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ABSTRACT. In this paper, semilocal rings are characterized in different ways;
in particular, it is proved that a ring R is semilocal if and only if every de-
scending chain of principal right ideals of R, apR 2 a1R O a2R O --- D
apnR D -+ with a;4+1 = a; — a;b;a; eventually terminates. Then modules with
semilocal endomorphism rings are characterized by chain conditions.

1. INTRODUCTION

All rings in this paper are associative with identity; modules are unital right
R-modules.

A finite set Ay,--- , A, of proper submodules of M is said to be coindependent
ifforeachi, 1 <i<n, A; +ﬂj# Aj = M, and a family of submodules of M is said
to be coindependent if each of its finite subfamilies is coindependent. The module
M is said to have finite hollow dimension (or finite dual Goldie dimension) if
every coindependent family of submodules of M is finite. It can be shown that,
in this case, there is a maximal coindependent family of submodules of M. If this
set is finite, then its cardinality (denoted by h.dim(M) or codim(M)) is uniquely
determined and is called the hollow dimension of M (or dual Goldie dimension of
M). A module M with hollow dimension 1 is said to be hollow, and a cyclic hollow
module is said to be local.

A ring R with Jacobson radical J(R) is said to be semilocal if R/J(R) is a
semisimple ring. Semilocal rings are characterized as those rings with finite hollow
dimension (see [2], Proposition 2.43). For a semilocal ring R,

h.dim(R) = composition length of the right R-module R/J(R).

It is well known that semilocal rings have stable range one, and so any modules
M with semilocal endomorphism rings can cancel from the direct sum; i.e. M ®B =
M @ C implies B = C. Facchini, Herbera, Levy and Vdmos [3] proved that if M
has a semilocal endomorphism ring, then M has the “n-th root property”; i.e.,
M™ 2= N™ implies M = N.

In 1993, Camps and Dicks [I] obtained a number of new characterizations of
semilocal rings. Facchini stated two of their many characterizations in [2], Theo-
rem 4.2 as follows.
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Theorem 1 (Camps and Dicks). The following conditions are equivalent for a ring
R.
(a) R is semilocal.
(b) There exists an integer n > 0 and a function d : R — {0,1,--- ,n} such
that
(i) for every a,b € R, d(a — aba) = d(a) + d(1 — ab);
(ii) ifa € R and d(a) =0, then a € U(R).
(¢) There exists a partial order < on the set R such that
(iii) (R, <) is an Artinian partial order set;
(iv) ifa,b€ R and 1 —ab ¢ U(R), then a — aba < a.

In this paper, inspired by Camps and Dicks’s Theorem 1, a new notion “hol-
low length” is introduced (Definition 2). Then some properties of hollow length
are presented in Proposition 6, Corollary 7 and Proposition 8. We give different
characterizations of semilocal rings in Theorem 9 and Corollary 10. Modules with
a semilocal endomorphism ring are characterized in Theorem 11. Theorem 3 (1),
(2) of [4] and Theorem 5 of [I] are extended in Corollaries 12 and 13.

Refer to [2], [5] and [6] for details concerning hollow dimension and semilocal
rings.

Throughout the paper, J(R) will denote the Jacobson radical of a ring R. R
and @ denote respectively R/J(R) and a + J(R). Denote by dim (M) the Goldie
dimension of M and by U(R) the group of units in the ring R. r.U(R) (resp.
[.U(R)) denotes the set of right (resp. left) invertible elements of R.

2. MAIN RESULTS

Definition 2. Let R be a ring, a € R. A right hollow chain of a is a strictly
descending chain
aORQalRQa2R2a3R2~~,
with ag = a and for all n > 0, ap41 = a, — apbya, for some b, € R.
Set r =sup{n € Z |[apR 2 a;R 2 asR 2 -+- 2 ap—1R 2 a, R is a hollow chain
of ag = a}. r is called the right hollow length of a, denoted as r.h.length(a) = r.

