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ABSTRACT. We show that if an irregular multi-generated wavelet system forms
a frame, then both the time parameters and the logarithms of scale param-
eters have finite upper Beurling densities, or equivalently, both are relatively
uniformly discrete. Moreover, if generating functions are admissible, then
the logarithms of scale parameters possess a positive lower Beurling density.
However, the lower Beurling density of the time parameters may be zero. Ad-
ditionally, we prove that there are no frames generated by dilations of a finite
number of admissible functions.

1. INTRODUCTION

Wavelet systems that form frames for L?(R) have a wide variety of applications.
An important problem in practice is therefore to determine conditions for wavelet
systems to be frames. Many results, including necessary conditions and sufficient
conditions, have been established during the past ten years. For example, see [3]-
[a0), [12)-[13], [@5], [17-[19], and [21]. In [], Christensen, Deng and Heil studied the
density of Gabor frames and proved that for a Gabor system {e?"*g(x —a,): n €
7} to be a frame for L?(R), the time-frequency parameters (ay, b, ) must possess a
lower Beurling density no less than % For the case of wavelet systems, however,
no similar result has been found.

In this paper, we study density conditions for irregular multi-generated wavelet
systems of the form {5;221/)4(&,]- c—ter): J €T,k € Ky, 1 <0 <7} to be frames,
where 7 is a fixed positive integer, ¢y € L2(R), s¢; > 0,t7 € R and Jy, K, C Z.
We call s, ; scale parameters and t; ) time parameters for a wavelet system. For
any 1 < €< let Sp={se;: je€ e} and Ty = {ter : k € K}. Since S; and Ty
are sequences, repetitions of points are allowed. Let S = {sg;: 1 <€ <r,j € I},
i.e., S is the sequence obtained by amalgamating Si, ..., S,. We write S = |J,_, Se
for simplicity. T = (J,_, T¢ is defined similarly. Let In.S = {Ins: s € S}. For any
5>0,t € Rand f € L?(R), define 7(s,t)f = s'/2f(s- —t).

With these symbols, the wavelet system {sz/jzw(sm c—tex): jE€TLkeK,1<
¢ < r} can be denoted by J,_,{7(s,t)1¢ : s € Se,t € Ty}. We show that if a
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wavelet system forms a frame for L?(R), then In.S and T are relatively uniformly
discrete, or equivalently, In .S and T have finite upper Beurling densities. Moreover,
we prove that if ¢, are admissible, then In S possesses a positive lower Beurling
density. We also give an example to show that the lower Beurling density of T' may
be zero. Additionally, we prove that there are no frames generated by dilations of
a finite number of admissible functions.

Notation and Definitions. The Fourier transform of f € L?(R) is defined by
f(w) = [ f(x)e~ @@ dy.

We call a function ¢ € L*(R) admissible if Cy, := fj;f %dw < +00.

C.(R) ={f: f is continuous and compactly supported}.

| f|l denotes the L?-norm for any f € L?(R).

#S denotes the number of elements in a set or a sequence S.

|z] =max{n: n<x,necZ}and [x] =min{n: n >x,n € Z} for any v € R.

A sequence I' = {v, : i € I} C R is called d-uniformly discrete if |y; —;| > >0
for any 4,7 € I,i # j. I' is called relatively uniformly discrete if it is a finite union
of uniformly discrete sequences. The lower and upper Beurling densities of I are
defined respectively by

minger #([z — R,z + R|NT)

D) = 5 ’
DHT) = Timsup maxger #([r — R,z + R N I‘)'
R— 400 2R

It was shown in [4] Lemma 2.3] that a sequence is relatively uniformly discrete if
and only if it has a finite upper Beurling density.

A family of functions {f; : j € J} belonging to a separable Hilbert space H is
said to be a frame if there exist positive constants A and B such that A||f[|? <
Sier K f)P < Bl f||? for every f € M. The numbers A and B are called the
lower and upper frame bounds, respectively.

