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ON FOURIER RESTRICTION AND THE NEWTON POLYGON

AKOS MAGYAR

(Communicated by Andreas Seeger)

ABSTRACT. Local LP — L2 bounds are proved for the restriction of the Fourier
transform to analytic surfaces of the form S = (z, f(z)) in R3. Tt is found that
the range of exponents is determined by the so-called distance of the Newton
polygon, associated to f, except when the principal quasi-homogeneous part
of f(x) contains a factor of high multiplicity. The proofs are based on the
method of Phong-Stein and Rychkov, adapted to scalar oscillatory integrals.

1. INTRODUCTION

If S ¢ R*""! is a compact piece of a smooth hypersurface, a central question
of harmonic analysis is to determine the pair of exponents p,q > 1 for which the
Fourier restriction operator ¢ — ¢|s maps LP(R") — L9(S).

This problem is still open even in the case of the unit sphere S? C R3. However
the case ¢ = 2 for surfaces of everywhere nonvanishing curvature was answered by
the classic works of Stein and Tomas; see [S], [T].

Note that the restriction property is local by nature, and is invariant under affine
maps & — Az +0b (where det A # 0). Thus for real analytic S, it is enough to study
the local problem, where S = {(z, f(x)) : = € V}, V C R" is an open neighborhood
of the origin and f : V — R is a real analytic function such that f(0) = V£(0) = 0.
We say that the Fourier restriction property Rg(p — ¢) holds at the origin if there
exists a neighborhood U of 0 so that for all C'*°-functions v with compact support
in U, the inequality

R 1/q
(1.1) < /U ¢(€,f(£))qw(£)d€> < Cpog oo 1Bl ooy

holds. The aim of this paper is to draw attention to the relation between the range
of exponents p, ¢ for which the restriction property Rg(p — ¢) holds and a numeric
invariant, the so-called distance of the Newton polygon of the function f.

If f(z) = Zkezi arz” is the Taylor expansion of f(x), then its Newton polyhe-

dron is defined by

Ny = Conv U E+RY |,
keA
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where A = {k : ap # 0} is the support of the sequence {ax}. The smallest
positive number d = dy such that the point d = (d,...,d) is in Ny is called the
distance of N; and its reciprocal 6y = 1/d; the Newton decay rate. If the point
dy = (dy,...,dy) lies on a compact edge «, then « is called the principal edge of
Ny.

First we give the following necessary condition.

Theorem 1. Let S = (z, f(x)) where f : V — R is an analytic function such that
f(0) = Vf(0) =0, and let do = tpdx be a measure on S in local coordinates x
where 1 is a smooth function of small support.

If the local Rs(p — q) restriction property holds at the origin, then one has

1 1
(1.2) p' > q(1+df) where , + i 1

and dy is the distance of the Newton polyhedron Ny.

The idea of the proof of (1.2) is doing the well-known Knapp example, in the
general case of an analytic hypersurface, in other words, to test the restriction
property (1.1) on functions ¢s whose Fourier transform a(; is supported on a box
Bs best fitted to the surface S.

However the Knapp example is not always sharp; a simple example is the graph
of the function: f(z,y) = (y — %)™ for m > 3 (another example is described in
[Sh]). Indeed, if one tests the restriction property Rs(p — ¢) on the function ¢g
whose Fourier transform ¢ is the characteristic function of the box By = {|z| <
1, ly| <1, |2| < 6™}, then it is easy to see that

o~ 1/q 1
( / ¢5(x,y,f(x,y))|q¢(x,y)dxdy> > Oyt

while [|¢s]|zr@s)y < Cp §» for all 0 < § < 1. Thus the restriction property only
holds for exponents p, ¢ satisfying: p’ > gm, which is more restrictive than the one
obtained from the Knapp example: p’ > ¢(1+2m/3), given in (1.2), as dy = 2m/3
for the function f(z,y) = (y — 2%)™.

