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ON THE ANALYTIC SOLUTION OF THE CAUCHY PROBLEM

XIANG-DONG HOU

(Communicated by Jim Haglund)

Abstract. Derivatives of a solution of an ODE Cauchy problem can be com-
puted inductively using the Faà di Bruno formula. In this paper, we exhibit
a noninductive formula for these derivatives. At the heart of this formula is
a combinatorial problem, which is solved in this paper. We also give a more
tractable form of the Magnus expansion for the solution of a homogeneous
linear ODE.

1. Introduction

Consider the Cauchy problem

(1.1)
d

dt

⎡
⎢⎣

y1

...
yn

⎤
⎥⎦ =

⎡
⎢⎣

f1(y1, . . . , yn)
...

fn(y1, . . . , yn)

⎤
⎥⎦ ,

⎡
⎢⎣

y1(0)
...

yn(0)

⎤
⎥⎦ =

⎡
⎢⎣

0
...
0

⎤
⎥⎦ ,

where f1, . . . , fn have continuous partial derivatives of total order up to v in a
neighborhood of (0, . . . , 0). The (v + 1)st order derivatives of the unique solution
of (1.1) in a neighborhood of (0, . . . , 0) are given by

(1.2)
dv+1yi

dtv+1
=

dv

dtv
fi(y1, . . . , yn), v ≥ 0.

The right side of (1.2) is given by the multivariate Faà di Bruno formula [2, 12].
(For more about the Faà di Bruno formula, see [1, 3, 6, 10].) Altogether, we have
for v ≥ 0 that
(1.3)
dv+1yi

dtv+1
= v!

∑
(λ1,...,λn)∈N

n

1≤λ1+···+λn≤v

∂λ1+···+λnfi

∂yλ1
1 · · · ∂yλn

n

∑
(µjk)∈N

v×n∑
j µjk=λk,

∑
j,k jµjk=v

∏
j,k

1
µjk!

( 1
j!

djyk

dtj

)µjk

,

where N = {0, 1, 2, . . . }. Equation (1.3) allows us to compute the derivatives dv+1yi

dtv+1

inductively on v. If f1, . . . , fn are analytic in a neighborhood of (0, . . . , 0), then (1.3)
also allows us to compute the coefficients of the power series solution inductively.
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The derivatives of the solution of (1.1) can also be expressed in terms of the
linear differential operator

D =
n∑

j=1

fj(y1, . . . , yn)
∂

∂yj
.

We have

(1.4)
dvyi

dtv
= Dvyi, v ≥ 0;

see [5, 4, 7]. However, the right side of (1.4) is not explicit in terms of the partial
derivatives of f1, . . . , fn.

The purpose of the present paper is to point out that there is a formula for the
derivatives of the solution of (1.1) which is noninductive and is explicit in terms
of the partial derivatives of f1, . . . , fn. The formula is stated in Section 2. At
the heart of the formula is a combinatorial problem, which is solved in Section 3.
Section 4 discusses a connection between a byproduct of Section 3 and the Magnus
expansion for the solution of a homogeneous linear ODE.

2. The main result

For (j1, . . . , jv−1) ∈ N
v−1 and (i1, . . . , iv) ∈ N

v, we say that (j1, . . . , jv−1) ≺
(i1, . . . , iv) if (i1, . . . , iv) = (j1, . . . , ju−1, ju + 1, 0, ju+1, . . . , jv−1) for some 1 ≤ u ≤
v − 1 or (i1, . . . , iv) = (j1, . . . , jv−1, 1). Define N

0 = {∅} and define ∅ ≺ (1) ∈ N
1.

Using transitivity, we extend ≺ to a partial order in
⋃

v≥0 N
v.

Let

Iv =
{
(i1, . . . , iv) ∈ N

v : i1 + · · · + iu ≥ u for 1 ≤ u ≤ v and i1 + · · · + iv = v
}
.

Also define I0 = {∅}. If (j1, . . . , jv−1) ≺ (i1, . . . , iv), then (j1, . . . , jv−1) ∈ Iv−1 if
and only if (i1, . . . , iv) ∈ Iv.

Let f1(y1, . . . , yn), . . . , fn(y1, . . . , yn) be functions of y1, . . . , yn which are differ-
entiable enough times. Write

f =

⎡
⎢⎣

f1(y1, . . . , yn)
...

fn(y1, . . . , yn)

⎤
⎥⎦ .

Moreover, for i > 0, let ∂if
∂yi be an n × ni matrix whose columns are indexed by

(β1, . . . , βi) ∈ {1, . . . , n}i lexicographically and whose
(
α, (β1, . . . , βi)

)
-entry is

∂ifα

∂yβ1 · · · ∂yβi

.

