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WEAKLY SEQUENTIAL COMPLETENESS
OF THE PROJECTIVE TENSOR PRODUCT
LP0,1]®X, 1<p< oo

QINGYING BU

(Communicated by N. Tomczak-Jaegermann)

ABSTRACT. D. R. Lewis (1977) proved that for a Banach space X and 1 < p <
0o, LP[0,1]&X, the projective tensor product of LP[0,1] and X, is weakly se-
quentially complete whenever X is weakly sequentially complete. In this note,
we give a short proof of Lewis’s result, based on our sequential representation
(2001) of LP[0,1]®X.

For any Banach space X, we will denote its topological dual by X* and its closed
unit ball by Bx. From [4, page 3] and [5, page 155], we know that the Haar system
{x:}32; is an unconditional basis of LP[0,1], 1 < p < co. Let us use K, to denote
the unconditional basis constant of the basis {x;}{2;. Now renorm L?[0,1] by

i=1

(o] (oo}
£l =sup S |1Y - Giaixi| 0 =+1,i=1,2,--- b, f=> aixi € L”[0,1].
i=1 »

Then
Ml < -1 < Kp - |- llp-

With this new norm, LP[0, 1] is also a Banach space. Furthermore, {x;}°; is a
monotone, unconditional basis with respect to this new norm. Now let

Xi
€; =

=2 i=1,2,---.
Ixillpe” Y

Then {e;}72, is a normalized, unconditional basis of (LP[0,1], | - [|3**) whose un-
conditional basis constant is 1. From [4, pp. 18-19] we have the following

Proposition 1. Letu =3 .o, a;e; € LP[0,1], 1 < p < oo. Then

(i) For each subset o of N, || 32, cieilly® < |lu;e*.
(ii) For each choice of signs 6 = {O%}‘fo, | 3252 Oacvieq||7€ < [|ul 7.
(iil) For each A = (N\i)i € loo, || Doy Nicvieq| [ <2+ [ Alley, - fullpe.
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For any Banach space X and 1 < p < co with 1/p+ 1/p/ =1, define

LP

weak

(X) = {x = (z;); € XN Zm*(mi)ei converges in LP[0, 1] for Vz* € X*} ,

LP(X) = {x = (z;); € XN Z |z} (x;)| < ooV (x); € L’;’eak(X*)} ,

p
and define norms on L} .

o0
Zx* (x;)e;
i=1

(X) and LP(X), respectively, to be

|Z|| weak = sup :a* € Bx-p, zell . (X),

p

2] Loy = sup {Z |27 ()] : (27)i € Brar

weak
i=1

(X*)}? fELp<X>

With their own norm respectively, L . (X) and LP(X) are Banach spaces [1], [2].

weak
Moreover, from [I] we have the following

Proposition 2. (i) For each & = (z;); € LP(X),
lirrln 100, ,0, %0, Zni1,- - )|lzr(xy = 0.
(i) LP[0,1]®X is isomorphic to (LP[0,1], ]| -|7¢*)®X which is isometrically iso-
morphic to LP(X).
Proposition 3. (LP(X))* = L

weak

(X™), where the dual operation is defined by
<jvi.*> = Z:L‘:(:L‘l) )
i=1

for each T = (z;); € LP(X) and each * = (x}); € LE, (X*).

Proof. Let F € (LP(X))*. For each i € N, define an 2} € X* by

x;,k(x) = <(Oa 507(‘%)50705"')7F>-

Then one can associate a linear operator F : (LP[0, 1], || - ) — X* by

F(f)(x) = (e} ()a)i, F),
for each f € (LP[0,1],] - ||?**) and = € X, i.e.,

p

The operator F is bounded, in fact
1E(| < (I,
and it is easy to check that

1Gz7)ill o

weak

x+) = IIF]l-
This shows that F' = (2¥); € L X™*). The other inclusion is obvious. O
K3

weak
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Lemma 4. For each 7* € (LP(X))* = L¥ . (X*), define

I« LP(X) — 4
T — (zfz);.
Then Iz« is a continuous linear map.

