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ABSTRACT. In this paper, we will study the problem of uniqueness of Kahler
Ricci flow on some complete noncompact Kéahler manifolds and the conver-
gence of the flow on C” with the initial metric constructed by Wu and Zheng.

1. INTRODUCTION

It is well known that the Ricci flow was initially introduced by Hamilton [7] [8]
and that the short time existence and uniqueness in the compact case were proved
therein. Letting (M", g,5(z)) be a complete noncompact Kéhler manifold, we will
consider the Kéhler Ricci flow

%gai('rat) = _Rai(xvt)v
1) { ga,é(»’i,@) :gag(fﬂ)vﬁ

where R,5(,t) is the Ricci curvature with respect to g,z(v,t). W.-X. Shi [13, [14]
proved the following short time existence for the above system. See Theorem 1.1
in [I3] and Theorems 2.1 and 5.1 in [I4].

Theorem 1.1. Let (M",g,5(x)) be a complete noncompact Kdhler manifold with
Riemannian curvature tensor bounded by Ko. Then (L)) has a solution g,5(x,t) on
M x [0,T] for some T(n, Ko) which is a family of Kihler metrics on M satisfying

(1.2) C7190p(2) < gap(,t) < Cgap(z)
for all (z,t) € M x [0,T], where C is a constant depending only on n, Ky and T.

We want to apply a maximum principle to show that the above solution is unique
if the Ricci tensor has a potential with respect to the initial metric. More precisely,
we have the following:

Theorem 1.2. Let (M",g,5(x)) be a complete noncompact Kdhler manifold with
bounded Riemannian curvature tensor. Suppose there is a smooth function f(z) on
M such that v/—=100f = Ric, where Ric is the Ricci form of the metric g,z(x).
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Suppose g,5(w,t) and g,z(z,t) are two solutions on M x [0,T] to (LI) with the
same initial metric g,5(x) satisfying

(1.3) ¢ 1905(®) < 9ap(@, 1), Jas(@,t) < cgop()

for some constant ¢ > 0 such that g, 5(x,t) and §,5(z,t) are Kihler for allt € [0,T].
Then go5(x,t) = gop(x,t) on M x [0,T].

Recently, Chen and Zhu [5] proved independently the uniqueness result for the
Ricci flow up to some time T assuming only the curvature is bounded at each time
tel0,1].

This paper is organized as follows. In Section 2, we will prove Theorem In
Section 3, we will apply the result to study the convergence of Kéhler Ricci flows
on C™ with the initial metrics constructed by Wu and Zheng [16].

2. THE PROOF OF THEOREM

We need the following result about exhaustion functions, which is due to W.-X.
Shi; see Theorem 3.6 in [14].

Lemma 2.1. Suppose (M™, g;;(x)) is an n-dimensional complete noncompact Rie-
mannian manifold and its Riemannian curvature tensor { R} satisfies

(2.1) |Rijril* < ko

on M for some constant ko. Then there is a constant Ci(n, ko) such that for any
fized point xy € M, there is a smooth function ¥(x) € C°°(M) satisfying

Cr L+ r(z,z0)] < ¥(x) < Ci[L+r(z,20)],
(2.2) V()| < Cy,
ViV (x)] < Cy

for all x € M.
Now we will prove Theorem

Proof of Theorem [[2 For any fixed point x € M, let

¢ det(g,,5(x,
(2.3) u(zx,t) :/0 (log % - f(x)) dr
for all ¢ € [0,T]. One has
o) { Zu(e,t) = log et — f(a),

u(z,0) =0.
Noting that R,5(z) = f,5(z) and R,5(x,t) = —(logdet(g;;(x,t))) .5, one has
(ut)a,é(xat) = 7Ra5(x>t) +Ra6(x) - faé(x)
= —Rag(mﬂf).

As in [2], let
Sag(x’t) = gaB(Q:?t) - gaﬁ(m) - UQB(ZII,t).
From %gaﬁ(x,t) = —R,z(x,t), one has

0 0 0
&Sozﬁ(m?t) = agaﬁ(xat) - auaﬁ(m7t) = 0.
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So
0 .
(2.5) asag(x,t) = 0 with S,5(x,0) = 0.
Hence S,5(z,t) = 0. That is, g,5(2,t) = go5(7) + usz(, t).
Similarly, letting

v(z,t) = /Ot <logw - f(:c))dT,

det(gq5(7))
one has
) _ det(ga5(a:t))
(26) E/U(x7t) - log Wﬁé(x)) - f(il?),
v(x,0) =0

with §,5(7,1) = g,5(x) +v,5(z,t). Setting w = v — v, one has
¢ det(g,5(x, T

(2.7) w(z,t) = / <log W)dT <2nTlogc
0 det(gaﬁ(xv T))

for all (x,t) € M x [0,T], where c is the same as in (L3, and

{ 9 (z,t) = log S9as (D)t uap(@:t)

ot
w(z,0) =0.

