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ABSTRACT. We prove the existence of an infinite family of non-harmonic weak
Maass forms of varying weights and Laplace eigenvalues having algebraic co-
efficients, and show that the coefficients of these forms satisfy congruences of
Ramanujan type.

1. INTRODUCTION AND STATEMENT OF RESULTS

A partition of a positive integer n is a non-increasing sequence of positive integers
whose sum is n. Let p(n) denote the partition function, i.e., the number of partitions
of n, and set p(0) := 1. The generating function for p(n) is given by

N =TT N ¢
(1.1) P(Q)-—;p( )q —L[ll_qn—1+nz::1(1_q)2(1_q2)2...(1_qn)2-

The arithmetic behavior of the partition function has been of great interest. For
example, we have the famous Ramanujan congruences
p(bn+4)=0 (mod 5),
p(Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11)
for every n > 0. In a celebrated paper Ono [I5] treated this type of congruence
systematically, proving that for any prime ¢ > 5 there exist infinitely many non-
nested arithmetic progressions An + B such that for every n > 0,
p(An+ B) =0 (mod ¥).
Now consider the function
o0 n2
q
=14+ ,
f(q) ngl (1+q)2(1+q2)2,,,(1+qn)2

which is one of the mock theta functions Ramanujan [16] defined in his last letter to
Hardy in 1920. While f(q) and P(q) have similar shapes, P(q) is (up to a power of
q) a modular form and f(q) is not. However, f(q) does constitute the “holomorphic
part” of a weak Maass form (see Section [2] for the definition of weak Maass form).
The behavior of many arithmetic functions (Hurwitz class numbers, Dyson’s ranks,
and coefficients of other mock theta functions, to name a few) is governed by the
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coefficients of weak Maass forms (see [2, [3 4] 5] 6} [7, [8, @, 10, 11 12| 13| 14]). For
example, Ono and the first author used weak Maass forms [7] to show that Dyson’s
rank generating functions satisfy congruences of Ramanujan type.

Weak Maass forms have expansions involving Whittaker functions, and as in the
theory of modular forms one is interested in forms whose expansions have algebraic
coefficients. The known examples of such forms are harmonic, i.e., have Laplace
eigenvalue zero. Here we show the existence of an infinite family of non-harmonic
weak Maass forms of varying weights and Laplace eigenvalues possessing algebraic
coefficients. In particular, suppose b > 4 is even, let w be a nonnegative integer,
let x be a nontrivial Dirichlet character of conductor b with x(—1) = (—1)**!, and
write z = x + iy with z,y € R. In Section Bl we explicitly construct a function
fuw+1 5 (2) that has the shape

h h
(1.2) forix(2) = Fur1 )+ 1ok (),
where
—~ wtl .
£+%7x(2) = Gyt (—70) W% 2( 4rngy) e 2TinoT
L .
+ Z Oy 7;+2 (4mny) 2™
n>0 !
+1 ;2
Z}fr%’x(z) = Z Gy —dn?) W%w * (—4mdn®y) e —2midnTe,
n>0
Here d and ng are positive integers and the functions Ww ( ) and W ( ) are

certain modified Whittaker functions defined in Section l We prove the following
result.

Theorem 1.1. Suppose b > 4 is even. Let w be a nonnegative integer and let x
be a nontrivial Dirichlet character of conductor b which is even (resp. odd) if w
is odd (resp. even). Then the function fw+%,x(2) is a weak Maass form of weight

w+ & on To(4b?) with Nebentypus x and Laplace eigenvalue +w(w — 1), and the
coefficients of fZJrl X(z) lie in the ring of integers Ok of some number field K.
3

The forms f,,; 1, (2) are examples of weak Maass forms which we call good (see
Section [ for the definition). In particular, if we denote the incomplete gamma
function by

I'(a,y) :z/ et tdt
y

and v :=w+ § € {3,3}, then it follows from our construction that

(1.3) ) = Geno)a ™+ Y )
n>0
(1.4) (z) = Zav(—dn2)F<%,4wdn2y) g,
n>0

where g := 2™, Note that

0
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and moreover one can show that

O (o
& ( 'U,Z)I((Z)) 7é 0.