Remark. After submitting this paper, we learned that Heil and Kutyniok [12] have
simultaneously derived some interesting results on the density of weighted wavelet
frames of the form {w(a,b)"/?7(a,b)yy : (a,b) € A}, where w(a,b) is a weight
function and A C R* x R is a sequence. However, their results are distinct from
ours, and, in particular, we consider multi-generated wavelet systems. We also
studied the density of wavelet frames with arbitrary sampling points in [T9].

2. MAIN RESULTS

Theorem 2.1.  Let 1, € L*(R), Sy and T, be real sequences, and let Sy consist of
positive numbers, 1 < € < r. Denote|J,_; Sy and | J,_, Ty by S and T, respectively.
(1) If Upey {7 (s, t)r = s € Se,t € Ty} possesses a finite upper frame bound
for L3(R), then both InS and T have finite upper Beauling densities, or
equivalently, both are relatively uniformly discrete.
(2) If Up_ {7 (s, )00 : s € Sy, t € Ty} is a frame for L*(R), then sup S = +oo.
Moreover, if 1 is admissible, 1 < £ < r, then
(2.1) inf =0, infT =—00, supT = +00,
and there is some constant A > 1 such that
(2.2) #(AT, ATTNS) > 1,  Vjez,
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which, in particular, implies that

1
2.3 D (InS) > —.
(23) (n8)> o
Corollary 2.2. Let ¢y, S¢ and Ty be defined as in Theorem 2. If \J,_,{7(s,t)te :
s € Si,t € Ty} is a frame for L*(R), then Uy, Se is an infinite sequence.
Moreover, if i is admissible, 1 < £ <, thenJ,_, Tt is also an infinite sequence.

Remark. Olson and Zalik [16] proved that there does not exist any Riesz basis for
L?(R) generated by translations of a single function. Moreover, Christensen, Deng
and Heil [4] proved that there are no frames for L?(R) generated by translations
of finitely many functions, which coincides with the first part of Corollary
The corollary above also shows that if generating functions v, satisfy a very weak
condition, i.e., they are admissible, then there are no frames for L?(R) generated
by dilations of finitely many functions.

By @23), In S possesses a positive lower Beurling density. So S cannot be “too
discrete” for (Jy_,{7(s, )¢ : s € Sg,t € Ty} to be a frame. Does the same thing
occur for T'? The answer is, surprisingly, no! In fact, we have the following.

Theorem 2.3.  Suppose that ¥ (xz) is a nonzero, two times continuously dif-
ferentiable and real-valued function, zi(z), ¥'(z), z¢'(z), z¢"(z) € L*(R) and
¥(0) = 0. Then there are increasing sequences {s; : j € Z} and {ty : k € Z} such
that {(sj,tx)¢ : j,k € Z} is a frame for L*(R), and

(2.4) D~ ({ty: ke Z})=0.
Remark. Tt is easy to see that (2.4) is equivalent to supycy(tpr1 — tn) = +o00.
By [14, Lemma 8], (24) implies that for {7(s;,tx)¥ : j,k € Z} to be a frame,

{e*% : k € Z} may not be a frame for any L?[—r,r],7 > 0. The following is an
explicit example.

Example 2.1. Define ¢)(w) = |w|i(1 — |w|) for [w| < 1 and 0 for others. Let A =
{keZ: k<2or2® <k<2%*! forsomel > 1}. Then {r(27, &) : j € Z,k € A}
is a frame for L*(R), and D~ (3A) = 0.

3. PROOFS OF THEOREMS

We need only to prove Theorems 1] and B3], since Corollary is an obvious
consequence of Theorem 211

Proof of Theorem [21[(1). Let B be the upper frame bound. We will prove that
InS and T are relatively uniformly discrete. It suffices to show that In.S, and T}
are relatively uniformly discrete for any 1 < £ < r.

Fix some 1 < ¢ < r, s9 € Sy, and tg € Ty. Let f = ar(so, o), where the
constant « is chosen so that || f|| = 1. Then

c:= |(f, 7(s0,t0)ve)|* > 0.