As in [3] (see the proof of Lemma 6.2 in [3]), one has
det(ga5(7) + ungz(z,1)
det(gag(:c) + vag(:c )

log det(gag () + uag(x,

(2.8) ot A6t (G (D) 003 (@)

,t
t

—log det(g,5(7) +v,5(x,1))

1
0
= /0 35 log det(g,5(x) + su,p(w,t) + (1 — s)v,5(x,t))ds

1
= / Ay, s wds,
0

where A, is the Laplacian operator with respect to the Kéhler metric
hog(w,t,8) = gog(x,t) + suyg(x,t) + (1 = s)v,z(z, )
on M x [0,T] x [0,1]. That is, Ay sw(x,t) = haa(x,t,s)wag(x,t). So
) 1
(2.9) —w(x,t) — / A, sywds =0
ot 0 ’
for all (x,t,s) € M x [0,T] x [0,1]. From (L3)), one has for any s € [0, 1],
¢ 905(2) < 8ga(,1) + (1= 5)Jap(2,t) < cgap(@)
for all (x,t) € M x [0, T] x [0,1]. That is equivalent to
(2.10) ' 9a5(®) < hap(,t,5) < cgoj(@)
for all (x,t,s) € M x [0,T] x [0,1]. Since the Riemannian curvature tensor with

respect to g,5() is bounded, by LemmalZT] there is a real function ¢(z) € C°°(M)
such that

p 1+ r(2) < Y(z) < pl + (),
(2.11) VY| < u,
ViV <
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for some constant ;1 > 1, where Vi and V;V ;1 are the gradient and Hessian of
with respect to g,z(z). Since 5 is a Hermitian symmetric (1,1) tensor, by the
last inequality of (2Z.I1]), one has that at any point € M

e @Y
212) <o¢yeT§oM gag@c)(u,u)) +(0¢V6T§,DM G0 ) <o

for some constant C(n) depending only on n. By (2.I0), one has for any 0 # v €
THOM,

‘ Vo5(@) (v, 0) Yop(@) (v, 0) ‘ Yo (x) (v, V)
hop(,t,8)(v, D) gaa(x)(y, v) hop(,t,s)(v, D)
Vo) (v, V)
Jop(@) (v, D)

where ¢ is the same as in (Z.I0]). So there is another constant C/(c, n, 1) such that
HL+r®9)(2)) < d(a) < O +r9) (),

(2.13) |vtw|(t)<c

|A(t s)w| < C
where r(t)(z), [VEy|, o and A 41 are taken with respect to hojz(z,t, s) for
all (t,s) € [0,T] x [0,1]. Let W(x,t) = e*1)(z), where X will be chosen later. We
have

Wy = )\e”w(x) and A oW (x,t) = e)‘tA(mﬂﬁ
and (2I3) implies that
A syWi(x,t) < Ce,
where C' is the constant in (ZI3). Setting A = C? + 1 for example, one has
(2.14) W, — Dy W (a,) > 0
for all (x,t,8) € M x [0,T] x [0,1]. For any € > 0, setting
Oc(z,t) = w(z,t) — eW(x,t),

one has 6.(x,t) < 0 for z tending to infinity because w is bounded for all (z,t) €
M x [0,T] by 27). Hence if 0.(z,t) > 0 somewhere, then 6.(x,t) has a maximal
value at some point (x1,t1) € M x [0,T]. By the maximum principle, at (z1,t1),

13}
0< (a — A(t)s)>6‘6(x7t).
So by [29) and (ZI4)), one has
8 1
0 < Lo —/ Aoy, t)ds
ot 0 ’

1
= _E(Wt_/ A(t’S)W(Z‘,t)dS)
0

< 0.