For this reason we call f' (z) the “holomorphic part” of f,,(z) and fI(z) the
“nonholomorphic part” of f, ().

Remark. Tt follows from our construction of f,,(z) that there is some constant
multiple of [}’;((z) whose coefficients lie in the ring of integers of a number field K.

We also show that the coefficients of the fﬁ 41 X(z) components of our non-
3
harmonic weak Maass forms satisfy congruences of Ramanujan type.

Theorem 1.2. Let fw+%’x(z) be the weak Maass form of weight w + % and Neben-
typus x constructed in the proof of Theorem [L1l, and decompose fw+%,x(z) as in
([@T2). Suppose £t 6b is prime, ptLd is an odd prime and j > 1. Then there exists
an integer m > 1 such that for a positive proportion of the primes Q,

Oy L (Q*™n) =0 (mod #’)

for all n. > 0 with (n,£Q) =1 and (M) =-1.

p

Two remarks.
1) From our construction of f, 1 ,(2) it follows trivially that

Ayt (fn) =0 (mod £")

for n > 0, where r := [%}
2) It seems likely that one can give distribution results on the coefficients of the
forms f" 41 X(Z) modulo ¢’ as in [I3], and asymptotics for these coefficients as in
3

2.

2. GENERAL FACTS ON WEAK MAASS FORMS

In this section we recall basic facts on weak Maass forms, which were first studied
in [I0]. For d odd, define ¢4 by

1 ifd=1 (mod 4),
€q =
AT ifd=3 (mod 4).

Suppose that k € % + Z, and let

0? 0
Ay = —4y® 2iky——
T ez T oz
be the weight k hyperbolic Laplacian, where % = %(% fia%) and % =

1({o 4 ;9

5 (ﬁ + Za—y)

Definition. Let N be a positive integer, ¥ a Dirichlet character modulo 4N and
g : H — C a smooth function. We call g(z) a weak Maass form of weight k and

Laplace eigenvalue A on I'g(4N) with Nebentypus ¢ if it satisfies the following three
conditions:
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(1) Forall A= (2%) € Ty(4N) and all z € H, we have

2k
c _
gz = i@ (5) ™ (et 0 g(a),

(2) We have Apg = Ag.

(3) The function g(z) has at most linear exponential growth at all cusps.
If A =0, we say that g(2) is harmonic.

Let us next recall the shape of the Fourier expansion of a weak Maass form. For

this let v,u € C and let W, ,(y) be the standard W-Whittaker function. Then

W, .(y) and W_,, ,,(—y) are linearly independent solutions of the differential equa-
tion

0%u 1 v 2
2.1 i R 4 -0
@1) 8y2+(4+y+ y? )u
and can be distinguished by their asymptotic behavior, namely
(2.2) W pu(£y)| ~ T2 [y
as |y| — oo. For y € R\ {0} define the functions

_k

Wf(y) = |y‘ 2ngn(y)§,s—%(|y‘)v

= _k

Wf(y) = |y‘ 2W75gn(y)§,sfé(_‘y|)‘
A computation shows that W¥(y) e and Wf (y)e? are eigenfunctions of A, with

k

2
’CZ—% 2 are two

eigenvalue s(1 — s) + . Moreover, if s # %, then ys—§ and y'=5~

linearly independent solutions of

0*u ou k* — 2k
(2.3) - y28—y2 - kya—y = <s(1 —s)+ 1 ) u.

Using the translation invariance and properties (2) and (3) of a weak Maass form
one can show that each weak Maass form g(z) of weight k and Laplace eigenvalue
A has an expansion of the form

9(z) = Z 5(H)W§(4ﬁny)e2”m+ Z a(n)W§(47Tny)e2”m
(24) M0’ nez\ {0}

(NE

+a(0)y* % +a(0)y' 3,
where s is a solution of

k* — 2k

(2.5) s(1—s)+ =\

Note that by (2.2), the first sum in (2.4) is responsible for the possible exponential
growth of g(z). We call a weak Maass form g(z) good if (1) a(n) = 0 for n > 0,
and (2) there exists a positive integer d such that a(n) # 0 implies that n > 0 or
n = —dm? for some nonzero integer m.

