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ABSTRACT. S.-Y. A. Chang and D. E. Marshall showed that the functional
A(f) = (1/27) OQW exp{|f(e*?)|2}df is bounded on the unit ball B of the space
D of analytic functions in the unit disk with f(0) = 0 and Dirichlet integral
not exceeding one. Andreev and Matheson conjectured that the identity func-
tion f(z) = z is a global maximum on B for the functional A. We prove that

A attains its maximum at f(z) = z over a subset of B determined by ker-
nel functions, which provides a positive answer to a conjecture of Cima and
Matheson.

1. INTRODUCTION

Let D be the Dirichlet space of functions f analytic on the unit disk D, with
f(0) =0 and a finite Dirichlet integral

1915 = 1 [ [ 1Py

It is well known that D is a Hilbert space with inner product

(fr9)p = %//ﬂ)f’(@%dwdy.

Let B={f€D:|fllp <1} be its closed unit ball.
We shall be concerned with functionals Ag on B defined by

As(f) = 1 / " (1 (c)])db.

T
for f € Band @ : (—o00,00) — R being a continuous convex nondecreasing function.
A function f is a maximum for Ag if f € B and Ag(f) > Aa(g) for all g € B.
Chang and Marshall [3] proved that if ®,(t) = e for a > 0, then Ag, is
bounded on B if and only if @ < 1. In their proof they compared functions in B to
the Beurling functions

IOg jﬁz
B,(z) = !

V/log =fare
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for a € D\ {0}, where the branch of the logarithm is chosen so that B,(a) is real.
The denominator assures that || Bg||p = 1. Up to a normalizing factor, the B, are
the kernel functions for D. We shall denote by By the set of all Beurling functions
and by l§0 its closed convex hull.

A shorter proof of this fact has since been found by Marshall [9]. A significantly
more general and stronger inequality has been found by Essén [7]. Andreev and
Matheson [I] showed that the identity function f(z) = z is a local maximum for
Ag, on B and conjectured that it is also a global maximum. Cima and Matheson
[4] showed that the identity function is a local maximum on the set By and that
the functional Ag, attains its maximum on Bo. On the other hand, they showed
that As,, when restricted to B, is not weakly continuous at 0, and thus it is an
open question whether there exists a global maximum for Ag, on B. Matheson and
Pruss [10] studied the regularity of the extremal functions. We refer the reader to
their paper for an excellent discussion of this and other related problems and for a
list of open problems.

Our principle result is:

Theorem 1.1. The inequality
(1.1) Ao, (f) < Ao, (2)
holds true for all f € Bo.

Our result proves Conjecture 1 of Cima and Matheson in [4].

2. PROOF OF THEOREM 1.1

It is natural to set By(z) = z (see []). A function ®(z) continuous on —oco <
x < oo is said to be conver if ®((x 4+ y)/2) < [®(z) + P(y)]/2, and strictly convex
if strict inequality holds whenever = # y. Theorem 1.1 is a consequence of the
following result.

Theorem 2.1. Let ®(z) be a convexr nondecreasing function on —oco < x < 00.
For all ag,a € D\ {0} such that 0 < |ag| < |a|] < 1, we have

27 2
(2.1) / B(log | Ba(re®) )do < / B(log | By (re)|)do,
0 0
0<r<1. If ® is strictly convex, then the inequality is strict for all r.

Proof. Our proof is based on the deep results of Albert Baernstein [2, Theorem 1]
on integral means of univalent functions (see also Chapter 7 of Duren’s book [A]).
In particular, we need the following proposition [2, Proposition 3].

Proposition 2.2. For g,h € L'(—m, ), the following statements are equivalent.
(a) For each function ®(s) convex and nondecreasing on —oo < s < 00,

/ " B(g(w))de < / " ().