It is easy to check that (f, 7(s,t)t,) is continuous with respect to s and ¢. Hence
there is some ay; > 1 such that

C _
(3.1) [(f, T(s50, to)he) > > o Va, ' < s < a.
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For any j € Z, we have

B = Blr(aj/s0,0)fI?= D I(r(a}/50,0)f,7(s,t)be)[?
SESy, teTy
> [tr(al/s0,0)f (s tobe) 2 = 3 1(Fm(ss0/ad to)uin) .
SES, sESy
It follows from (BI) that #{s € S, : a—li <5 <w)<pi= |22 ]. Hence there
- £

are at most p elements of S, in each interval [aé, ]H) j € Z. Therefore, we
can split Sy into at most 2p subsequences Sy ,,1 < n < 2p, such that Spo,-1 C
2j—1 2 2 2j+1 1 .
Ujez[aej ,ay”), Seon C Ujez[a[],a/Jr ), and #(Se,n N [aé,afr N<1L,VjeZ. Tt
follows that
|[Ins —Ins'| > Inay, Vs,s' € Spn,s # s

Hence In Sy ,, is In ag-uniformly discrete, and so In Sy is relatively uniformly discrete.

Next we will prove that Ty is relatively uniformly discrete. By continuity, there
is some by > 0 such that

c

(32) |<f7T(SOa tO + t)¢e>|2 > 57 |t| < b[.

For any k € Z, let x; € R be such that sgxi + kby = tg. We have
B = Blf(-+=)I>> Y. HFC+azw),m(s )

s€Sy, teTy
> Zl k), T(s0, )W) |* = Z| for(s0, soxn +t)e)]?
teTy teTy
= Y [f.m(s0,t0 + (t — kbg))eb) |-

teTy

By B2), we have #{t € Ty : |t — kbe| < bs} < q := [22]. Hence we can split T}
into at most 2¢ subsequences Ty ,,,1 < m < 2q such that

Tpom—1 C |12k = 1)be, 2kby),  Toom C | [2kbe, (2k + 1)be),

kEZ kez
and
#(Tom [ [kbe, (k+1)be)) <1, Vk € Z.
Hence Ty is relatively uniformly discrete. U

Before proving Theorem 2.1[2), we introduce some preliminary results.

Lemma 3.1. For any b > 0, there is some constant Cy > 0 such that for any ¢ < d,
any f € L?[c,d], and any b-uniformly discrete sequence {ty : k € Z},

it - . 2
(3.3) ;Z‘/ f@ dx < 4n? cqcb/ 1 (2)2de

Proof. By [1l, Lemma 42], there is some constant C}, such that for any b-uniformly
discrete sequence {tx : k € Z} and f € L?[0,1],

Z‘/f de <47720,,/|f )|2da.

kEZ
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If d — ¢ < 1, then (33) follows by a change of variable of the form x — x + ¢. For
the case of d — ¢ > 1, let n = [d — ¢]. Then A :=(d —¢)/n < 1. Hence

c+(I+1)A ) 2
Z‘/ f zthdx Z‘ / f(x)ezthdx‘
k€L kez  1=0 JetiA
l+1)A cH(I+1)A
< Zn ‘/ ”"’”dm‘ <n247720(,/ |f (z)|2dx
ker 1= +1A +1A
- [d—c1-47r20,,/ 1 (2)2de. 0
c

Lemma 3.2. Let ¢ € L?(R), let a > 1,b > 0 be constants, and let Cy, be defined as
in Lemma[3d. Let f € L*(R) be such that supp f C [1,a] and || f|lec < 00. Then

o [ )P
B 3 WAr P < G |,
~ +OO ~
35) S [t < 2a- DGR / () 2do,
< kez M

whenever {lns; : j € Z} is Ina- um'formly discrete, {t;r : k € Z} is b-uniformly
discrete, M > a — 1 for (34) and M > —5 for (33).

1

Proof. Smcesuppr[l al andi—— > M >a—1, we

— <
derive from Lemma 3.1l that ’
2 1 [t =3 0 W itsT ’
Yo ATt = Y g f@)si ()t vdw
8;>M, kEZ 8;>M,kEZ —© J
. 2
= Y | [P st
- e 1 J J
9j>M keZ ?