Thus one needs additional conditions on the function f. One such condition is
the so-called R-nondegeneracy of Varchenko; see [AV]. However, as we shall see,
that may be too restrictive, especially when the surface has curvatures vanishing
to a high order, that is, when d; is large. Our partial result of sufficiency is taking
this into consideration.

Let n = 2 and let « be a compact edge of the boundary of the Newton polygon
Ny. Define the quasi-homogeneous part of f by corresponding to o by

(1.3) falwy) =2~y 5 >~ apaty

(k)ea
if « is connecting the points (A, B) and (A’, B') where A’ < A and B < B’. We
define a number r,, called the multiplicity of f,.

Definition 1. If « is a compact edge, then the multiplicity r, of f, is defined to
be the minimum of the highest multiplicity of a real root of 9, f, (1,y) and of the
highest multiplicity of a real root of 9, f, (x,1). If « is an infinite edge, then we set
o = 0.
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If o is the principal edge of Ny, then f, is called the principal part of f and we
write r¢ for ro. By the above definition, if the point d¢ is on an infinite edge, then
Ty = 0.

Theorem 2. Let S = (z,y, f(x,y)), where f : R? — R is an analytic function such
that £(0,0) =V f(0,0) = 0. Then the local Rs(p — 2) restriction property holds at
(0,0) for

(1.4) p' > 2(14 max(dys,ry + 1)).

Note that in case ry < dy, (1.2) and (1.4) give the sharp range of exponents
p (up to the endpoint) for which the local Rg(p — 2) restriction property holds.
This includes functions with factors of high multiplicity, which are R-degenerate in
the sense of Varchenko (which means that the principal part of f has distinct real
factors; see below). For example take f(z,y) = (y —ax?)™(y — bx?)™ (0 < a < b)
for any m > 2; indeed in this case ry = m — 1 and dy = 3m.

The proof of (1.4) is based on an oscillatory integral estimate.

Theorem 3. Let the function f(x,y) be an analytic function such that f(0,0) =
Vf(0,0) = 0. Then for a smooth cut-off function ¥(x,y) of sufficiently small
support, one has the bound for the associated oscillatory integral

. — min 1
(15) TN =1 [ M@, y)dedy] < C.(1+ A T v s o,
R2
This compares to the result of Varchenko in dimension 2, which shows |I(A)] <
C.(14 \)~%*¢ under the so-called R-nondegeneracy condition. The function f is

called R-nondegenerate if
Opfa(z,y) =0y fa(z,y) =0 implies =0 or y=0,

where f, is the principal part of f defined in (1.3). This condition however only
holds when neither 0, f,(z,1) nor 9, f.(1,y) has multiple real roots, and in par-
ticular only when 7y = 1. Indeed, assuming that there is a nonzero zy € R such
that

fa($0, 1) = amfoz(xOv ]-) =0

and using the Euler relations
1 1
falzo,1) = . Oz fa(xo,1) + - Oy fa(To,1), where m=A—- A", n=B - B,

we see that 9y fo(z0,1) = 0 and hence f is R-degenerate.

The proof of (1.5) exploits a factorization, called the Puiseux product, as was
done similarly for oscillatory integral operators in [PS1] and [R].

The route from (1.5) to (1.4) is standard, but based on a highly nontrivial result
of Karpushkin (see [K], [PS3]), namely the local stability of the decay rate of
oscillatory integrals with analytic phase in 2 dimensions. In fact it implies that for
& = A(—1,u,v) the estimate

7 i — min —L )+e
|do(€)] = | / NI @)y (4 y) dirdy] < Co(1+ AT
R2
for all € > 0 holds uniformly for (u,v) being in a small neighborhood of (0, 0), and

then also for all (u,v), since outside the neighborhood the gradient of the phase
is large: |(Ozf — u,0yf —v)| > C'A. Thus the integral is rapidly and uniformly
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decreasing. Let us remark that one of the main obstacles to proving similar results
in higher dimensions is the lack of the stability theorem. .
Finally, by the classical argument of [T], a uniform bound of the form |do ()| <
C (1 + |€))~P implies that the local Rs(p — 2) restriction property holds for p’ >
2(1+ B71) (in fact, by Greenleaf’s theorem [G], the restriction property also holds
for p’ > 2(1+ B71)), which gives (1.4). Thus Theorem 2 follows from Theorem 3.