Remark. “Left hollow chain” and “left hollow length” can be defined similarly. For
simplicity, “right hollow chain” and “right hollow length” are called in this paper
respectively “hollow chain” and “hollow length”, and “r.h.length(a)” is written as
“h.length(a)”.

Lemma 3. Let R be a ring, a,x € R. The following conditions are equivalent:
(1) aR=(a—azxa)R.
(2) a€(l—ax)R.
( 1—az erU(R).
( @R = (a — aza)R.

3)

4)
Proof. (1) = (2) and (1) = (4) are trivial.

(2)=(3) Seta=(1—ax)t. Thenl=(1—-ax)+ar=(1—az)+(l—azx)tzx=
(1—ax)(1+tzx),so 1 —ax € r.U(R).

(3) = (1) Set (1 —ax)v =1. Then v = 14 axv, and so a = [(1 — azx)v]a =
(1 —az)(1+ azv)a = (a — aza)(1l + zva) € (a — azxa)R.

(4) = (3) aR = (a— aza)R shows that there exists t € R such that a —
(a —aza)t € J(R), so (1 —az)(l1+atz) =1 — [a — (a — aza)t]z € U(R), and so
1 —ax € r.U(R). O
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Remark 4. Let M be a module and End(M) its endomorphism ring. For all f, g
End(M), (f — fgf)(M) = f(M) implies that 1 — fg is surjective. In fact, f(M)
(f — Fg ) (M) shows f(M) = (1~ fg)f(M) C (1- fg)(M). Thus ¥z € M, fg(x) —
(1= fg)(y) for some y € M, 50 & = (1~ fg) () + fg(x) = (1— fg) (=) + (1 - fg)(y)
=(1-fg)(x+y) e (l-fg)(M);ie., 1— fgis surjective.

Now we present some properties of hollow length.

S

Lemma 5. Let R be a ring, a € R.
(1) h.ength(a) =0 if and only if a € J(R).
(2) If h.length(a) = 1, then @R is a simple R-module.

Proof. (1) h.ength(a) = 0if and only if for all z € R, aR = (a—aza)R. Lemma 3
shows that this means 1 — az € r.U(R) for all x € R, i.e., a € J(R).

(2) Suppose that h.length(a) = 1. We need to prove that for all x € R, if 0 #
azZR, then @R = aR. In fact, 0 # az R gives ax ¢ J(R), so there exists y € R such
that 1 —azy ¢ r.U(R). Lemma 3 shows aR 2 (a — axya)R. Since h.length(a) = 1,
we have h.length(a — axya) = 0, so a — axya € J(R), i.e., @ —azya = 0 € R. Thus
@TR = aR, as desired. O

Remark. Essentially, the proof of Lemma 5(2) has its origin in Camps and Dicks’s
proof of Theorem 1.

We can characterize hollow length as follows.

Proposition 6. Let R be a ring, a € R and let n > 0 be an integer. The following
conditions are equivalent:

(1) h.length(a) =n.

(2) @R is a semisimple R-module with dim(aR) = n.

Proof. For n = 0, this is Lemma 5(1). We now prove the equivalence for n > 1.

(1) = (2) We use induction on n. The case n = 1 is Lemma 5(2). Let n > 1
and suppose that our implication holds for all x € R with h.length(z) <n—1. Let
aR 2 aiR2D -+ 2 an—1R 2 ayR be a hollow chain of a, where a; = a — aba and
ai+1 = a; — a;b;a; for all ¢ > 1. Then h.length(a;) =n —i for all i € {0,1,--- ,n}.

Since h.length(a,) = 0, Lemma 5(1) gives a, € J(R). Therefore @, = @,—1
—Qp_1bp_1Gn_1 =0, i.e., Gp_1 = Gp_1bn—1an_1. Thus a,_1b,_1 is idempotent and
R=(1-ay, 1b,_1)R®a,_1b,_1R,andsoaR = (1 — a,_1b,_1)aR®a,_1b,_1aR.
Noting that a,,_; € aR, we have @,—1 = Gp—1bp—10n—1 € Gp_1bp_1aR, 50 Gy_1R =
ayp—1bp—1aR. Therefore we have

(*) @R = (1 — an_lbn_l)aﬁ D an_lf_%.

