PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 134, Number 11, November 2006, Pages 3115-3121
S 0002-9939(06)08428-0

Article electronically published on May 12, 2006
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ABSTRACT. In this note, we study commutative Noetherian local rings having
finitely generated modules of finite Gorenstein injective dimension. In partic-
ular, we consider whether such rings are Cohen-Macaulay.

1. INTRODUCTION

Throughout this note, we assume that all rings are commutative and Noetherian.
The following celebrated theorems, where the second one has been called Bass’
conjecture, are obtained by virtue of the (Peskine-Szpiro) intersection theorem.
For the details, see [4, Corollaries 9.4.6 and 9.6.2].

Theorem A. A local ring is Cohen-Macaulay if it admits a nonzero Cohen-
Macaulay module of finite projective dimension.

Theorem B. A local ring is Cohen-Macaulay if it admits a nonzero finitely gen-
erated module of finite injective dimension.

In the sixties, Auslander [I] introduced Gorenstein dimension (abbr. G-dimen-
sion) as a homological invariant for finitely generated modules, and developed its
notion with Bridger [2]. This invariant is an analogue of projective dimension; any
finitely generated module of finite projective dimension has finite G-dimension.

Several decades later, Gorenstein projective dimension (abbr. G-projective di-
mension) was defined as an extension of G-dimension to modules that are not nec-
essarily finitely generated, and Gorenstein injective dimension (abbr. G-injective
dimension) was defined as a dual version of G-projective dimension. The notions
of these dimensions are based on the work of Enochs and Jenda [7]. G-injective
dimension is a refinement of the usual injective dimension in the sense that any
module of finite injective dimension has finite G-injective dimension. So far these
dimensions have been extended to complexes of modules.

Now, it is natural to ask the following questions, which are generalizations of
Theorem [Al and Theorem [Bl respectively.
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Question A. Is a local ring Cohen-Macaulay if it admits a nonzero Cohen-
Macaulay module of finite G-dimension?

Question B. Is a local ring Cohen-Macaulay if it admits a nonzero finitely gener-
ated module of finite G-injective dimension?

Both of these questions are presented in Christensen’s book [5], while the second
one is also found in [9].

The author proved that Question A has an affirmative answer for any local ring
of type one:

Theorem 1.1 ([11 Theorem 2.3]). The following are equivalent for a local ring R:

(1) R is Gorenstein;

(2) R admits an ideal I of finite G-dimension such that R/I is Gorenstein;

(3) R admits a nonzero Cohen-Macaulay module of type one and of finite G-
dimension;

(4) R has type one and admits a nonzero Cohen-Macaulay module of finite
G-dimension.

In this note, we will consider Question B. The main theorems of this note are
the following two theorems.

Theorem B.4L Let R be a local ring with a dualizing complex. Then for a nonzero
finitely generated R-module M, there is an inequality

dim M < Gid M.

Theorem Let R be a local ring with a dualizing complex, and let M be a
nonzero finitely generated R-module of finite G-injective dimension.
(1) If dim M = dim R, then R is Cohen-Macaulay.
(2) (i) If M is cyclic, then R has type one.
(ii) Suppose that R has type one. If M is Cohen-Macaulay or depth M >
depth R, then R is Gorenstein.

In the next section we will prepare some definitions and lemmas, and in the third
(final) section we will state and prove our results.

2. PRELIMINARIES

In this section, we will write only results to be used later. Throughout this
section, let R be a local ring. In the following, an R-complexr will mean a chain
complex X = (-+- = X,;11 — X; — X;_1 — --+) of R-modules, and a bounded
R-complex will mean a homologically bounded R-complex, namely an R-complex
X such that H;(X) = 0 for any ¢ > 0 and ¢ < 0. An isomorphism of R-complexes
will mean an isomorphism in the derived category of the category of R-modules.

Definition 2.1 ([5, (2.3.2)]).

(1) We denote by G(R) the class of all finitely generated R-modules M satis-
fying the following three conditions:
(i) The natural homomorphism M — Hompg(Hompg(M, R), R) is an iso-
morphism;
(ii) Ext}:%(M, R) =0 for any i > 0;
(iii) Extz(Hompg(M, R), R) = 0 for any ¢ > 0.
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(2) Let X be an R-complex and n an integer. If there exists an R-complex of
the form
A=0—A,— A1 — - — Apy1 — 4, — 0),

which is isomorphic to X such that A; € G(R) for any i, then we say that
X has G-dimension at most n and write Gdimp X < n.