For functions g : H — C define the operator Ry by

(2.6) Rylg) = —22 - L

One can check (see [I0] for the case of harmonic weak Maass forms) that this
operator maps a weak Maass form of weight k£ and Laplace eigenvalue A to a weak
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Maass form of weight k£ + 2 and Laplace eigenvalue A + k with the same level and
Nebentypus. We will refer to Ry as the raising operator.

3. PrROOF oF THEOREMS [[L1] AND

We recall the following relations for Whittaker functions, which we will make use
of in the proof of Theorem [[T] (these follow, respectively, from 13.1.33 and 13.4.17,
from 13.4.30, and from 13.4.31 and 13.4.33 of [1]).

(3.1) Won) =94 Wiy 300+ (5 =K+ m) W10,
(32) Wan) =93 Wi iy 00+ (5 = =) W10,
(33) y 8% (Whm(y)) = (k - g) Wim(y) — [mQ - (k - %) ] Wi—1,m ().

Here and in the following, for all occurring square roots we take a branch of the
logarithm with a cut which does not intersect the real axis.

Proof of Theorem [LIl. Assume that for each v € {3,3} we have a weight v har-
monic weak Maass form f;, , (z) on I'g(4b%) with Nebentypus x such that the Fourier
coefficients of f)! (z) lie in Ok (we delay the construction of the forms f,(z) to
the end). Suppose that w is even, and write w = 2r (the case where w is odd
can be handled in a similar way). Beginning with f%)x(z), our proof proceeds by
successively applying raising operators (Z0)), yielding after ¢ steps (0 < ¢ < r)
a weight 2¢ + 1 weak Maass form foey1 5 (2) on ['o(4b%) with Nebentypus x and

Laplace eigenvalue @. Computing the effect of the raising operators on Fourier

expansions, we find that f2h[ 41 X(z) has coefficients in Ok as well.
25

Define the functions fy,, 1 ,(2) inductively by

f2(e+1)+%,x(2) = thz+% (f2e+%,x(z))

for 0 < ¢ <r, and define the coefficients ay,, 1 (n) and Ggpy1(n) (for ease of notation
we suppress the character x) for 0 < ¢ < r (see (Z4) by

2043 TINT
f2e+%,x(z) = E a2£+%(n) 3 2 (4mny) €
n€Z\{0}

mo
~ o5 20+1 Tin 1_ ~ _
+ Z (opyl (n) W% 2 (4mny) € tage4 L (0)(4my)z~" + Aoe41 (0)(4my)~*
n=-—ngo

n#0

(note that we have chosen the s = 2 solution of (ZX)). We now compute the action

of Rypy1 on the terms of this expansion. We show this computation only for the

1
terms involving the functions Wg“ 2 (y), as the others can be dealt with in a similar
way. *

Suppose 0 < £ < r. For the n = 0 case we simply observe that

Ry ((4m9)5~") = —( 4+ 1)(4my)
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and
_ 1 1
Rarey ((am) ) = = £+ 3 ) ()=
Next suppose n < 0. We claim that

1 , 3¢ 1 5
(34) Ry <W§l+2 (4mny) 62mm> =n (62 + =+ —) §£+2 (4mny
4

) e27rinx.
2 2 1

To see this, recall that for y > 0,
2041 1
s -y =y W,

Using (3] we find that

0 1 1 vy
8_y (W—e—i,%(y)) = 5 <—€— 1 5) W—é—i,i(?!)

and therefore

0 2041 _ |-
oy (i “”)(252)” Woey4 @)

4

It follows that

0 20+ _iz ) 1\ o3 _iz
§< s c(-y)e 2)=2(€+1)y CAIW_ 1 a(y)e?

