following two conditions are satisfied:
(i) For every u € Q(H), we have |u| € Q(H).
(ii) For every w € Dom(H) and 0 < v € Q(H), the following is true:

Re[h(|u],v)] < Re((signu)v, Hu),

where h is the quadratic form associated to H, and (signu)(z) =
whenever u(z) # 0, and 0 otherwise.

The following lemma extends Lemma 1 from [5] to the case of Riemannian man-
ifolds.

Lemma 2.12. The operator (Ty, + 1)1 is positivity preserving.
Proof. Let t, be the quadratic form associated to T. By Theorem R.IT] it suffices
to check the following conditions:
(i) For every u € Q(Tp), we have |u| € Q(T}) and
(ii) For every u € Dom(T}) and 0 < v € Q(T3), the following is true:
Re[ty(|ul, v)] < Re((signu)v, Tru).

Condition (i) follows immediately by Lemma 2.7]
We now prove that condition (ii) holds. Let u € Dom(T}). Then (Aps + Vo)u
€ L?(M) and hence Apu € Li _(M).

loc

For v € Dom(73) and 0 < ¢ € C°(M) we have

Re[ty(Jul, 9)] = Re(Jul, (Arr + V0)9) = (Jul, Anr¢) + (Jul, Voo)
= (Anlul, @) + (Volul, ¢)
< Re((sign ) Anru, 6) + ((sign 1) Vo, )
= Re((signa)Tpu, ¢) = Re((signw)ep, Tpu).

(2.11)

Here we used integration by parts and the special case of Kato inequality (ZI0) for
Ay

Let 0 < v € Q(T}). By Proposition [Z4, there exists a sequence ¢; € C°(M)*
such that ||¢; —v]|s, — 0 as j — oo, where || - ||, is the norm corresponding to (Z2).
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From (ZIT]), we obtain
Relty(|ul,v)] = lim Re[ty(Jul, ¢;)] < lim Re((signu)d;, Tru) = Re((signu)v, Tyu).
j—00 j—o0

This proves condition (ii) and the lemma. O

In what follows Tp is as in the hypothesis of Theorem 221 Without loss of
generality we may and we will assume that T} is a positive self-adjoint operator.
We will also use the notation Z :={1,2,3,...}.

Proposition 2.13. (T, + 1)1 is positivity preserving.

Proof. We will adopt the arguments from the proof of Lemma 2 in [5] to our setting.
For every k € Z4 and x € M, define

_ ) Wolz) if Vo(z) >
Qule) = {—k if Vo(z) <

Let Ty be the Friedrichs extension of (Ayr + Qx)|C°(M). Then for all k € Z4
and u € C° (M), we have

(2.12) (u, Tru) > (u, Tou) > 0,

where (-, -) is the inner product in L?(M).
From (212) it follows that

(2.13) To < T} forall k € Z4,

ie. Q(Tr) C Q(Tp), and for all u € Q(Ty), to(u,u) < tg(u,u), where tg and t; are
the quadratic forms associated to Ty and Ty, respectively.
Furthermore, for all u € C2°(M), the following is true:

(2.14) (u, Tru) — (u, Tou) as k — oo.

Clearly, C*(M) C Q(T%) for all k € Z,. By definition of Friedrichs extension,
it follows that C2°(M) is dense in Q(Tp) (in the norm of Q(Tp)).

This, 21I3) and 2TI4) show that the hypotheses of abstract Theorem 7.9 from [3]
are satisfied.

Therefore, as k — oo, Ty, — Ty in the strong resolvent sense.

By Lemma T2, (T}, + 1)~! is positivity preserving for all k € Z,. Therefore,
(To + 1)71 is also positivity preserving. O

)

—k
—k

Corollary 2.14. Assume that u € Q(Tp). Then |u| € Q(Tp).