< Yo / i) aw< 3 6 / &A1) Pl

s;>M s;>M 55

Since {Ins; : j € Z} is Ina-uniformly discrete, the intervals [%, <) are mutually
27 J
disjoint. Hence (34 holds.
Noting that [“9—;1] < 2(‘;—;1) for any s; < ﬁ < a—1, using Lemma 3] again, we
have

a 2
DR ENIIEED DEC - I S (OO R
s,~<ﬁ,keZ s;<, k€L 55
< C/ 1/2 f(sjw 7&( )‘
SJ<J\/I le
Era R R too
< X 2a-1G [T IFER)P < 2= DO [ )P,
Sj<ﬁ 5

This completes the proof. ([
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For any f,v € L?(R), define
(T f)(s,t) = (f,|s]"P(s - 1)), s, tE€R.

1

Since (T f)(s,t) = (|s|72 f(£),¢) for any s # 0, we see from wavelet theory that
if f is admissible, then

(36) J[ 5@ 0P ds = ol <+
R2

The following lemma is a consequence of the Wirtinger inequality [11].
Lemma 3.3. If f(x) is differentiable on [a,b], f, f' € L?[a,b] and there is some
¢ € la,b] such that f(c) =0, then f: |f(z)]2dx < (M f |f'(z)|*dz.

Lemma 3.4. Suppose that f (w) is compactly supported and continuously differen-
tiable and that f(O) = 0. For any ¢ € L*(R),e,b > 0 and M,a > 1, there is some
constant N = N(e, M, a,b,, f) > 0 such that

2
X3 [t -] <o
[MvM]ltJ,k|>N

for any s; and t; for which {lns; : j € Z} is Ina-uniformly discrete and {t; :
k € Z} is b-uniformly discrete.

Proof. Since f is compactly supported, f € C*°. Noting that
_1,.,Ft
(wa)(sat) = <5 2f(T)aw>a
we have
2 @upsn =
ot

where f(z) = 3 f(2) + 2 f'(2).
For any j,k € Z, let Q;r = [sja’l/Q,sjal/Q] X [tk — %,tj,k ;J—b] Then
the Lebesgue measure of Q;r N Q1 equals zero whenever (j,k) # (j',k') and

s, 85 < M. It follows from Lemma[3.3 that for any N > 0,

2. 2 // (T f)(s,8) = (T f) (3. i) 2t ds

‘;Je[M’ 1185, k‘>NQ K

Cnln—

(Tl s.t), ot (T f)(s0) = —5(Tul) (1), 5> 0.1 € B,

s;b
tikt+aar

= Z Z /g a% dj | .. |(T’l/1f)(sat) - (Til}f)(svtj,k)Pdt

b
s;€E[a7, M] [tj,k|>N tjk— 597
% ds 82b2 tj,k"r% 1
< 22 / B STE / Lo l(Tuf)(s: )Pt
sj€lap,M] |t e|>N 2 ZR %t
= Z Z ZMQ//SQ (Tyf")(s,t)|dt ds
;€77 M] |t >N Qin
ab2 1
S o // §|(wa')(8,t)|2dt ds.

s€[ 377> MVal, [t|>N—b
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Hence,

en Y Y [ @ nopa s

sj €=, M] It;, k|>NQ k

= Z 2 // Ty ), P +(Tof) (s, 8) = (T f) (s, ) ) dt ds
1\4: |t77€‘>NQ k
2 2 ab2 2 2
< // (8_2|(wa)(3’75)| "‘W'?Kﬂp]ﬁ)(s,tﬂ )dt ds
SE[Mi/E,M\/E],\t|>N—b
= P.
Therefore,
2
(3.8) //‘ (Tyf)(s,tjk) — (wa)(s]7 t.0)| dt ds
85 € MvM] It;, k|>N
tJ"CJrzM SJG’% 2
- Z Z / s b dt/ 7 (wa)(s t]k)—_(T’l/)f)(Sj; tik)| ds
55 €2 M] [ty >N Ttk =300 sja”%
< Z y ol // (T f) (s, ,.0) 2dt ds
FELAr - M] It k|>N Qik
da( a—l
= Z > // (T ) (s, ti.0)|2dt ds
€lar,M] |tj k>N Qi
Sa a—l 1 ~ ) ab? ~ ,
- // g@mﬁwwl+pﬂﬂnwwam dt ds
Mf M/a]
|t|>N—b