2. NECESSARY CONDITIONS

In this section we prove Theorem 1. Let f : R™ — R be an analytic function
such that f(0,0) = V(0,0) =0, and let Iy be the boundary and V; be the set of
vertices of its Newton polyhedron. We use the notation |z|* = |z1|t |x2|*2 ... |2, ]
for x € R" and a = (a1, as,...,a,) € Z™.

Lemma 1. One has for x being in a sufficiently small neighborhood of the origin:

(2.1) 7@ < C

Proof. Let us introduce the ordering on Z}: a < bif b € a +Z% , b # a; and set
of minimal elements: A’ = {a € A: A b€ A, b < a}. It is easy to see by an
induction on n that A’ is finite; thus V; is finite as well. Since the Taylor series of
f(x) converges, one has for every a € A’,

Y laxl |zl* < Calal®.

k€A, a=k
It follows that
(2.2) F@)] < O malel.
Moreover for every a € A’ there are vertices bq,...,b, (not necessarily distinct)

such that for a convex combination of them: b =Y. A;b; < a. Indeed every point
on the boundary I'; is of this form. Thus

jof* < T] l2** < maxc|af’.
i K2
The lemma follows from (2.2). O
Definition 2. We say that a € R’} is admissible if
(2.3) k-a>1 forevery kely.

Lemma 2. Let

4 = min{ Zaj :a=(ay,...,ay) is admissible}.
j=1

Then 6 =6y =1/dy.

Proof. If a is admissible, then a - df = dy Zj a; > 1; hence § > dy. On the other
hand, let o be the face of Ny containing dy and let a € R™ be defined such that
a-k =1 for every k € o. Then by the convexity of N¢ the plane through o separates
0 and Ny; thus a1 > 1 for every [ € Ny. In particular a € R} and a is admissible.
Alsoa~df:dfzjaj:1andthu85§5f. O
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Proof of Theorem 1. Let 1(z) be a smooth cut-off function of small support and
let @ = (a1, ..., a,) be admissible. For 0 < 7 < 1 define the function ¢, . such that
¢A>a77(x1, ey Tpy1) =TT, T, T ).

If |x;| < 7% for 1 < j < n, then since a is admissible, one has by (2.1),

<C kea < ¢
F@)] <O maxrte < O,

and thus (choosing 1 appropriately), |$a77(x, f(z))| > ¢> 0. Hence

(2.4 [ it = [ (6ot sl via) do = e,

where v, = 3 a;. On the other hand, by scaling, one has that ||¢a,r ||, ~ T(Hva) /e’
If the Rg(p — q) restriction property holds, then one must have

TVa/q S C’T(1+Va)/p/
for every 0 < 7 < 1 and admissible a. Thus by Proposition 2,
P> max o q(l+v,t) =q(l+dy).

a admissible

This proves Theorem 1. O

3. SUFFICIENT CONDITIONS

We will need the following standard Van der Corput type lemma for oscillatory
integrals with polynomial-type phases, proved in [PS2]; see (3), p. 42 in the proof
of Theorem 1 there.

Lemma 3. Let I = [a,b] be an interval of length at most 1, x € C1(R) be a smooth
function and let f be a real and C*(R). Assume that |f'(y)| > 6 > 0 for ally € I
and f"(y) has at most d roots in I. Then one has for A > 0,

(3.1) I/Ie“f‘y)x(y) dy] < A7'6T(2d + 1)(sup [ +Sl}p|x’|)-

We remark that inequality (3.1) remains true, with d = 0, when f”(y) is constant
0 on the interval I, which is easy to see by performing an integration by parts and
using that f’(y) is constant on I.