Let X be an R-complex. If X =0, i.e. X is exact, then we set Gdimp X = —o0.
If Gdimp X < n for some integer n, then we say that X has finite G-dimension and
write Gdimpg X < oco. If Gdimpg X £ n for any integer n, then we say that X has
infinite G-dimension and write Gdimg X = co. If Gdimg X < n but Gdimg X «
n — 1, then we say that X has G-dimension n and write Gdimg X = n.

Lemma 2.2 ([5, (2.3.8), (2.3.13)], [3 8.7)).
1) The following are equivalent for a bounded R-complex X with finitely gen-
1) g Y g
erated homology:
(i) Gdimp X < 0.
(ii) The compler RHomp (X, R) is bounded, and the natural homomor-
phism X — RHomg(RHompg(X, R), R) is an isomorphism.
(2) Let X be a bounded R-complex with finitely generated homology. If Gdimpg X
< 00, then
Gdimp X = —inf RHompg(X, R) = depth R — depthp X.
(3) Let M be a finitely generated R-module.
(i) For an M-regular element x € R,
Gdimg M/zM = Gdimg M + 1.
(ii) Let R — S be a faithfully flat homomorphism of local rings. Then

Definition 2.3 ([5, (6.1.1), (6.2.2)]).
(1) An R-module M is said to be G-injective if there exists an exact complex

C:(~~~&>Cgﬂ>ClLC’0ﬂ>C’_1h~')

of injective R-modules with M = Ker(dp) such that the complex Homp (T, C')
is also exact for any injective R-module 7'
(2) Let X be an R-complex and n an integer. If there exists an R-complex of
the form
A=0—A, 2 Ap_1— - —>A 411 —A_, —0),
which is isomorphic to X such that A; is G-injective for any ¢, then we say
that X has G-injective dimension at most n and write Gidg X < n.
The conditions Gidg X = —o00, Gidg X < o0, Gidg X = o0, and Gidg X = n
are defined similarly to G-dimension.
Lemma 2.4 ([5 (6.2.3)], [6, (2.12), (6.3), (6.4)]).
(1) For a bounded R-complex X,

Gidp X < id g X.
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(2) Assume that R admits a dualizing complex D.
(i) For a bounded R-complex X with finitely generated homology,

Gidp X < © < Gdimg RHomg(X, D) < oo.

(ii) Let M be a nonzero finitely generated R-module of finite G-injective
dimension. Then

Gidg M = depth R.
3. MAIN THEOREMS

First of all, we remark that Theorem [B] implies Theorem [Al Indeed, let R be
a local ring and M a Cohen-Macaulay R-module of finite projective dimension.
Setting depth M = dim M = n, we have an M-sequence * = x1,s,...,T, in R
such that M/xM has finite length. Then since the R-module M/xzM also has
finite projective dimension, the dual R-module (M/xM)" has finite length and
finite injective dimension, where (—)¥ denotes the Matlis dual over R. Hence it
follows from Theorem [B] that R is Cohen-Macaulay. Thus Theorem [B] implies
Theorem [Al

Similarly, we have the following.

Proposition 3.1. If Question B has an affirmative answer, then so has Question

A.

Proof. Let R be a local ring and M a Cohen-Macaulay R-module of finite G-
dimension. We want to show that R is Cohen-Macaulay under the assumption that
Question B has an affirmative answer. Replacing R and M by their completions
respectively, we may assume that R is complete; see Lemma [2.2)(3)(ii). Since M is
a Cohen-Macaulay R-module, there exists an M-sequence x in R such that M/xM
has finite length. Lemma 2:2(3)(i) says that the R-module M/xM has finite G-
dimension. Replacing M by M/xM, we may assume that M has finite length
and finite G-dimension. Note that RHompg (M, D) is isomorphic to M up to shift,
where D is a dualizing complex of R. Hence, according to Lemma[2:4(2)(i), MY has
finite length and finite G-injective dimension. Since we are assuming that Question
B has an affirmative answer, we conclude that R is Cohen-Macaulay, as desired. [

From now on, we will study Question B over a local ring admitting a dualizing
complex, and prove the main theorems of this note.

Let (R, m, k) be a local ring. We set d = dim R and ¢ = depthR. Let D =
(0> Dy — D_1 — -+ — D_gq — 0) be a dualizing complex of R, where D; =
Dpespec r, dim r/p=d+i Er(1/p). The local duality theorem yields inf D =t — d.