For example, if f = [f1(y1, y2), f2(y1, y2)]T , then

∂2f

∂y2
=

⎡
⎢⎢⎢⎣

∂2f1

∂y1∂y1

∂2f1

∂y1∂y2

∂2f1

∂y2∂y1

∂2f1

∂y2∂y2

∂2f2

∂y1∂y1

∂2f2

∂y1∂y2

∂2f2

∂y2∂y1

∂2f2

∂y2∂y2

⎤
⎥⎥⎥⎦ .
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Theorem 2.1. The derivatives of the solution of (1.1) are given by

dv+1

dtv+1

⎡
⎢⎣

y1

...
yn

⎤
⎥⎦ =

∑
(i1,...,iv)∈Iv

a(i1, . . . , iv)
∂i1f

∂yi1

(
Ini1−1 ⊗ ∂i2f

∂yi2

)
· · ·

(
Ini1+···+iv−1−(v−1) ⊗ ∂ivf

∂yiv

)
f ,

(2.1)

where a(i1, . . . , iv) ∈ Z
+, (i1, . . . , iv) ∈ Iv, is defined inductively by

(2.2)

⎧⎪⎨
⎪⎩

a(i1, . . . , iv) =
∑

(j1,...,jv−1)≺(i1,...,iv)

a(j1, . . . , jv−1),

a(∅) = 1.

Proof. For (i1, . . . , iv) ∈ Iv, let iv+1 = 0 and let

(2.3) F(i1,...,iv ,0) =
v+1∏
u=1

(
I
ni1+···+iu−1−(u−1) ⊗ ∂iuf

∂yiu

)
,

where the factors in the product appear from left to right in the order of u =
1, 2, . . . , v + 1. Then (2.1) can be written as

(2.4)
dv+1

dtv+1

⎡
⎢⎣

y1

...
yn

⎤
⎥⎦ =

∑
(i1,...,iv)∈Iv

a(i1, . . . , iv)F(i1,...,iv ,0).

To prove (2.4) and (2.2), we use induction on v. The initial case v = 0 needs no
proof. Since

d

dt

( ∂ifα

∂yβ1 · · · ∂yβi

)
=

∑
βi+1

∂i+1fα

∂yβ1 · · · ∂yβi
∂yβi+1

dyβi+1

dt
=

∑
βi+1

∂i+1fα

∂yβ1 · · · ∂yβi
∂yβi+1

fβi+1 ,

we have

d

dt

(∂if

∂yi

)
=

∂i+1f

∂yi+1
(Ini ⊗ f).

Thus

d

dt

[
Ini1+···+iu−1−(u−1) ⊗ ∂iuf

∂yiu

]

= Ini1+···+iu−1−(u−1) ⊗
[∂iu+1f

∂yiu+1
(Iniu ⊗ f)

]

=
[
I
ni1+···+iu−1−(u−1) ⊗ ∂iu+1f

∂yiu+1

][
I
ni1+···+iu−1+(iu+1)−u ⊗ f

]
.

(2.5)
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By (2.3) and (2.5), we have

d

dt
F(i1,...,iv ,0)

=
v+1∑
u=1

[u−1∏
s=1

(
Ini1+···+is−1−(s−1) ⊗ ∂isf

∂yis

)][ d

dt

(
Ini1+···+iu−1−(u−1) ⊗ ∂iuf

∂yiu

)]

×
[ v+1∏

s=u+1

(
Ini1+···+is−1−(s−1) ⊗ ∂isf

∂yis

)]

=
v+1∑
u=1

F(i1,...,iu−1,iu+1,0,iu+1,...,iv ,0).

Therefore, assuming (2.4), we have

dv+2

dtv+2

⎡
⎢⎣

y1

...
yn

⎤
⎥⎦ =

∑
(i1,...,iv)∈Iv

a(i1, . . . , iv)
v+1∑
u=1

F(i1,...,iu−1,iu+1,0,iu+1,...,iv ,0)

=
∑

(j1,...,jv+1)∈Iv+1

a(j1, . . . , jv+1)F(j1,...,jv+1,0),

where
a(j1, . . . , jv+1) =

∑
(i1,...,iv)≺(j1,...,jv+1)

a(i1, . . . , iv).

So the induction is complete. �

Remark. Let R be a commutative ring of characteristic 0 and R[[Y1, . . . , Yn]] be the
ring of formal power series in Y1, . . . , Yn over R. Let f1, . . . , fn ∈ R[[Y1, . . . , Yn]]
and y1, . . . , yn ∈ R[[X]] be the unique solution of (1.1). Then (1.3) and (2.2) also
hold. Both formulas give the coefficients of y1, . . . , yn in terms of the coefficients of
f1, . . . , fn, (1.3) inductively and (2.2) explicitly.