Proof. Ty is a positive self-adjoint operator in L?(M). By Proposition 213, the
operator (Ty+ 1)~ is positivity preserving. Now the corollary follows immediately
from Theorem [2.11] O

2.15. Truncation operators corresponding to 7. Let Ty be as in the hypoth-
esis of Theorem 2.2

Define V;" := max{Vp, 0}, V5~ := max{—Vp, 0}, and for each k € Z, let V' :=
min{k, V; }.

Denote by Ty and T} the Friedrichs extension of (A + Vi©)|ce(ary and
(Ap + Vgh — Vok)|cgc(M), respectively.

Let tg, t4 and t; (k € Z4) be the quadratic forms associated to Ty, T4 and T,
respectively.
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The following lemma is analogous to Lemma 3 in [2].

Lemma 2.16. With the notations of Section [Z13,

(i) Ty — To in the strong resolvent sense as k — oo.

(ii) Q(Ty) C Q(To).
Proof. For all k € Z, we clearly have Ty < Tj. Also, C*(M) C Q(T}) for all
k € Z4. By definition of Tp it follows that C°(M) is dense in Q(Tp) (in the norm
of Q(Tp)).

Clearly, for all w € C° (M),
(w, Tpw) — (w, Tow) as k — oo.

We now apply Theorem 7.9 in [3] to conclude the proof of (i).
Property (ii) follows immediately since Ty > Tj. O

2.17. Proof of Theorem [2.2] We will adopt the arguments from the proof of
Theorem 1 in [2].
By the proof of Lemma [2.1G] it follows that

(2.15) Q(Ty) c Q(Tx) c Q(To)

and

(2.16) - lleo < - Mo < 0= Mo

where ||- ||+, |||/, and [|-||s, are the norms associated to to, t; and ¢, respectively;

cf. (2.

In fact, Q(Tx) = Q(T) since the norms || - ||, and |||, are equivalent, because
Vot — Vi and V" differ by a bounded function.

By Proposition[24l T, has a positive form core, i.e. for every v € Q(T'y)" there
exists a sequence ¢; € C°(M)™T such that ||¢; —ul|s, — 0 as j — oo. By ([2I6) it
follows that

¢ —ully =0 asj— oo

To prove the theorem, it remains to show that for every w € Q(Tp)™, there exists
a sequence w; € Q(T4+)" such that
(2.17) lw; —wlls, — 0 as j — oo.

Let w € Q(To) ™. For every k,l € Z, define

1 —1
wy = <7T0+1> w

1 -1
wy = (TT;C + 1> w.

This makes sense since 0 < Ty < Ty, are self-adjoint operators.

By Lemma 212, the operator (T} + 1)~! is positivity preserving. Hence wf €
Pom(Th)* € Q(Ti)* = Q(T)*.

Since the operators (T +1)*/2 and (Tp/l +1)~! commute, we have

((%Tb+1>_1—1>(ﬂy+1ﬂﬂw

where || - || denotes L?(M) norm.

and

(2.18) lwi = wllsy =

)
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Clearly,
1 ~1
<7T0 + 1) —1 strongly as | — oco.
This and (ZI8) show that
(2.19) |lwi — wl|¢;, — O as | — oo.

Fix | € Z4. For each k € Z,, let ty + [ and t; + [ denote the quadratic forms
corresponding to (positive self-adjoint) operators Ty + I and T} + [, respectively.
Let || - ||to+: and || - ||+, +1 denote the norms in Q(Tp +1) and Q (T} +1), respectively;
cf. (CZ). The corresponding inner products will be denoted by (-, *)¢y+1 and (-, * )¢, +1-

Using (2.15), (216) and the Cauchy-Schwarz inequality we have for all w €

Q(To)*
(2.20) (T + 1) 'w = (To + 1)~ wllf 4,
(T + D)~ wllf 0+ 1(To + D) wllf, 40— 20Tk + 1) 7 w, (To + 1)~ w) g4
(T + 0~ wllF o+ 1(To + D) wllf = 20Tk + D)™ o, (To + 1) w)ig
= (To+ 1) tw,w) — (T + 1) w, w)
+ (L= DT + D)~ wl* + [[(To + )~ wl® = 2((Th + 1) w, (To + 1)~ w)]
< (To + 1) w,w) = (T + )" Mw,w) < [(To + D)7 — (T + 1)~ M [l

where (-, ) is the inner product in L?(M) and || - || is the norm in L?(M).