This is a contradiction. Hence w(x,t) < eW (z,t). Letting € — 0, we have w(z,t)
0, ie., u < v. By symmetry, we have u(x,t) = v(z,t). Therefore g,5(x,t)
gaﬁ ($7 t)'

I RVAN
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The existence of the potential to the Ricci tensor is related to solving the corre-
sponding Poincaré-Lelong equation v/—190u = Ric. This question was extensively
studied (see [9] [TT), 10, 15, [6]). In particular, from Theorem 6.1 in [I1] (see also The-
orem 5.1 in [10]) and Theorem 3.3 in [6], one has that if (M™, g,5()) is a complete
noncompact Kéhler manifold of complex dimension n with nonnegative holomorphic
bisectional curvature and bounded scalar curvature R, then the Poincaré-Lelong

equation has a solution, provided either
@ f, JCBO(t) Rdt < oo, or
(ii) the Ricci curvature Ricci(z) > (1+‘1Tl21;ir)‘§112(+1%$7)4)(x)) for some a > 268(n + 2)?

and all group homomorphisms from 71 (M) to R are trivial; moreover the universal

covering space M of M with the covering metric has no compact factors.

3. CONVERGENCE OF SOME KAHLER RICCI FLOWS

As a consequence of Theorem [[L.2] we will show that the rotational symmetry is
preserved under the Kéahler-Ricci flow under a certain assumption. More precisely,
we have

Proposition 3.1. Let g,5(v) be a complete Kdhler metric on C" which is rota-
tionally symmetric, i.e., U(n)—invariant, satisfying that the Riemannian curva-
ture tensor with respect to g,z(x) is bounded. Suppose a family of Kihler metrics
Jap(x,t) on C" fort € [0,T] is a solution to (LLT)) with the initial value g, 5(x) such
that ([L2)) holds for some constant C' and for all (x,t) € C* x [0,T]. Then g,z(x,t)
is also rotationally symmetric for all t € [0,T).

Proof. Let (z!,---,2") be the standard coordinate on C". Then

0 0
9ap(2,1) = <@(Z)a @(2)%
For any ¢ € U(n), setting (y*,--- ,y") = ¢~ (2!, ,2") and § = ¢*g, which is
the pulled-back of g, one has

~ 0 0
) ke
Rugly ) = o' Ricci 1 0. 503 0)),

where Rag(y,t) is the Ricci curvature with respect to g,5(y,t). Since %gag =
—R,3, one has % Jog = _Ra,@' Since the initial metric g is rotationally symmetric,

i.e., g = ¢*g, one has that there is a function ¢(z, z) such that g,5 = ¢,3, where
z € C", and ©(z, z) = w(|z|?) for some smooth function w. See, for example, page

4 in [I]. So —log ji:gg‘;g is a potential of Ricci tensor, where 6,5 is the standard
metric on C". Since g,5(z,t) is uniformly equivalent to g,z(x) and g,z(x) is
U(n)—invariant, one has that (2] is also true for g. By Theorem [[2] we have

g(t) = ¢*g(t). That is, the solution g(x,t) is rotationally symmetric. O

From now until the end of the paper, we will study the Kéhler Ricci flow with
the initial metric on C" constructed by Wu and Zheng [16] and g;;(z; c) will always
denote the metric that will be defined in ([B.1]).

For convenience, let us recall some part of the results in [16]. See Example 2 in
[16]. Let z = (z!,---,2") be the standard coordinate on C", and

R'=c—1
- (1—c)r’
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where R = 1+, r(z) = |2]|? and 0 < ¢ < 1. Then for any fixed 0 < ¢ < 1, the
Kéhler metric

(3.1) 9i(zi¢) = f(r)ds; + f'(r)Ziz
on C" is complete with positive bisectional curvature. Moreover it has maximal

volume growth and quadratic curvature decay. The scalar curvature function R(z)
is given by

(3.2) R(z)=A+2(n—1)B+ %n(n - 1)C,
where ) )
& —c
A:W’ B:W(l_f)v C:ﬁ(f_R )

The distance function to the origin is given by

" 1

(3.3) s(z) /0 2\/mdr

Let By(s) be the geodesic ball centered at the origin with radius s with respect to
the metric g;5(2; c), i.e., with radius \/r with respect to the standard metric. Then
the volume of it with respect to g;;(z;c¢) is given by V,(s) = w,(rf)", where w, is
the volume of unit ball in C™ with respect to the standard metric. In [I7], Zheng
pointed out Rs?(z) < eQ for 0 < ¢ < 1/2, where Q is a constant depending only
on n, V,(s)/(wns®) > (1 — ¢)" for 0 < ¢ < 1, with a sketch of the proof for these
facts. For convenience, we will modify slightly the statement and explain his idea
in greater detail.