—T —T

(b) For each t € R,
/_W 9() — f]*de < /_W [h(z) — ] *da.
(c) g*(0) < h*(0), 0< 6 <.
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Here for each 7 € (r1,72) and u(re?) € L(0,27) the Baernstein star-function
of u is defined as

(2.2) u*(re?) = sup /u(re”)dt,
|E|=20 JE

0 < @ <7, where |E| denotes the Lebesgue measure of the set E C [—, .
In view of Proposition 2.2, we want first to show that

™ B, 0\ ™ _Ba i0
(2.3) / log* {m 9 < / log* M}de,
P e )
0 < r <1, for each p > 0 and all @ and ag such that 0 < |ag| < |a| < 1. Notice that
T B, LAY T [ B.. 0
/ log+[7| a(;e ) d9:/ log™ B (re)| (;e Wde

whenever |a |a”|. Hence we may assume from now on that 0 < ap < a < 0.
We can apply Jensen’s theorem to obtain

(2.4) /W log* {M]d@ = ! N(r, pe'®)do,

—T

—T

—T

/|_ //|

since B,(0) = 0. It is easy to see that B, is a univalent function in the unit disk D,
B,(0) = 0 and B/,(0) = a/A, where A = {log[1/(1 — |a|?)]}'/2, for each 0 < a < 1,
with a continuous extension to the closed unit disk D, and if o = pe® # 0 is in the
range D, of B, then

(2.5) N(r,a) = /0 n(tt’ a)dtzlong[ﬁ} =1og+[m],

0 <7 <1 Let ug(¢) = —log|B,;1(¢)| be the Green’s function of D, with pole at
0. Extend it to a continuous function in the punctured plane by setting u,(¢) = 0,
¢ ¢ D,. The formula (Z3) takes the form

N(r,¢) = [ua(C) +logr] ™,
0 < r < 1, for arbitrary ¢, and equation (Z4) becomes

(2.6) /W log™ [M}de = /W [ua(pei®) + logr] T dg.

- -7

Let uq,(¢) = —log|Bg'(¢)| for ¢ € Dq,, and let uq,(¢) = 0 elsewhere. In view
of (Z8) the inequality (23] can be recast in the form

™

/ " lua(pe™®) + logr]*dg < [ tanlpet®) + g1 do,

—T —T

0<7r<1,0< p<oo. By Proposition 2.2, this is implied by the inequality
(2.7) ug(pe'®) < ug (pe'®),

0<p<oo, 0L <.

The function u(¢) is continuous in 0 < || < oo, it is positive and harmonic in
D,, and identically zero outside D,. Thus it is subharmonic in 0 < |¢| < co. Hence
by [2, Theorem A] and the definition ([Z2) of the star-function, u* is subharmonic
in the open upper half-plane and continuous in the closed upper half-plane, except
at the origin.
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Since B;1(¢) = (1 — e=4¢)/a, then, near the origin, u, has the form

A
(23) a(€) = ~10g[¢] — log = + u1a(0)

where u1, is harmonic and u1,(0) = 0. Thus

) A
uz(pe'®) + 2¢log p — —2¢log —

as p — 0 for 0 < ¢ < 7. Similarly, near the origin, u,, has the form

A
Uay (¢) = —log|¢| — log a—s + U14, (),

where 414, is harmonic and wu14,(0) = 0. Thus

* 7 AO
us, (pe'®) + 2¢log p — —2¢log o
as p — 0 for 0 < ¢ < 7. It follows that
* 3 * ) aOA
[z (pe'®) = gy (pe™®)] — ~2¢log 7=
as p — 0 for 0 < ¢ < 7. It is easy to see that agA/(ady) > 1 for ap < a and hence
that —27 log Z(Xé < —2¢log ZO—A? <0 for ap < a.
Hence (uj — u} ) is subharmonic in the upper half-plane and continuous in its
closure except at the origin, where it has a bounded discontinuity: for ¢ = 0,

tim (u () — 3, () = 0,

and for ¢ =, )
. * * aop
Lim (g (—p) — tg,(—p)) = —2mlog ady

We want to show that (uj — u} ) < 0 in the open upper half-plane. Since
u, — uy is discontinuous at the origin, we cannot apply the maximum principle
for subharmonic functions to u; — uj ~at this point. The proof of the inequality
(u} —u} ) <0 for I¢ > 0 will be based on the following four steps (a)—(d).

