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ABSTRACT. We consider an invertible operator T' on a Banach space X whose
spectrum is an interpolating set for Holder classes. We show that if ||| =
Oomn?), p > 1, [T = O(wp) with n? = o(w,) Vg € N and
>, 1/(nt=(logwn)t*) = +oo, then [T~ 7| = O(nP+s) for all s > %,
suming that (wn),>1 satisfies suitable regularity conditions. When X is a
Hilbert space and p = 0 (i.e. T is a contraction), we show that under the same

assumptions, 7" is unitary and this is sharp.

as-

1. INTRODUCTION

In this note, we are interested in invertible operators 7' on a Banach space X
with polynomial growth and whose spectrum, denoted by o(T), is a K-set. We
study growth of the norms of the negative iterates of T. A closed set F of the unit
circle T is said to be a K-set if there exists cg > 0 such that for all arcs L C T,

Supd(<7E) > CE‘L|7
CEE
where |L| denotes the length of L. Dynkin [4] showed that K-sets are the interpo-

lating sets for Holder classes: if we denote by A(D) the disc algebra and set, for
s € (0,1),

i(t+h)y _ it
N = (e s ISl = ISl + s ) = FEDl ooy

teR |h[®

)

and A° = A* N A(D), then E is K-set iff A®|E = A®|E.

We also need the following definition: let w = (wy,),>1 be a sequence of positive
real numbers; we say that w satisfies condition (R), and we write w € (R), if it
satisfies:

(1) (logwy)n>1 is non-decreasing, and (wp41/wy)n>1 is non-increasing;
(2) n? = o(w,) for all ¢ > 0;
(3) the sequence (logwy,/n”),>n, is non-increasing for some 3 < 1/2.
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Theorem 1.1. Let w € (R) and let T be an operator on a Banach space X such
that o(T) is a K-set, |T™|| = O(nP) for some p > 1 and | T~ "] = O(wy,). If for
all a € (0,1),

1
M) Z nl—o(log wy)te oo,

n>1

then, for all € > 0,
T~ = O(nP+2+9),  n — +oo.

In [5], Theorem [Tl was obtained when norms of the negative powers of T satisfy
the condition ), -, 1/(nlogw,) = +oo instead of () and the spectrum was an
arbitrary K-set. In [I], Theorem [l was obtained when o(T) = E; is a perfect
symmetric set with constant of ratio £ € (0,1/2) (special classes of K-sets) and
under the condition [|T7"| = O(e"ﬁ) with 8 < |log2(|/|log2¢?|. Theorem [L1]
extends results of [II 5]. For contractions on a Hilbert space we improve Theorem
[Tl to obtain the following result.

Theorem 1.2. Let w € (R) and let T be an invertible contraction on a Hilbert
space X, such that o(T) is a and || T~ "] = O(wy,). If condition () is satisfied for
all a € (0,1), then T is unitary.

On the other hand, if there exists o € (0,1) such that

1
2
@ 2 = (log w,) o oe

n>1

then there exists an invertible contraction on a Hilbert space T such that o(T) is a
K-set, [T "|| = O(wy,) and | T™"|| — +oo.
n—-+4oo

Theorem is not valid for contractions on general Banach spaces. Indeed, Esterle
constructed in [7] a contraction T on a Banach space such that o(T) is a K-set (a
perfect symmetric set with constant of ratio ¢ such that 1/¢ is not a Pisot number)
and ||[T7"|| — 4oc. Observe also that Theorem is not valid when o(T) is a
null measure set (see [10]). Similar results of Tauberian type were obtained in
[T, 2L 51 (6, 7, (8], 10, [14].