Lemma 3.2. With the above notation, V,(s) > w,s?"(1 —¢)" for 0 < ¢ < 1, and
RR'7¢ < (2n? —n)c for 0 < c < 1/2.

Proof. We will check the volume growth first. Setting u(r) = Z—{, one has

u' =531 —c) 'R Cuy,

where

up = s(1—¢) —r Y2RI7% 4 pm1/2Re/2,
We want to show uy < 0. First u,(0) = lim BERE ),

uyp=r %uQ,
where up = $R™% + (— 3 + £)R% — £R%~!. Noting that us(0) = 0 and
uy = cRTE7Z| - %R+ (- i + E)R”% - (g - %)RC
= cR*%*2u3,
while u3(0) = 0 and u5(0) < 0 with u4§ < 0, one can get u; < 0 and u is non-
increasing. By (B3], one has s < %fOTT_lz_CdT = l%cr% as 0 < ¢ < 1. So
u > lim Z—{ > 1—c. Now we will check the curvature decay. Clearly A x R'—¢ < c.
Sincgj%oic < f, one has
Bx R = f2R2Re1(1— f)

IN

(3.4) Rer~ 11— f).
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We want to show that R°7~"(1 — f) is nonincreasing in r € (0,00) as 0 < ¢ < 1/2.
Letting By = Rer—1(1 — f) = U=r B RER - he has

(1—c)r2
B - —(1—=c¢)Rr +c(1 —e)r?Re™t —r + cR"Yr + 2R — 2R° B
te (1—c)r - (1—c)r3

with B(0) = 0;

By=(-14c+c =R+ (—c—22 + 2R+ (- )R +1
with B5(0) = 0;
By = R3(—c++F— MR+ (c+ P — 4 + 2R+ (27 + 3¢ — )]

— Re3p,
with B3(0) = 0;

By =2(—c+ A+ —cHRH+ (c+ 2 — 4% +2¢)
with B4(0) = —c(1 — 3¢+ 2¢?) <0 for 0 < ¢ < 1/2; and
B = —-2c(1—c—c*+¢c%) <.

So 2(n — 1)BR'¢ < (n — 1)c, because B;(0) = lim A=gr-R' "4+l 5. Clearly

A e
%n(n ~1)CR* ¢ = nn-1)f2R?r Y(f- R )R
< nn—1)r 'RY™e(f — R7°).
Letting C; = r~*RT¢(f — R™¢), one has

o (1-cR'"™ —(1+¢)R+(1+c)R°—(1—¢c)  C
te (1—c)r3 (1=

with C(0) = 0, and
Ch=(1—-c*)R*—(14+c)+c(l+c)R!
with C%(0) = 0, while
CY =c(l—c)R™! —c(1—- AR >0.
So C is nondecreasing in 7. Since C'(o0) = 1<, we have
c
1-c
By B2), 34) and ([B3), one can get the second part of the lemma. O

(3.5) %n(n —1)CR"™ < n(n—1)

We will claim that the averages of the scalar curvature on the geodesic balls on
any fixed center are uniformly quadratic decay in the radii of the geodesic balls as

1—c
n>2. Since (1 —¢)s?> <rf = Rl_c’l, one has

1—¢)? 1
( )
<
Rl-c 14 s2

for 0 < ¢ < 1, and then

1
R <
1452
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for 0 < ¢ < 1/2, where ¢; = (2(’;2_2)"2)0. Since V,(s) > w,s?™(1 — ¢)", by volume

comparison, one has, for n > 2,

1 1 s
oL
Vo(s) /B, (s) Vo(s)
wl
<
VO(S dB, (t) ]. +t
S t2n+1
< dt
= 1+32 * 32”(1 —c) /0 1+ 2)2
C2
3.6 <
(36 < 2
where ¢y = (1 + m)cl. Now we will show that, for n > 2,
1 ¢
(3.7) —/ R< S
Vx(s) Ba(s) 1+S2
for 0 < ¢ < 1/2, v € C", where ¢ = %;n" For s > r(z)/2, by Lemma B2 and

34), one has

1 / Vo(s+1) 1 /
— R < : R
Vi (s) JB,(s) Vi(s)  Vo(s+71) JB, (s+r)

wy (s +1)2" 1 R
wp s (1 — ) : Vo(s + 1) /BO(5+T)
c
1+s2
For s < r(z)/2, it is easy to see that ([B.7) holds.
In [12], Ni and Tam proved the following result (see Theorem 1.3 in [12]).