Proof. For each (s;); € oo, by Proposition 1,

Y siate] = [((siwe)i, ) < |l(siwi)ill o (xy - 127 Lo (x))»
i=1

< 24 [(sd)illew - 112l ze(xy - 1127 (Lo (x))=-
So
[(@izi)ille, <2 |Zlzoxy - 127 (Lo x> -

Therefore, I3+ is continuous. The proof is complete. O

Theorem 5. LP|0,1]®X is weakly sequentially complete if X is weakly sequentially
complete.

Proof. By Proposition 2, it is enough to show that LP(X) is weakly sequentially
complete if X is weakly sequentially complete. Let {37:(”)}‘1><> be a weakly Cauchy
sequence in LP(X). It is easy to see that {xgn)};’f’:l are weakly Cauchy sequences
in X for each i € N. Therefore there are x; € X such that
(1) Weak—limxgn) =x;, 1=1,2,---.

n
Denote M = sup,, |2 ||1»(x) < 0o. For each z* = (z}); € L¥, . (X*) = (LP(X))*

weak

and each fixed m € N, from (1) there exists an ng € N such that

|2 (2" — z)| < 1/m, i=1,2,--.m.
Thus,

m m m
Sl < Sl — e+ 3 e @)
=1 i=1 im1

< 1Y Ja(a™)

i=1
< 142 rxy- - ||gg(no)||Lp<X>
< 1T+ Mz (negxy)--

Letting m — o0,

D laF ()| < 1+ MIIZ* 0 x))+ < 0.

i=1

Therefore 7 = (2;); € LP(X). Next, we want to show that (™ converges to
weakly in LP(X).

Fix z* € (LP(X))*. By Lemma 4, Iz« is continuous and hence, weakly — weakly
continuous. Since {Z(™}$° is a weakly Cauchy sequence in LP(X), { Iz (2™} is a
weakly Cauchy sequence in 1, and hence, relatively weakly sequentially compact.
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By the Schur property, {Iz-(Z(™}$° is a relatively sequentially compact subset of
£1. Thus, for each € > 0, there exists an m; € N such that
(o]
(2) Z |$r($§n))|§5/37 n=12---.
i=mi+1

By Proposition 3, there exists an ms > mj such that

oo

(3) > lzi(@) <e/3.

1=mo+1

Now, from (1), there exists an ng € N such that for each n > no,

(4) o} (@™ — )| <e/3,  i=12--,m.
Thus, from (2), (3), and (4), for each n > ny,
(o]
@~z = Y 2l - o)
i=1
mo
< Dl — )|
i=1
(oo} (oo}
> le@M) Y el ()]
1=mao+1 1=mao+1
< e
Hence, 2(™ converges to & weakly in LP(X). Therefore, L?(X) is weakly sequen-
tially complete. The proof is complete. (I
ACKNOWLEDGEMENT

The author thanks Professor Joe Diestel for his many useful suggestions con-
cerning this paper. The author also thanks the referee of this paper for a good
suggestion for Proposition 3 and its proof.

REFERENCES

1. Q. Bu, Observations about the projective tensor product of Banach spaces, II — LP|0, 1}®X,
1 < p < oo, Questiones Math. 25 (2002), 209—227. MR [2003e:46025

2. Q. Bu and J. Diestel, Observations about the projective tensor product of Banach spaces, I
— £,®X, 1 < p < oo, Quaestiones Math. 24 (2001), 519-533. MR, 2002k:46049

3. D. R. Lewis, Duals of Tensor Products, Lecture Notes in Math. 604, Springer-Verlag, Berlin,
1977, pp. 57-66. MR |57:13525

4. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I, Sequence Spaces, Springer-Verlag,
Berlin, 1977. MR |58:17766

5. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II, Function Spaces, Springer-
Verlag, Berlin, 1979. MR 181c:46001

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSISSIPPI, UNIVERSITY, MISSISSIPPI 38677
E-mail address: gbu@olemiss.edu


http://www.ams.org/mathscinet-getitem?mr=2003e:46025
http://www.ams.org/mathscinet-getitem?mr=2002k:46049
http://www.ams.org/mathscinet-getitem?mr=57:13525
http://www.ams.org/mathscinet-getitem?mr=58:17766
http://www.ams.org/mathscinet-getitem?mr=81c:46001

	Acknowledgement
	References