By Lemma [ZT6, it follows that for fixed | € Zy, Ty +1 — Ty + 1 in the strong
resolvent sense as k — oo.

Clearly, for any positive self-adjoint operator A, (A/I+1)~! = [(A+1)~!. There-
fore by 220), for a fixed | € Z,

| wf — willgg+1 — 0 as k — oo.

IN

This is equivalent to
(2.21) |wk — wll¢y — 0 as k — oo.

Since wf € Q(T+)T, we can use (Z.19) and (221)) to choose a subsequence {w;}
from {wf} so that (ZI7) holds.
This concludes the proof of the theorem. O

3. PROOF OF THEOREM

We essentially follow the proof of Theorem 2 in [2]; however, we need to use
Kato inequality (ZI0) for operators on manifolds.

Without loss of generality, we may and we will assume that Ay + Vy > 0 and
1 >0.

Let us denote T, := To+V1 and let tp, and ty be as in Sections [[L4] and [[3]
Since tmin and ¢, coincide on C°(M), it is sufficient to show that C° (M) is dense
in the Hilbert space Q(Ty) = Q(Tp) N Q(V1) with the inner product

(5 )ty =g () + () ez,
where t4(-, ) is the sesquilinear form obtained by polarization of ¢,.
Let v € Q(T,) be orthogonal to C°(M) in (-,-);,. This means that for all
w e C=(M),
((AM + Vo + Vl)’U, ’w)L2(M) + (’U,’UJ)L2(M) =0.



THE FORM SUM AND THE FRIEDRICHS EXTENSION 155

This leads to the following distributional equality:
(3.1) Apyv=—Vo+ Vi + 1.
Since V4 € Li (M) and v € Q(V;), we have

2Vio| = 2Va|lo| < [Vi] + [Val[of®
which immediately gives Viv € L (M).

loc
Since Vo € L2 _(M), it follows that Vov € Li _(M). From (EIl) we obtain
Apv € Llloc(M)'

Using Kato inequality (ZI0) in case V = d and @), we get
(3.2) Aprlv] < Re(signvApv) = =Volv| — Vilv| = o] < —=(Vo + 1) |v].
The last inequality in ([32) holds since V; > 0.

From (B2), we obtain the following distributional inequality:
(3.3) (Ap + Vo + 1) <0.

Let Ty be as in the hypothesis, and let ¢y denote the closed quadratic form
associated to Tp.

Using (B.3), we get

(3.4) ((To + Dw, [v])p2ary) <0 for all w € C°(M)*.
Since v € Q(Tp), Corollary 214 gives |v| € Q(Tp). Therefore, we can write (B:4) as
(3.5) (w, o)), <0 for all w € C2°(M)™,

where (-, )¢, = to(-,-) + (-,-)L2(ar) denotes the inner product in Q(7p).

Let f := (Tp + 1)~ |v|. By Proposition 213} (Tp + 1)~ is positivity preserving,
SO f S DOHI(TQ)+ - Q(TQ)+

By Theorem 2] T}, has a positive form core. Therefore, there exists a sequence
fr € C(M)* such that

(36) khjgo(fkv |v|)t0 = (fv |v|)t0 = ((TO + 1)71|U|a |v|)t0 = ||’U||2,

where v and (-, ), are as in (ZH), and || - || is the norm in L2(M).
From (B3) and (B.6) we obtain ||v[|? <0, i.e. v = 0.
This shows that C2°(M) is dense in Q(Ty), and the theorem is proven. O
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