To apply the above lemma for a function of two variables F(x,y), we invoke an
immediate corollary of the Weierstrass Preparation Theorem.

Lemma 4. Let U C R? be an open neighborhood of (0,0), and let F : U — R be
a nonzero analytic function. Then there is an n > 0 and a positive integer d such
that for every 0 < |x| <n, the function y — F(z,y) has at most d roots in [—n,n].
Proof. Let K = min{k : a # 0}, where F(z,y) =, arzky! and write F(z,y)
= 2XG(z,y). The function G(0,y) is not identically zero. Thus by the Weierstrass
Preparation Theorem (see [H| Sec. 7.5)

G(ZL’, y) = U(l‘, y)(cdyd + Cd—l(x)ydil +.o+ CO(:E));

where ¢4 # 0, and U(x,y) # 0 for |z| < n, |y| <n, n > 0 being sufficiently small.
Thus for any |z| <7, the function y — F(z,y) can have at most d roots. O
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We describe the Newton polygon Np associated to an analytic function F in
more detail. If a runs through the compact edges of the boundary I'r, connecting
the vertices (Aq, By) and (A, Bl)) where A, > Al then put n, = B, — B, and
Yo = g‘,*%g::. Also let A be the x and B be the y coordinate of the vertical and
horizontal infinite edges of I'r. The intersection of the bisector and line of the edge
o is the point (da,dq), where dy = (Aq + VaBa)/(1 4+ 7a). By convexity, df > d,
for all compact edges . Thus writing d, = 1/do = (1 + 74)/(Aa + VaBa), one
finds that

(3.2) df =min (1/A,1/B, 6,).
[0
We introduce the ordering a < 3 if vy, < g and note that
(3.3) A=A+ Z ngyg and By, =B+ Z ng.
B B-o

Also, Ng has some symmetry properties: if G(x,y) = F(+z, ty), then Ngp = Ng;
if G(z,y) = F(y,x), then Ng is obtained by reflecting Nz to the bisector y = x.
The germ of an analytic function F'(z,y) admits a factorization called the Puiseux
product (see [R]) of the form

(3.4) F,y) = Utz p)aty? [T T = ves(@).

a =1

where U(z,y) and c,; are nonzero, and y.;(x)) is asymptotic to a fractional power

series of the form cn;x7 + corsx?*TY 4+ ..., as x — 0. In particular, for any given
7 > 0 one has
(3.5) |Yai(z) — Cix™| < 727

for |z| < er/7, ¢ > 0 being a small constant depending only on F. Moreover there
is a fixed large constant D > 0 such that if 27771 <z <277 and 27F 1 <y < 27F
for j,k > J large enough, then

279 if k> jy,+D
(36) @l ~{ 5 RE D

where x ~ y means that C 'z < y < Cz for some constant C > 0 whose value
depends only on F' and can change from place to place. By the notation k > jv,
it is meant that k — jv, > D. We remark that both conditions can be achieved by
choosing the support of ¢ (z,y) small enough.

One may use the Puiseux product to estimate the size of F(xz,y) on the dyadic
rectangles R, = [27771,279] x [27%71,27%] which are “away” from the zero set of
F.

Lemma 5. Let F(z,y) be an analytic function, such that F(0,0) = 0. Then one
has the following size estimates:

(i) Let o < o’ be two consecutive compact edges of the Newton polygon Ng, and
let (Aq, Ba) denote the common vertex of the edges o and o'. If jyo, € k < Yo,
then for (z,y) € Rjx,

(3.7) |F(x,y)| ~ 277" e

(ii) Let o denote the minimal edge of Np (i.€. Yo, < Yo ¥V &), and let (Ao, Bo)
denote the common vertex of the edge oy and the infinite vertical edge. If k < jva,,
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then for (z,y) € Rk,
(3.8) |F(z,y)| ~ 277407 B0,