(a) On the positive real axis, by definition, u*(¢) = v*(¢) = 0 for ¢ > 0.

(b) Next let d, be the distance from 0 to the complement of D,. It is obvious
that (1 —ae?)~! > 0. Since the branch of the logarithm was chosen so that B, (a)
is real, then

1

) 1
B.(eY = = {11 12 _1211/2
B(e")] = o8 g + e T )
Since max |1 — ae®| = |1 — ae'™| = 1+ a and [arg ;——=]? = 0, it is easy to see that
1 . 1
——1 < |Bu(e")] < =1
7108 7, S 1Bale)] < Zlog
for 0 < a < 1. Thus d, = —% log H% We want to show that d, is a decreasing
function of a for 0 < a < 1. It is clear that d, — 1 as a — 0. Let
log(1 + a)

then [(1 = a) log(1 — a) + log(1 + a)
, . —a)log(l —a) +log(l +a
fla)=- (I—a?)A3 '
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Let
fi(a) = (1 —a)log(l —a) +log(1l + a).

An easy computation shows that f; (a) > 0 for 0 < a < 1. Thus f] is an increasing
function of a, and it follows that f(a) > 0 for 0 < a < 1 since f{(0) = 0. Therefore
f1 is an increasing function of a for 0 < @ < 1 and f1(a) > 0 since f1(0) = 0.
Finally, this implies that f'(a) < 0 for 0 < a < 1, and thus f is a decreasing
function of a. Therefore d,, > d, for all a, ap < a < 1.

In the disk |¢| < dq, uq(¢) has the form (Z8]), where u1, is harmonic in || < d,
and u14(0) = 0. Thus

, 1 A
u; (pe'™) = —27mlog — — 27 log —
p a

and, similarly,
ug (pe'™) = —27r10gl — 2rmlog Ao
P Qo
for 0 < p < d,. Hence u;(¢) < uj (¢) for —dq < ¢ <0.
(c) Since u14(¢) and u14,(¢) are harmonic in || < d, and u14(0) = u14,(0) = 0,
then for every € > 0 there is a pg, po = |(o| < dq, such that |u14(¢)| < €/2 and
[t140(€)| < €/2 for all ¢, || < po. Thus

wi(pe®) = sup [ (et
|E|=2¢ JE

A .
= —2¢logp — 2¢log — + sup / u1q(pe't)dt
a  |E|=2¢JE

A
< —2¢logp — 2¢10gg + ¢e

and

utype) = sup [ (e
|E|=2¢JE

A .
— _2plogp—26log 22 + sup / 1aq (pe™)dt
a0 |E|=2¢JE

A
> —2¢logp — 2¢1oga—0 — e
0

for 0 < p < pp and 0 < ¢ < . Now choose € such that ¢ < log(Aag/aAp). Then

w2 (p6) — ut, (p) < —26log 22 4 9ge < 0
aAo

for all 0 < p < pg and 0 < ¢ < 7. Hence u}(¢) < u; (¢) for [¢| < po < dq and
O<op<m.

(d) To establish the inequality on —oo < { < —d,, we fix € > 0 and consider the
function

Q(Q) = ug(C) — ug, () — €0,

¢ = pe'®, which is subharmonic in A = {¢ : po < [¢|,0 < 3¢} and continuous
in the closure of A. Let M be the maximum of Q(¢) in A. Then M > 0 and,
according to the maximum principle for subharmonic functions, the maximum is
attained somewhere on the boundary of A. Suppose M > 0. Since u(¢) < u; (¢)
on the set {¢: —dy < ¢ < potU{C:|¢] = po,SC>0}U{C: po < ¢ < oo}, there
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is some point —(; = —py for which —oo < (1 < —d, and Q(¢1) = M. Let G,(¢)
denote the symmetric decreasing rearrangement of u,(p1e*?). Then

ou} b

') = 2G,
for 0 < ¢ < m by [2, Proposition 2]. But because p; > d,, there is some point on
the circle |¢| = p; that lies outside D,, so

— Py
Ga(w)foglgléwua(ple )=0.