2. PROOFS

2.1. Hausdorff measure of K-sets. A non-decreasing continuous function on
[0,400) such that h(0) = 0 is said to be a Hausdorff function, and the h-measure
of Hausdorff of a closed set £ C T is defined by

Hy () =Timinf 3 | h(A]),

where the infimum is taken over all the coverings (A;) of E by arcs of T with length
|A;| < t. Dynkin showed in [4] that if F is a K-set, then there exists ag > 0 such

that
1
| £y
/0 fTan dt < 400,

where
Et:{CGTd(CvE)St}, t>03
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|E;| denotes the length of E; and ap > log(1/(1 —cg))/log(2/(1—cg)). Note that
a K-set is a Beurling—Carleson set since

1

E

/ Mdt<+oo.
0 t

Shapiro gave in [I2] a complete characterisation of Beurling—Carleson sets of null
h-Hausdorff measure: he showed that Hp(E) = 0 for all Beurling—Carleson sets E

if and only if fol dt/h(t) = +o00. Let ({,)>1 be a sequence of real numbers such that
0 < ¢ < 1/2. We set

E¢y = {exp [2i7rzsn<1 o Cu(1=Ca)] En =0 or 1}'

n>1

When (,, = ¢ for all n, E¢ is the perfect symmetric set of constant ratio ¢ (/3
is the usual Cantor triadic) and E is a K-set of Hausdorff dimension dp =
|log2¢|/|log2¢?| (see [9]). When limsup,, . ¢, < 1/2, Esterle showed in [7]
(Proposition 2.5) that E ) is still also a K-set. The following lemma gives a
complete description of a K-set of null h-Hausdorff measure.

Lemma 2.1. Let h be a Hausdorff function such that h(t)/t is strictly decreasing.
Then the following two conditions are equivalent.

(i) For all K-sets E, Hy(E) = 0.
(i) For all a € (0,1),
/1 at__ 400
o toh(t)

Proof. (ii) = (i). Suppose that there exists a K-set E such that Hp(E) = ¢ > 0.
For all t > 0, E; is a disjoint union of arcs A; with |A;| > 2t: By = Uy c;en A,
and so -

3 c< Y ngan< Y MDA Mg

1<i<N 1<i<N Al 2t

Since F is a K-set, there exists a € (0,1) such that fol |Ey|/tiTdt < 400, and we

deduce from (3) that
/1 i < 400
o t*h(t) '

(1) = (i1). Suppose that there exists « € (0, 1) such that

/1 @
o ton() =Y

We will construct a K-set F satisfying Hy(E) > 0. In order to do that, we define
(An)n>0 by Ao = 1 and h(X\,) = 27", n > 1. Let E = E,) be the perfect
symmetric set associated with ((»)n>0 := (An/An—1)n>1. The set E is as described
in @, £ = (,,>0 En, where E,, is a disjoint union of 2" closed arcs E;, with
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|Ei| = 27(Cr -+ Cn) = 2TAp, 1 < i < 27 For all N >0,

1 dt AN+1 dt An dt
+ 00 > (l—a)/O R (1 _O‘)/O ton(t) t-a) 3 /)\ toh(t)

OSnSN n+1

N+1y1— — 1—
>N+ D) 2O -0
0<n<N
> 2NN D AT 2N > ) 2
1<n<N 1<n<N

Hence Y, o, 2" '\ "* < 400 and so

. G = 1i An 1

imsup ¢, = limsu < .

n—>oop n—>oop An—1 21/(1—a)

The perfect symmetric set £ = E(¢ ) is a K-set and Hy(E) = lim, o 2"h(\,) =
1. O

2.2. Hyperfunctions supported by a K-set. A hyperfunction on T is a holo-
morphic function on C\T vanishing at infinity. We denote by H(T) the set of all
hyperfunctions. The support of a hyperfunction ¢ € H(T), denoted by supp ¥, is
the smallest closed set E C T such that ¢ can be analytically extended on C\E.
For a closed set E C T, we set H(E) = {¢ € H(T) : suppty C E}. The Taylor
coefficients of 1) are given by

PR = () = T el <L,
P7(2) = Yople) = = Xace¥nd"h 2l > 1
We set
2 _ . |{/;n‘ o2
HL(T) = {1/1 € H(T) : itgw—n < 400 and nzgo\i/)ﬂ < oo}

and ‘HZ(E) = HZ(T) N H(E). We will need the following lemma, which follows
from a result of Hruscev [11].