(iii) Let ag denote the mazimal edge of N (i.e. Yo, > Vo V &), and let (As, By)
denote the common verter of the edges as and the infinite horizontal edge. If
k> jYa,, then for (z,y) € Rji,

(3.9) |F(z,y)| ~ 2794 kB

Proof. Assume first jy, < k < 7. Then by (3.6) for (z,y) € Rji one has
ly — ygi(x)| ~ 2797 for B3 < a and |y — ygi(x)| ~ 27% for B = a. Thus by (3.3)
and (3.4),

‘F(l‘,y” ~ 2—j(A+sza ngyg) 2716(34»2/3}@ ng) — 2fjAa7k:Ba.

The proof of estimates (3.7) and (3.8) proceeds the same way, noting that Ay = A
and B, = B. O

In the proof of Theorem 3, we will apply the above size estimates to either
F =0,for F=0,f. Thus we will need some information on the Newton polygons
associated to 0, f and 0, f, which we will denote by N, and N,. Note that IV, is
obtained from Ny by shifting it to the left by 1 and maybe replacing the minimal
edge ap by an edge af, a series of edges af, > ... > a’_,., or an infinite edge. These
replacements can only happen when the infinite vertical edge of N¢ is the y-azis.
An important observation here is that, by convexity, 74, > 7a,- The analysis of N,
is similar: here Ny is shifted down by 1, and the maximal edge «; may be replaced
by edges o, < ... < oy such that 7,, < 74, or the horizontal infinite edge.

Proof of Theorem 3. Following [R], one decomposes the support of the integral in
(1.5) into the four quadrants of R? and notes that each of the resulting integrals
are treated in exactly the same way because the Newton polygon is invariant w.r.t.
coordinate changes: x < —x, y <> —y. Thus we assume that the integration is
taking place for x > 0, y > 0 and define

(3.10) I (A):/ eMap,

Rjk
Since only those rectangles R;j intersecting the support of i contribute to the
integral, one may assume j, k > J for a sufficiently large J.

We start with the (rather) special case when Ny has no compact edges. Then
the Puiseux product takes the form

f@,y) =U(z,y)zty”,

where A > 0 or B > 0 by our assumption on f. Assume B > 0 and let F' = 0, f.
For (z,y) € Rj one has

(3.11) |F(z,y)| ~ zAyP—t ~ 277A-RB-D),

Thus applying Lemma 3 for fixed 277! < z < 277 and integrating in x, one obtains
(3.12) [Lix(N)] < CAT127(A-DHR(B=D),

Taking the geometric mean of this and the size estimate |I;5| < 277 —k=2 gives

(3.13) 1L(N)] < CA—9 27(0A=D+k(6B-1)
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for any 0 < ¢ < 1. Choosing 6 = 6¢ — ¢, where §; = min(%, %) and € > 0, one has

T < D0 k()] < CoAFe
Jik=J
for any € > 0. The case A > 0 is handled analogously, choosing F' = 0, f.

Now assume that N; has at least one compact edge, and for a fixed compact
edge « define

(3.14) L= Y L) and "N = > ILx(V),

IVa <<k Vo lva—k|<D

where o < o/ are consecutive edges. Moreover let

(3.15) I"(N= Y Lp(\) and IT(\)= > ILi(N).

k<<j"/ao E>jvas

Next, we estimate the quantities I=(\). Let ap be the minimal edge of Ny
connecting the points (A, By) and (A’, B') with By > B’. Then (Ag, By —1) is the
highest vertex point of the Newton polygon N,. We argue that 74, < 74, where
ag denotes the minimal edge of N,. Indeed, if B’ > 0, then «f is parallel to ag.
Hence 74, < 74,; otherwise Ny has only one compact edge. Hence ap = o and
the estimate follows from our previous analysis of N,. Thus k < jya, < j7a; and
(3.7) applies for F(z,y) = 0, f(x,y) giving