3. Determination of a(i1, . . . , iv)

For each (i1, . . . , iv) ∈ Iv, we define a walk w(i1, . . . , iv) to be a sequence of
points

(0, 0), (0, i1), (1, i1), (1, i1 + i2), . . . , (v − 1, i1 + · · · + iv), (v, v)

in N
2. It helps to think of the walk w(i1, . . . , iv) as line segments connecting the

points in the above sequence. Therefore, the walk w(i1, . . . , iv) starts from (0, 0)
and moves i1 units up, 1 unit right, i2 units up, 1 unit right and so on until it reaches
(v, v). For example, w(2, 0, 3, 2, 0, 2, 0, 0, 1, 0) is shown in Figure 1. Note that since
(i1, . . . , iv) ∈ Iv, the walk w(i1, . . . , iv) is above the line y = x. Let R denote the
closed region of [0, v]× [0, v] below the walk w(i1, . . . , iv). For each 0 ≤ i ≤ v let Li

denote the line y = x + i. Then Li ∩R consists of line segments; each line segment
is further divided into subsegments by certain vertices of the walk. In Figure 1,
L1 ∩ R consists of two segments (from lower left to upper right): (0, 1) (1, 2) and
(2, 3) (9, 10). The segment (2, 3) (9, 10) consists of two subsegments: (2, 3) (8, 9)
and (8, 9) (9, 10). If a segment consists of subsegments of length l1

√
2, l2

√
2, . . .
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(from lower left to upper right), we say that the segment is of type (l1, l2, . . . ). In
Figure 1,
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Figure 1. The walk w(2, 0, 3, 2, 0, 2, 0, 0, 1, 0)

• L0 has 1 segment of type (2, 8);
• L1 has 2 segments of type (1), (6, 1);
• L2 has 1 segment of type (1, 2, 2);
• L3 has 2 segments of type (1), (1).

Theorem 3.1. Let (i1, . . . , iv) ∈ Iv and let R be the closed region of [0, v] × [0, v]
below the walk w(i1, . . . , iv). Assume that Ls ∩ R consists of segments of type
(ls,1

1 , ls,1
2 , . . . ), (ls,2

1 , ls,2
2 , . . . ), . . . . Then

a(i1, . . . , iv) =
∏
s

∏
u

[(−1 + ls,u
1 + ls,u

2 + · · ·
−1 + ls,u

1

)(
−1 + ls,u

2 + · · ·
−1 + ls,u

2

)
· · ·

]

=
∏
s

∏
u

(
ls,u
1 + ls,u

2 + · · ·
ls,u
1 , ls,u

2 , · · ·

)
ls,u
1 ls,u

2 · · ·
(ls,u

1 + ls,u
2 + · · · )(ls,u

2 + ls,u
3 + · · · ) · · · .

(3.1)

For example, Theorem 3.1 applied to the walk in Figure 1 gives

a(2, 0, 3, 2, 0, 2, 0, 0, 1, 0) =
(

9
1

)(
6
5

)(
4
0

)(
3
1

)
= 162.

Proof of Theorem 3.1. From (2.2), it is clear that a(i1, . . . , ir) is the number of
sequences ∅ = α0 ≺ α1 ≺ · · · ≺ αv = (i1, . . . , iv), where αu ∈ Iu, 0 ≤ u ≤ v.
The sequence (i1, . . . , iv, 0) can be reduced to 0 through v reduction steps; each
step is a replacement of a string (i, 0) in (i1, . . . , iv, 0) by i − 1, where i > 0.
Therefore, a(i1, . . . , iv) is the number of sequences of reduction steps which reduce
(i1, . . . , iv, 0) to 0.

The sequence (i1, . . . , iv, 0) consists of strings of maximal length of the form
(j1, . . . , js, 0, . . . , 0︸ ︷︷ ︸

t

), where j1 · · · js 	= 0 and t > 0. Each such string can be reduced
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in a unique way through min{t, j1 + · · · + js} reduction steps to⎧⎪⎪⎨
⎪⎪⎩

(0, . . . , 0)︸ ︷︷ ︸
t−(j1+···+js)+1

if t ≥ j1 + · · · + js,

(∗, . . . , ∗) if t < j1 + · · · + js,

where the ∗’s are positive and sum to j1 + · · · + js − t. (See Figure 2.)
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j1 · · · js 0 0 · · · 0

j1 · · · js − 1 0 · · · 0

···

0 · · · 0 ∗ · · · ∗or

︸ ︷︷ ︸
t−1

t︷ ︸︸ ︷

Figure 2. Reduction of (j1, . . . , js, 0, . . . , 0)