Theorem 3.3. Let (M™,g,5(x)) be a complete noncompact manifold with nonneg-
ative holomorphic bisectional curvature such that its scalar curvature Ry is bounded
and satisfies

(3.8) / ][ Rods < Cy
0 JBy(s)

for some constant Cy and for all x. Then (L) has a long-time solution g,5(x,t),
which has nonnegative holomorphic bisectional curvature for any t > 0. Moreover,
there is a function u(x,t) such that

V—100u(z,t) = Ric(g,3(x,1)),

|[Vu| < C(n)Chq,

R(w,t) + |Vul?(x,t) < supy, Ro + (C(n)Ch)?
for all (x,t).

So for any fixed T' > 0, g,5(w,t) is uniformly equivalent to g,(z) for all (z,t) €
M™ x [0,T]. Hence by Proposition Bl B.7) and Theorem B3] one has

Proposition 3.4. For any 0 < ¢ < 1/2, the Kahler Ricci flow with the initial metric
9i7(2;¢) has a long-time solution g;;(z,t; c) which is rotationally symmetric for t >
0, and the scalar curvature has uniformly upper bound for all time t, moreover, the
potential of the Ricci tensor with respect to g;3(z,t;¢) is of at most linear growth.
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The following theorem is due to Chau and Tam (see Theorem 1.1 or Theorem
4.3 in [4]).

Theorem 3.5. There exists a constant s depending only on n such that, if M™
is a complete noncompact Kahler manifold with bounded nonnegative holomorphic
bisectional curvature satisfying

(i)

1 S
- R< >
VI(’I") /Bm(") 14 7“2
for all x € M and for all r > 0; and
(ii) there exist a point p € M and a sequence t, — oo such that ﬁg(p, tr) are

uniformly equivalent to g(p,0) at p, where v, is a fized vector in Tpl’O(M)
with |vplo = 1,

then the metrics ﬁg(x, tr) subconverge uniformly in the C*° topology in compact
p tk

sets to a complete Kdhler flat metric on M. In particular, the universal covering

space of M is biholomorphic to C".
From Theorem 3.5, we have

Proposition 3.6. For0<c¢<1/2, n>2 and¢ <, where ¢, § are the same as in
BZ0) and Theorem respectively, there is a sequence {ug} such that urg(z,tx;c)
converges uniformly in the C'°° topology in compact sets to the standard metric on
C™ up to a constant factor.

Proof. By Proposition B4 and Theorem BH] for 0 < ¢ < 1/2, n > 2 and ¢ < g,
one has that there is a sequence {u;} such that prg(z,tx;c) converges uniformly
in the C* topology in compact sets to a complete Kahler flat metric on C”. Let
g(z;¢) = khi& wrg(z, tg; ). Since purg(z,ty; c) is rotationally symmetric, it follows
that g(z;c) will also be. So as in [I], for any chosen c¢, there is a smooth function
w(r;c) on [0,00) such that

9i(z¢) = wiz(|2[*; 0).

Letting s = log |z|? and u(s) = w(e®), one has

(3.9) gii(z¢) = e/ (s)d;5 + e 2 ziz;(u (s) — u'(s))
and

(3.10) det(g;5(z;¢)) = e " (u' ()" (s).

Setting o(s) = —logdet(g,;(z;c)), one has

(3.11) Ri; = 0;050(s) = e %0 ()85 + e > 2z (0" (s) — 0 (s)).

So at point z = (21,0, ,0), one has
e %0"(s), i=i=1,
Riz=4 e ®d(s), i=j>2,
0, i # J.
Since g(z; ¢) is flat, one has e~*¢/(s) = e *¢"(s) = 0. So from (BI0)),
o(s) = —logdet(g,5(z; c)) = constant n.

This is equivalent to e =™ (u’(s))"~*u”(s) = constant and then ((u/)")" = nAe™ for
some constant A > 0. So (u/(s))™ = A(e™® — A1), where A is a constant. By (3.9),
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considering i = j = 2, one has go5(2;¢) = e7*u/(s). Since go5(z;¢) is well defined
at the origin, one has lim u/(s) = 0. So —AA; = lim (u/(s))" = 0, and then

A1 = 0. Hence (u/)" = Xe"*, ie., u' = A'/"e*. Therefore g;5(z;¢) = A/"§;5. This
completes the proof of the proposition. O
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