(3.16) [P, )| ~ 2770 7R B,
similarly as in (3.10). Proceeding as in (3.11)-(3.13) one obtains for 0 < § < 1,
(317) |I]k()\)‘ S O)\76 2]’(514071)“1’](7(53071) — 2]9(530“"140/"/&0)*(1“"1/7&0) 27“(514071),

where the last equality was obtained by writing j = k/v,, + 7. By our assumption
r> D" >0, j>J; thus choosing § = min(da,, 1/Ag) —e > d; — ¢, one gets

(3.18) EI Y0 ()] < A7,

jzJd, r2D’

The quantity IT(\) is estimated analogously by choosing F' = 9,f and § =
min(d,,,1/Bs) — €.

To estimate I,(A) let & < o be consecutive edges of Ny with common vertex
(Aw, Ba) and let jy, < k < jvo. First assume that A, > B, > 0 and note that
dy > B, by the convexity of Ny. The point (An, Bo — 1) is the common vertex
of two edges § < [’ of the Newton polygon N, (where 3’ may be infinite), and by
our previous analysis, yg = 7, and vo < v (taking vs = +oo if § is infinite).
Thus jys < k < jvg, and estimate (3.7) (or (3.9)) applies to F(z,y) = 0, f(x,y)
when (z,y) € Rjx, which gives |F(z,y)| ~ 27742=k(Ba=1) Proceeding as before
and substituting £ = jy, + 7, one has

(3.19) |]jk(/\)| < C N9 27(6(Aa+7aBa)=(1+7a)) 9r(§Ba—1)

Choosing § = min(dq,1/Bs) —€ > 6y — ¢ and summing in j > J, r > D, one
gets
(3.20) [To(\)| < Cox™% e,

The case B, > A, is handled analogously, choosing F' = 9, f, 6 = min(dn/,1/As) —
€ >y — ¢ and substituting j = k/yo + 7.
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The multiplicity condition enters in the estimates for I*(\), that is, when
|k — jval < D. Consider first a nonprincipal edge o of Ny. Then « lies com-
pletely below or above the bisector y = x. Assume the first case, that is, when
A!, > B/, > 0. Then the point (A}, B}, — 1) is a vertex of N,. Let o’ be the edge
of N, with upper vertex (Al,, B, — 1); then 7o/ > 74. If 70r > 74, then &k < j7yar,
and our analysis reduces to the cases (I,(A) or I7()\)) considered earlier. In fact,
it is easier here as one needs to sum only for j > J using the fact that k — jv, is
bounded. One obtains

(3.21) 1IN < CY | Lk(V)] < Coa™de e,
j=J
So we will assume that v, = v, from now on.

Let F(z,y) = 0y f(z,y) and consider its Puiseux product defined in (3.4). It is
clear that the product

(3.22) For(@,y) = 2 yPe [y = cani 27

i=1
is a quasi-homogenous polynomial whose support lies on the edge o/. It is well-
known, and is not hard to see, that F, (x,y) is in fact the quasi-homogeneous part of
F(z,y) corresponding to o’ defined in (1.3). Moreover, since o = Yo, & point (k,1)
is on o' if and only if the point (k,l+1) is on o and hence For = (Oy f)ar = Oy(fa)-

Let {c1,...,c:} be the set of the real coefficients ¢,;, and write
(3.23)
t
Oy fo (w.y) = For(,y) = aoryP [y —cam) J[ (= caia™)
=1 i:c,r; complex

and let 7, = max; r;. By the above remarks it is easy to see that r, is the highest
multiplicity of a real root of 9y fa (1,y).

For each 1 <[ <t and for each z, define the clusters: C,; = {Reyni(T) : Cai =
¢}, where Re z denotes the real part of z. Observe that by (3.5) the diameter of
each cluster is at most 72777 while the distance between them is at least C' 2777«
where 7 > 0 can be chosen sufficiently small.