4

2
and hence
26+3 2minx | _ 2 3¢ 1
RQH%(W% % (4mny) e )—n(ﬁ +E+§
(4nlnly) AW, g 1 (dx|nly) €2,
which is (3.4]).
Now suppose n > 0. Here the claim is that
1 , 5 ,
(35) Ry (W (drny) 277 ) = n T (dmy) €2
4 4
To see this, begin by noting that for y > 0,
2043 1
s W)=y T I W)
Using (B3] we obtain
0 1 1y 1 ¢
3y (WH%&@)) =y <€+ 1 5) Weis3(y) + " (42 - 5) Wi_s 1(y),
and thus

9 20+3 _ e o L\ 4o
5—y( 3 (y))——§y Wepr 2+ (6 =5 )y W 1 ().

4
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Hence we find that

% ( EH%(y)e%) = zy’g’%WH

4

which gives

1 , ,
Ropy1 (VV;ng 2 (4mny) 62’””) = n(4mny)~* 1 Wi 1 (dmny) gmine
14 5 ,
(3.6) —n (f2 - 5) (4mny) =TT W_s 1 (dmny) 270F
1 —Ll—3 TinT
—-n <2€ + 2) (4mny)~* ZWZ_‘_i’%(éLﬂny) e?
Now, equations (B]) and [B.2]) yield
1
Wesa(y) = y2 Wy s(y) + (=0 —1) W1 1(y),
1
Weigq®) = 9 W @)+ (5-0) W g 300
1
v Weis(y) = Weaa(y) +EWe_s 1(y).

Using these relations, we find that

1 l
Wg_,'_g 1(y): (254— > W“_l 1( )—I—yWH%,%(y)— <62——> Wg_%

474
and combining this with (3:6) gives (B3).
Putting these results together with the analogous results for the terms involving
—~ 1
the functions W;HZ (y) gives, by linearity,
4

-1

3¢ 1 22"'% TinT
Ry (farya®) = 3 0 (@45 +3) wuey 0w Fammy e

n=—oo

> 2¢ TINT
+ 3 nageyy ()W (dmny)
1y o~ 1 1
ey O+ ()5~ 0) (¢4 5 ) ()

_ L 4
Z gy 1 (1) W;H ? (4mny) e270°

n=-—ngo
1 3 20+5 TinT
—Z ( ++2) ageq1(n )W% T2 (4rny) 2

From this we conclude that 1f r > 0, then

(3.7) fw%’x(z) = (1) a1 (0)(4my)? " + 7.3y (0)(47y) "

1 ,
+ E n" pral VV3 +2(47my) erine 4 E n" ay (n) W§T+2(47my) e2rine
4
n=—oo n=1

mo

+ 37 () g () W ()T S (<) p, dy (n) W,

1
2 i

2minx

(dmny) e

n=-—mno n=1
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where

L (_1)7«(27«)1 and ppim (17;)!.

We finish by proving the existence of the forms f,,(z). For 1 < a < b—1
coprime to b let

Orasz)i= > "

n=a (mod b)

In [5] the authors construct a harmonic weak Maass form fs , ,(z) of weight 3 on

I'(4b) which is the sum of a holomorphic function with algebraic coefficients and
a constant multiple of

0 O1 ,4(7)
(3.9) /_ 2 Wdr

By work of Shimura [I7] the function

is a weight % modular form on I'y(4b?) with Nebentypus y. Then

ZX 2,ab

satisfies the hypotheses of Theorem [Tl and one can check that the holomorphic
and nonholomorphic parts of fa , (z) have expansions of the form (1.3) and (1.4),

respectively (see Proposition 4.1 of [7] for the computation of an expansion of a
function like ([3.8)). The function f% X(z) is given as a linear combination of basic
2

hypergeometric functions (see [A]).

The case where v = 3 can be dealt with in a similar way (see [4]). Here the
corresponding theta function is
2
©: (2) ::Zx(n)nq” . O
neEL

Proof of Theorem [[L2l Assume that w = 2r is even (the odd case can be dealt with
in an analogous way). As we have seen above, the coefficients of f% X(z) lie in Ok
3

for some number field K and f”h (z) has the form (L4). Then our result holds for

the harmonic weak Maass form f 1 (2) by Theorem 1.1 of [13]. By B.1), for r > 0
we have that ag,;1(n) =n"ai(n (n ) for all n > 0, and therefore our result holds for
the form f, 1, (z) in general. O
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