= Q,
where (7)) is used in the last inequality. Putting (3.7) and (B.8) together, we get

§2|¢<%mwwﬁ—£ﬁ% EIUU" (T )55 1500 Pl ds

sj€la7 M] rel 0]
It k>N “kaN
1 2
:b a—l //' (L f)(s:ti k)= ( (T f)(s: k) = ,(wa)(sj,tj,k)) dtds
3
=M 1)(2P+2Q>'

Since f is continuously differentiable and f(0 (0) = 0, it is easy to check that all

of f,f',f, and (f)" are admissible. By (Z8), all of LTy f)(s,t), L(Tyf)(s,1),
%(Twﬁ(s,t), and %(Td,(f)’)(s,t) are square integrable on R?. Hence

Jlim (P+Q) =0,

which completes the proof. O
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Proof of Theorem [211(2). Let A and B be the lower and upper frame bounds,
respectively. By (i), there exist constants a; > 1,b; > 0 and positive integers p
and ¢ such that S, = Uip:l Sen, Te = Ui(le T¢,m, In S¢y, is In ag-uniformly discrete
and T, is be-uniformly discrete. Let a = min;<¢<, a; and b = min;<¢<, by. Then
In Sy p, is In a-uniformly discrete and T} ,,, is b-uniformly discrete for any 1 < ¢ <,
1§n§A2p, and 1 <m < 2gq.

Put f(w) = \/%X[La](w)'
small enough,

If @ = supS < 400, then () implies that for §

+oo

S (58 e)  <2, / o(w)2dw,  ¥E,m,m.

1
S€ESe n, t€Ty,m da

Hence
T 1 2
AIFIP = A8, 012 <37 YT |5, 00,75 )|
0=1 s€eSy, teTy
r  2p

2q r too
= 33> Y Whrsu <sm Y. [ i),
=1" 5a

=1 n=1m=15€S ,, t€Tr.m

By letting 6 — 0, we get A = 0, which is impossible. Hence sup S = +o0c.
In what follows we assume that 1, is admissible, 1 < £ < r.
Assume that f = inf S > 0. By (34), for any 0 < ¢ < %, we have

AFIP = Allr@G0) P <D0 D [(T(6,00f,7(s, t)be)
{=1 se€Sy,teTy
r 2p 2q

- ZZZ Z |<f77(3/5,t)1/1z>|2<4pq-aa—fb12/07 %dw.
=1

{=1n=1m=15€Sy n,t€Ty m

By letting 6 — 0 we get A = 0, which is a contradiction. Hence inf S = 0.

Next we will prove that inf 7' = —oco. Choose some f # 0 such that f is continu-
ously differentiable and supp f C [1,a]. Since In Sy y, is In a-uniformly discrete and
ST+ Ty = {sz+1t:t€Ty,,} is b-uniformly discrete for any ¢,n,m and sz, it
follows from Lemma B2 that for any M > max{a — 1, 15},

> D (f (s, sz 4+ t)be)?
5€Sen\[ 2, M] t€Te,m

R | 2 . +oo

< aqlfi [P s a0 DGR [ )P,

0 w M
Hence, there is some M > 1 such that
1 A
> Y s udl? < o SIfIL valmn.

4pqr
5€Se.n\[ 35, M] t€Te,m Pq

Therefore,

> Y TP <R vecR

=1 seS,\[ 3, M] teTy,
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But

SN S (s 0P = 33 ST+ a)rls Dl > Al
(=1 sE€S, teTy (=1 s€S, teTy

Hence,

69 Y Y Yl ouP> IR, veeR

=1 sESgﬂ[ﬁ,M] teTy

On the other hand, by Lemma B4, there is some N > 0 such that

1 A
2 L 2
E E |<f,’7'(8, ST + t)1/)£>| < 4pq7“ ) Hf” ) vxvevmvn'

s€Se,nN[3 M) t€Te,nN{|sz+t[>N}

Hence,

> X Y Wl tuP < SR Ve

1=1 seS,n[3,M] te€TeN{|sz+t[>N}

If tg := infT" > —oo0, then there is some xo > 0 such that 3% +to > N. Thus
sxo+t > 35 +to > N for any s > ﬁ and t € T. By setting z = x¢ in the inequality
above, we have

> X S+ 0uP < S

= 1€€Szf‘l[M,M] teTy

which contradicts (38]). Similarly we can prove that supT = +o0.