For a fixed # we make use of the Whitney decomposition of the set [27%~1, 27F]/
C, where C; = {Reyqi(x) : cari is real}. Tt is a collection of intervals T, of length
~ 27™ such that the distance of a point y € I, from the set C, is again ~ 27,
Clearly, one can assume m > j7v, and for a given m there are at most 2n,, of the
intervals I,,. If C; is the closest cluster to I,,, then for y € I,,, one has

' C2™™ if ¢y is real, and yori(x) € Cpy
(3.24) 1Y = Yori(2)] = { C 2777  otherwise.

Note that the intervals I,,, may depend on x but the above estimates are uniform
inze 27971 277].
Thus one estimates the size of F'(z,y) for y € I,

(3.25) |F(x,y)| > C 27 0A+kE) H 9—inss H 9—kng g=mrig—(nqr—r1)jva
B=a’ Ba’

Z C 27]-(‘4;“"7&(3;71))27”& (m—jva)
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using the facts that 27% ~ 279% r, > r; m > jv, and that (A7, B/, — 1) is the
upper vertex of o’. Next, one uses Lemma 3, which yields

(3.26) |Ijk,m(x; A =] / eiAf(m,y)¢(x, y)dy| < O)\_12jA£x+k(B<;—1)27“a(m—j'Ya)
I,

uniformly for z € [27971,277].
As in the previous case, this can be balanced against the trivial estimate |Lj | <
C 27™ to obtain that for any € > 0,

(3.27)
i (2, )] < O AT reg—megi S Camttete o (AL 90 (Bl —1)—raa).

Summing in m and integrating in x give

AL +7a(Bh—D-ra%a

(3.28) |L;x(\)] < C- N~ ragrte i (T Ta e 1) o ej(AL 470 (By—1)~TaYa) |
Notice that the exponent A;+’Y‘*(f;+_11)_r”“ — 1 is nonnegative if and only if
(3.29) o +1 < (AL +7aBo)/(1+7a) = da-

In this case, choosing § = (r, + 1)d, — 2¢ to balance against the trivial estimate
L (\)| < € 279047 t0 kill the j factors, a straightforward computation shows

(3.30)  [I*(N)] < Z (N < C. Z 9—Jep—date < O \~Oate
lk—jval<D [k—jva|<D

We argue that the multiplicity condition (3.29) holds when « is a nonprincipal
edge lying under the bisector y = . Indeed, then 7o +1<ny +1< B/, +1=
B! <d, .

If « is a nonprincipal edge lying above the bisector, then one has to repeat the
above analysis by reversing the roles of x and y. More formally, let f (z,y) =
f(y,x). Note that Ijx(X, f) = ij()\,f) and N is obtained by reflecting Ny to
the bisector. If & is the edge of NV 7 obtained by reflecting the edge «a to the
bisector, then 65 = 4, 7o = 1/7a and estimate (3.30) applies to the quantity
I\ = D lj—kval<D I;(\, f) . This gives (choosing D large enough)

|IOt()\)| < |Ié‘()\)| < CE)\—5(;+5 _ Cg)\_ga+s.

Finally, if o is the principal edge of Ny, then estimate (3.29) holds assuming
the multiplicity condition (3.29). Otherwise the exponent AQJW“(]TB“ _;11)4‘”“
negative, and choosing ¢ > 0 small enough, one can sum estimate (3.28) in j (also

trivially in k) to obtain

—1is

(3.31) IT%(\)| < Co A" Farite,

In this case one can do the analysis both for f(z,y) and f(z,y). In the latter case
r& will be the highest multiplicity of a real root of the function 9, f(z,1). Thus
estimate (3.31) holds for r, defined to be the minimum of the highest multiplicity
of a nonzero real root of 9y f.(1,y) and the highest multiplicity of a nonzero real
root of Oy fo(z,1). This finishes the proof of Theorem 3. O
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