Lemma 2.2. Let w € (R). The following conditions are equivalent.
(i) For all K-sets E, we have H2(E) = {0}.

(ii) For all a € (0,1), condition () is satisfied.
Proof. Define F(E) for a Hausdorff function h by
h(1 — |2[)

1— ||
We set hy,(t) = tlogsup,,~;(1—1)"wy. According to Lemma 5.2 of [3], the function
hy, is a Hausdorff function, h,,(t)/t is strictly decreasing and

Yoar [(n+1)/logwp11]® — [n/logw,]®
/0 toh,(t) Z lo+glwn '

Fa(E) = {w € H(E) : [¢H(2)] = O(exp ) and ¢~ € H2((C\®)}.

n>1

is non-decreasing,

Since (log wn/\/ﬁ)n>0 is non-increasing and (log wn)n>0

(R oo« [ [ s et

log wy, log w11 log wy, (log wy, )
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So
1
dt 1
4 = .
( ) /0 to‘hw(t) ngl nlfoz(log wn)lJra
Hence Fp,, (E) C H2(E) C Fop, (E) (see [10]). Theorem 9.1 of [11] shows that
Fn(E) = {0} iff H,(E) = 0. The lemma is proved. O

Remark 2.3. Denote by A(D) the disk algebra, denote by AP (D) the algebra of all
functions f such that f*) € A(D), 0 < k < p, and let A®(D) = Np>1 AP (D). First
observe that a K-set F is a Beurling—Carleson set, and so there exists f € A>*(D)
with f(")|E =0 (see [13]). Now set
Huwp(T) = {w € H(T) : sup M—M < +oco and sup M < +oo}
’ n>1 Wn n<0 (]- + |n|)p

and set Hyp(E) = Hup(T) NH(E). If f € A®°(D) and ¢ € Hy p(T), we define
the hyperfunction f.1) whose Taylor coefficients are given by

(5) :f\w/n = Z f(n)qznfma n € Z.

meZ
If Y € Hyp(F) and f|E = 0, then fa) € H2(E) (see [5], Proposition 2.1).
Hence, if condition (ii) of the lemma is satisfied, then for all K-sets E and for all
>0, € Hyp(E), feA®(D) with f(™|E =0 we have f.ip = 0.

2.3. Proofs of Theorem [I.1] and Theorem Suppose that condition () is
satisfied. Letting x € X and [ € X*, we set

o(2) = (T — 2I)"ta,1), z ¢ o(T).

We have ¢ € Hyp(o(T)) (p = 0 for Theorem [[2)). Consider an outer function
f € A>®(D) such that f(™)|o(T) = 0 for all m > 0. A standard computation of ()
gives that
fo(z) = (T = 2D f(T),0), =z ¢ o(T).

According to Remark 23] f.¢ = 0, and so f(T) = 0. The conclusion follows from
the proof of Theorem 4.1 of [5] (see also [2]) for Theorem [[LT] and from the proof
of Theorem 6.4 of [6] for Theorem

Now suppose that condition (2] is satisfied for some « € (0,1). Set w,, = w2
Then w satisfies (R) and (2). According to (), we have fol dt/(thg(t)) < 400,
where hg(t) = tlogsup,, (1 — t)w, is a Hausdorff function and hg(t)/t is strictly
decreasing. Lemma 1 and Frostman’s Theorem [J] give the existence of a K-set
F and a singular measure y supported by E which modulus of continuity satisfies
pu(t) = O(hg(t)). Let S, be the singular inner function associated with p. Consider
the operator T : H> & S, H?> — H? & S,H? defined by Tg = P,(zg), where P, is
the orthogonal projection on H2 & S MH2. Then T is an invertible contraction with
spectrum E, [|[T~"|| = O(w,,) and ||T~"| — oo (see [I0] for more details).
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