Let M # 0 be a finitely generated R-module with Gid M < oco. Put X =
RHompg(M, D). Lemma [24)(2)(i) implies Gdim X < oo. Since depth X = depth D
= d by [5, (A.6.4)], we have inf RHompg(X,R) = d — t by Lemma [Z2)(2). Since
RHompg (X, R)2RHompg(D, M), we have sup RHompg(X, R) =sup RHompg(D, M)
< d—tby [5l (A.4.6.1)]. Hence sup RHompg(X, R) = inf RHompr(X,R) = d — t.
Setting N = Hy—+(RHompg(X, R)), we get RHomp(X,R) = N[d — t]. Lemma
22(1) implies
(3.1) Gdim N < oco.

Noting that N & H;_+(RHompg(D, M)) and inf D =t — d, we obtain

(3.2) N = Homp(H;_q(D), M).
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Remark 3.2. In the above part, we constructed the complex RHompg(D, M) of
finite G-dimension from a module M of finite G-injective dimension. A deeper
investigation in connection with this fact has been made by Foxby; he has given an
equivalence between the Auslander class and the Bass class, which are certain full
subcategories of the category of complexes. This equivalence is said to be Fozxby
equivalence. For the definition and the properties, see [0, Section 3.3].

Lemma 3.3. With the notation introduced above,
depth M = depth N < dim N < dim M < t.

Proof. By [Bl (A.8.5.1), (A.8.5.2)] we get inf X = depth M —d and sup X = dim M —
d. Note that RHompg(N, R) & X[d — t]. By (BI) and Lemma 22(2) we obtain
t —depth N = Gdim N = —inf RHomp(N, R) = —inf X — (d — t) = ¢t — depth M,
and 0 < grade N = —sup RHomg(N,R) = —sup X — (d —t) = ¢t — dim M. Hence
depth N = depth M and dim M < t. On the other hand, since Supp N C Supp M
by B2), we have dim N < dim M. Thus the proof of the lemma is completed. O

Let R be a local ring and M a nonzero finitely generated R-module. Then it is
well known that there is an inequality

dim M <id M.

(For the proof, see [4, Theorem 3.1.17].) Combining Lemma with Lemma
241(2)(ii) extends this formula of injective dimension to that of G-injective dimen-
sion.

Theorem 3.4. Let R be a local ring with a dualizing complex. Then for a nonzero
finitely generated R-module M, there is an inequality

dim M < Gid M.

Recall that the type of a finitely generated module M over a local ring R with
residue field & is defined to be the dimension of the k-vector space Exth(k, M)
where t = depthyp M. Using Lemma B3 again, we can give a result with relation
to Question B in the first section of this note.

Theorem 3.5. Let R be a local ring with a dualizing complex, and let M be a
nonzero finitely generated R-module of finite G-injective dimension.
(1) If dim M = dim R, then R is Cohen-Macaulay.
(2) (1) If M is cyclic, then R has type one.
(ii) Suppose that R has type one. If M is Cohen-Macaulay or depth M >
depth R, then R is Gorenstein.

Proof. (1) This assertion immediately follows from Lemma B3
(2) We use the same notation as in the first part of this section.
(i) Set Y = RHomp(X, R). Using Lemma 22(1), we get isomorphisms

RHomp (M, k)[—d] = RHomp (k, X) = RHompz (Y, RHomp (k, R)).

~

Since M is cyclic, comparing the (—d)th homology modules, we obtain k =

Ext’ (k, R) (cf. [5, (A.4.6)]). This says that Rhas type one.
(i) It follows from Lemma[33land B.1) that NV is a Cohen-Macaulay R-module of
finite G-dimension. Since R has type one, Theorem [[Tlimplies that R is Gorenstein.
O
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Corollary 3.6. Let R be a local ring of type one with a dualizing complex. If there
is a finitely generated G-injective R-module, then R is Artinian Gorenstein.

Proof. Let M be a finitely generated G-injective R-module. Since Gid M = 0, we
have depth R = 0 by Lemma [Z4](2)(ii). Therefore Theorem [B5)2)(ii) implies that
R is Gorenstein, and dim R = depth R = 0. (I

Holm [8, Theorem 2.1] proved that any ring of finite G-injective dimension is
Gorenstein. Letting M = R in Theorem B5(2), we get his theorem for a local ring
with a dualizing complex.

Corollary 3.7 (Holm). Let R be a local ring with a dualizing complez. If Gid R <
oo, then R is Gorenstein.

Peskine and Szpiro [10, Chapitre II, Théoréme (5.5)] proved that a local ring is
Gorenstein if it has a nonzero cyclic module of finite injective dimension. Taking
Lemma 2:4(1) and the above results into account, we end this note by stating a
conjecture.

Conjecture 3.8. Let R be a local ring. If there exists a nonzero cyclic R-module
M of finite G-injective dimension, then R is Gorenstein.
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