Before the reduction of (j1, . . . , js, 0, . . . , 0) reaches (0, . . . , 0) or (∗, . . . , ∗), the
result of each intermediate step is a string of the form (∗, . . . , 0), ∗ 	= 0, which cannot
be combined with neighboring strings for further reduction. After (j1, . . . , js, 0,
. . . , 0) is reduced to (0, . . . , 0) or (∗, . . . , ∗), for further reduction, (0, . . . , 0) must
be combined with a left neighboring string and (∗, . . . , ∗) must be combined with a
right neighboring string. Therefore, the reduction steps that reduce (i1, . . . , iv, 0)
to 0 are unique although these steps may be performed in different orders. (See
Figure 3.)
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Figure 3. Reduction of (2, 0, 3, 2, 0, 2, 0, 0, 1, 0, 0)
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Let R1 and R2 be two reduction steps of (i1, . . . , iv, 0). We say R1 ≤ R2 if R1

needs to be performed before R2 can be performed. Therefore, a(i1, . . . , iv) is the
number of ways to order the v reduction steps of (i1, . . . , iv, 0) so that the partial
order ≤ is preserved.

We prove (3.1) by induction on v. The case v = 0 is obvious. Assume v > 0.

Case 1. Assume that i1 = 1. In this case, (i2, . . . , iv) ∈ Iv−1. In the reduction
of (i1, i2, . . . , iv, 0), the string (i2, . . . , iv, 0) must be reduced to 0 before it can be
combined with i1 for the final reduction step. So, a(i1, i2, . . . , iv) = a(i2, . . . , iv)
and (3.1) holds by the induction hypothesis.
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Figure 4. A walk w(i1, . . . , iu−1, 0, iu+1, . . . , iv)

Case 2. Assume that i1 > 1 but the walk w(i1, . . . , iv) contains a point (u, u) with
0 < u < v. We assume u is the smallest value with this property; see Figure 4.
Then iu = 0, so

(i1, . . . , iv, 0) = (i1, . . . , iu−1, 0, iu+1, . . . , iv, 0),

where (i1, . . . , iu−1, 0) ∈ Iu and (iu+1, . . . , iv) ∈ Iv−u. The string (i1, . . . , iu−1, 0)
is reduced to 1 in u − 1 steps before it can be combined with a right neighboring
string for further reduction; the string (iu+1, . . . , iv, 0) is reduced to 0 in v−u steps
before it can be combined with a left neighboring string for further reduction. (See
Figure 5.) Therefore,

(3.2) a(i1, . . . , iv) =
(

v − 1
u − 1

)
a(i1, . . . , iu−1, 0)a(iu+1, . . . , iv).
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1 0
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Figure 5. Reduction of (i1, . . . , iu−1, 0, iu+1, . . . , iv, 0)
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The walk w(i1, . . . , iu−1, 0) is the part of w(i1, . . . , iv) from (0, 0) to (u, u); the
walk w(iu+1, . . . , iv) is a translate of the part of w(i1, . . . , iv) from (u, u) to (v, v).
Since (3.1) holds for a(i1, . . . , iu−1, 0) and a(iu+1, . . . , iv) (induction hypothesis), it
follows from (3.2) that (3.1) also holds for a(i1, . . . , iv).
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Figure 6. A walk w(i1, . . . , iv) not touching L0

Case 3. Assume that w(i1, . . . , iv) does not contain any point (u, u) with 0 < u < v;
see Figure 6. Then i1 > 1, iv = 0, and (i1 − 1, i2, . . . , iv−1) ∈ Iv−1. When reducing
(i1, . . . , iv−1, 0, 0) to 0, the last step is always (1, 0) → 0. However, it is easy to see
that the number of ways to reduce (i1, . . . , iv−1, 0, 0) to (1, 0) equals the number of
ways to reduce (i1 − 1, i2, . . . , iv−1, 0) to 0. So

(3.3) a(i1, . . . , iv−1, 0) = a(i1 − 1, i2, . . . , iv−1).

The walk w(i1 − 1, i2, . . . , iv−1) is a translate of the part of w(i1, . . . , iv) from (0, 1)
to (v− 1, v); see Figure 6. So by (3.3) and the induction hypothesis, (3.1) holds for
a(i1, . . . , iv). �

Since a(i1, . . . , iv) is the number of chains ∅ = α0 ≺ α1 ≺ · · · ≺ αv = (i1, . . . , iv),
where αu ∈ Iu, 0 ≤ u ≤ v, and since for each αu ∈ Iu, there are exactly u
αu+1 ∈ Iu+1 such that αu ≺ αu+1, we have∑

(i1,...,iv)∈Iv

a(i1, . . . , iv) = v!.