At last, we will prove ([Z2). We argue by contradiction and assume that for any
A > 1, there is some jo € Z such that #(S N [A%, ATo+1]) = 0. Let a = AJo+1/2,
Then £ > AY2 or £ < A=Y2 for any s € S.

Let f(w) = \/%X[l,a] (w). Tt follows from Lemma B.2] that for A large enough,

A||f||2<ZZ| OéOf, Stw@ Z Z Zfa _twl|
=1 s€S, =1 1<n<2p s€Sy ,
teT, 1<m<2q €Ty
aCy  [E77 [fo(w)]? e
< dw + 2C ).
Z ( / ] w + 20 A2 |the(w)|*dw
By letting A — +o00, we get A = 0, which contradicts the hypotheses. O

Lemma 3.5 ([I8, Theorem 2.4]). Let ¢ be defined as in Theorem [Z3. Let a >
1,b > 0 be constants such that

2(a 4b(a — 1)

+

A=t 2a-Ve ¢t <c
™ ™

2 ()’
where ih(z) = 3i(z) +ai(x). Then {T(Sj k>t L k)Y g,k € Z} is a frame for L?(R)
with bounds m(q% —A)? and 2b Ta=T) (C +A)? for any s; 1 and t;y satisfying
(L, Lry e ja 7, a7t x [a kb, a3 (k + 1)b].

Sjk’ Sjk

pSETeI
€ vl
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Proof of Theorem 23l Let a,b, A be defined as in Lemma Take some integer
i
ny > ——. Let

(3.10) No; = Langl_lj, Noj4+1 = (angl], > 1.

It is easy to check that n;11 > n; for any I > 1 and noy—ngj—1 > (a—1)ng—1—1 —
400 as | — +oo. Let

(3.11) A={keZ:k<ny or ny <k <ngy forsome [ >1}.

Then we have D~ (a~!'bA) = 0. To prove this theorem, it suffices to prove that
{r(a?=Y,a=tbk)y : j € Z,k € A} is a frame for L*(R).

For any k € Z, if k € A, then there is some [ > 1 such that ny;_1 < k < ng;. Since
2 <ngpg < ngyp < % thanks to [BI0), there is a unique my, € [ng;, norp1] N A

such that
mp,

1
— e (k,k+-]C(k,k+1).
% (k kot L (k)
Obviously, my # my if k # k'. Let
(500t ) = (a’=1 a7 tbk), jEZ, k€A,
BRTER) T (af e mgh), € Z, k& A

Then (=, %%y € (a7, a7 x [a~Tbk,a=7b(k + 1)] for any j,k € Z. It follows

Sjk 7 Sk

from Lemma [3.5 that
2 Y [(fir( e bk

JEZkEA
= 3 W@ a4 S (e, a k) 2
JELkEA JETREA
2 1 3 2 2 2
> j%E:ZKf;T(Sj,k,tj,k)wH = m((]w — A fII% Vf e LA(R).

Since A C Z, using Lemma again, we get > ez e |(f,T(a?~1, a" kb)) |? <

2(aa——21)b(01% + A)?[|f||*. Hence {7(a’t,a tkb)y : j € Z,k € A} is a frame for

L*(R).

To conclude this paper, let us check Example 22T Since 1[) is absolutely contin-
uous and compactly supported, it is easy to see that v meets the hypotheses of
Theorem 3. Moreover, it can be checked that

32 32 6 18
B =3 Y=y Yor=3p
and A < Cj fora = 2 and b = 1. Let n; = 2,1 > 1. Then (@II) turns
out to be A = {k € Z : k < 2or 22 < k < 22*! for some [ > 1}. Hence
{r(21 5y j € Zk e A} and so {7(27,5)y : j € Z,k € A} are frames for
L2(R).

Cy =
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