Applying the same argument to u;  we obtain

*
duy,

5o (P16"7) = 2Ga, (9)
for 0 < ¢ <m. Ifd, < p1 <dg,, then
Gao(0) = Oégiw{t tA(L) < 29},
where ) is the distribution function of u,,, A(t) = [{¢ : ua,(poe’®) > t}|, and
Ga,(m) = ¢1im7 Glao ().

Hence G, (m) > 0if dy < p1 < dggy- If do, < p1, there is some point on the circle
|¢| = p1 that lies outside D,,, so

)= o, ) =0

Therefore 90
—— < —e <0,
9% (C1) < —€
which contradicts the assumption that Q(¢) has a relative maximum at ¢;. Hence
M =0 and
U (C) < g,y (C) + € < g, (C) +em

for ¢ € A. Letting ¢ — 0 we obtain that
ug(pe'?) < g, (pe'®)
for ¢ € A.

We are in a position now to prove that u;(¢) < u} (¢) in the open upper half-
plane. Combining (a)-(d) we obtain ([2.7). Furthermore, uj(¢) < uj (¢) on the
set {¢:—dy < ¢ < potU{C:[¢] = po,3¢ > 0} by (b) and (c). Hence u) — uk,
is a subharmonic function on 4 that is not identically equal to zero there and, by
the maximum principle, this implies that u}(¢) < u} (¢) everywhere in A. Also,
uy(¢) < wup (€) for {¢:0<|¢] < po <da,0< 3IC} by (c). Therefore,

g (C) < gy (C)
in the open upper half-plane.
It follows from Proposition 2.2 that

2m 2T
(2.9) / ®(log | B, (re')])db < / ®(log | By, (re?|)do
0 0

for all 0 < ap < a < 0 and 0 < r < 1. The proof of strict inequality in (2.9) is
identical to the proof of strict inequality in Theorem 1 in [2, pp. 157-158] and will
be omitted. This completes the proof of Theorem 2.1. O
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Proof of Theorem 1.1. The choice ®(x) = e in (2.1) allows us to conclude that
A, (Ba(re™)) < As, (Bay (re™))
forall0<agg<a<0and 0<r < 1. Let

) 1 27 )
Ba(re?)||P = — By (re')[Pdp.
I1Butre )l = 5 [ 1Bt

Since
0o .
: [ Ba(re™) |30
Ag,(Ba(re)) =1+ =+ o,
n=1

and, by Lemma 1 of [1], B, € H? for 0 < p < oo, we can choose a sequence
rn — 1 as n — oo for which the inequalities Ag, (B, (rne®)) < Ag, (Ba,(rne))
hold. Hence
Ap, (Ba(re”)) < Ao, (Bao(re”))

for all 0 < r < 1 by Hardy’s convexity theorem for integral means (see, e.g., [
Theorem 1.5]).

It now remains to demonstrate that strict inequality holds true in Theorem 1.1.
According to Theorem 2 of [4], By is a local maximum on the set of Beurling
functions. Thus there is an ag, 0 < ag, such that

Ag, (Ba(e")) < Mg, (Bo(e™))

for 0 < a < ag. (James and Matheson [§] have informed the author that, using a
numerical method, they have proved the last inequality for 0 < a < 1/2.)

Finally, combine the last inequality with the fact that Ag, is log-convex [4] p.
387] to complete the proof of Theorem 1.1. O

It was pointed out in [I] that By does not maximize the integral means over B.
If we choose ®(x) = eP*, 0 < p < oo, in Theorem 2.1, we obtain that By maximizes
the integral means over Bj.

Corollary 2.3. The inequality

1 2m ] 1 2m ]
L7 Bure)pan < - / |Bao (rei®) 20
2 0 21 0

holds true for all 0 < |ag| < la] < 0,0<r <1, and all 0 < p < 0.

It will be interesting to see if the approach in Theorem 2.1 can be extended to
the univalent functions in D. The result of this paper provides further evidence in
favor of a conjecture made in [1]:

Conjecture 1. Ag, attains its maximum on B at By.
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