4. The set Iv and the Magnus expansion

The set Iv has an interesting combinatorial interpretation. Let I′
v ={(j1, . . . , jv) :

(jv, . . . , j1) ∈ Iv}. Let · be a nonassociative multiplication defined on a set A. For
(a1, . . . , av+1) ∈ Av+1, (i1, . . . , iv), (j1, . . . , jv) ∈ N

v, let (a1, . . . , av+1)
i1,...,iv

j1,...,jv
be the

expression a1 · · · av+1 with iu “(” before au and ju “)” after au+1. For example,

(a1, a2, a3, a4, a5)
2,0,1,1
0,2,0,2 = ((a1 a2 (a3))(a4 a5)).

Note that (a1, . . . , av+1)
i1,...,iv

j1,...,jv
may not be a well-defined product as in the above ex-

ample. However, if (a1, . . . , av+1)
i1,...,iv

j1,...,jv
is a well-defined product, then (j1, . . . , jv)

is determined by (i1, . . . , iv) and vice versa. Assume that the rightmost “(” occurs
before au. Then its matching “)” must occur after au+1, turning (au au+1) into
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a group. The matching “)” of the remaining “(” are determined the same way.
By this argument and induction on v, one can easily see that (a1, . . . , av+1)i1,...,iv

(an expression with “(” at indicated places) can be completed to a well-defined
product (a1, . . . , av+1)

i1,...,iv

j1,...,jv
if and only if (i1, . . . , iv) ∈ Iv. In the same way,

(a1, . . . , av+1)j1,...,jv
(an expression with “)” at indicated places) can be completed

to a well-defined product if and only if (j1, . . . , jv) ∈ I′
v. If (a1, . . . , av+1)

i1,...,iv

j1,...,jv
is a

well-defined product, it will also be denoted by (a1, . . . , av+1)i1,...,iv or
(a1, . . . , av+1)j1,...,jv

. Therefore, (i1, . . . , iv) �→ (a1, . . . , av+1)i1,...,iv ((j1, . . . , jv) �→
(a1, . . . , av+1)j1,...,jv

, respectively) is a bijection from Iv (I ′
v, respectively) to the

set of all well-defined products a1 · · · av+1 with suitable associations. By [9, 13],

|Iv| = |I′
v| =

(2v)!
(v + 1)!v!

.

The set I ′
v has an application in the Magnus expansion for the solution of a

homogeneous linear ODE. Let Mn(R) denote the set of all n × n matrices over R.
Consider the Cauchy problem of the homogeneous linear ODE

(4.1)
dY

dt
= A(t)Y, Y (0) = In,

where A(t) and Y (t) are Mn(R)-valued functions of t. Assume that A(t) is contin-
uous in a neighborhood of 0. Then in a (possibly smaller) neighborhood of 0, the
unique solution of (4.1) can be expressed as

Y (t) = eΩ(t)

for some Mn(R)-valued function Ω(t). The Magnus expansion expresses Ω(t) as an
infinite series involving A(t); see Magnus [11] and Iserles and Nørsett [8]. For any
two continuous Mn(R)-valued functions B(t) and C(t), define

B(t) · C(t) =
[∫ t

0

B(τ )dτ, C(t)
]
,

where [ ] is the Lie bracket. Then using the notation of the last paragraph, the
Magnus expansion can be written as

(4.2) Ω(t) =
∞∑

v=0

∑
(j1,...,jv)∈I′

v

fj1 · · · fjv

∫ t

0

(
A(τ ) · · ·A(τ )︸ ︷︷ ︸

v+1

)
j1,...,jv

dτ,

where fj is given by
∞∑

j=0

fjz
j =

z

ez − 1
.

Equation (4.2) can be easily derived from the Magnus expansion in [8, Eq. (2.6)].
One only has to note that using the notation of the present paper, the inductive
formula for the coefficients of the Magnus expansion in [8, Eq. (2.14)] can be made
explicit. In the Magnus expansion in [8], the terms are indexed by certain binary
trees and the coefficients are given inductively. In (4.2), the terms are indexed by
I ′

v, which is more tractable, and the coefficients are explicit.
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Pure and Applied Mathematics 1 (1857), 359–360.

[2] G. M. Constantine and T. H. Savits, A multivariate Faà di Bruno formula with applications,
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