Note that h.length(a,_1) = 1. Lemma 5(2) shows that @, 1R is a simple R-
module.

Since ap—1R 2 anR = (ap—1 — apn—1bp—1a,-1)R, we know from Lemma 3 that
(1 —ap—1bp—1) ¢ r.U(R), and so Lemma 3 gives aR 2 (a — ap—1bp—1a)R. Thus
we have h.length(a — an—1bp—1a) < h.dength(a) = n. By induction we know

(@ — ap_1b,_1a)R is a semisimple module with dim((a — a,_1b,_1a)R) < n — 1.
Therefore equation (*) yields that aR is a semisimple module with dim(aR) < n.
Now we prove dim(aR) > n. Noting that a R C @R and @R is semisimple, we
have @R = a1 R @ D for some D C aR. Since h.length(a;) = n — 1, by induction,
@R is a semisimple module with dim(a;R) = n — 1. If we can prove D # 0, then
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we have dim(aR) = dim(a;R) + dim(D) > n. In fact, if D = 0, then aR = a1 R.
Lemma 3 gives aR = a1 R, a contradiction.

(2) = (1) Suppose that @R is a semisimple module with dim(aR) = n.

First assume that h.length(a) = co. Then there is a finite descending chain

awR22aR2DaaRDasRD - DanR

with ap = a, a;41 = a; — a;bja; (0 <i<m—1) and m > n. By Lemma 3, there is
a finite descending chain

@R @R @R azR D -~ D anR.
Thus dim(aR) > m > n, a contradiction.

Suppose h.length(a) = m < oo. Then by (i) = (ii), we know that aR is a
semisimple module with dim(aR) = m. Therefore m = n. O
<

Corollary 7. Let R be a ring. If a,b € R and aR C bR, then h.length(a)
h.length(b). In particular, for all a € R, h.length(a) < h.length(1g).

Proof. Suppose that h.length(b) = n < co. By Proposition 6, bR is a semisimple
R-module with dim(bR) = n, so @R is a semisimple R-module with dim(aR) < n.
Therefore h.length(a) = dim(aR) < n = h.length(b). O

Proposition 8. Let R be a semilocal ring, a,b € R. Then
(1) h.ength(a) = h.dim(R) — h.dim(R/aR).
(2) h.length(a) 4+ h.length(l — ab) — h.length(a — aba) = h.dim(R).
(3) h.ength(a) = h.length(a — aba) + 1 if and only if aR/(a — aba)R is local.

Proof. (1) Since (aR+ J(R))/aR is small in R/aR, applying [2], Proposition 2.42
(d) to the exact sequence

(aR+ J(R))/aR — R/aR — (R/aR)/(aR+ J(R)/aR) = R/(aR + J(R)),
we have
h.dim(R/aR) = h.dim(R/(aR+ J(R))) = h.dim(R/aR)
= h.dim(R) — h.dim(@R) = h.dim(R) — h.dim(aR).

By Proposition 6, we get h.dim(R/aR) = h.dim(R) — h.length(a).

(2) This result comes directly from (1) and the fact that h.dim(R/(a—aba)R) =
h.dim(R/aR ® R/(1 — ab)R) = h.dim(R/aR) + h.dim(R/(1 — ab)R).

(3) By (2), h.ength(a) = h.length(a — aba) + 1 if and only if h.length(l —
ab) = h.dim(R) — 1, i.e., h.dim(R) — h.dim(R/(1 — ab)R) = h.dim(R) — 1; this
means that h.dim(R/(1 — ab)R) = 1. By [2], Proposition 2.42 (b), this means
that R/(1 — ab)R is hollow. Since R/(1 — ab)R is cyclic, [5, 1.1.5 (b)] shows that
R/(1—ab)R= (aR+ (1 —ab)R)/(1 —ab)R = aR/(a — aba)R is local. O

We now give our characterizations of semilocal rings.

Theorem 9. The following conditions are equivalent for a ring R and an integer
n > 0:

(1) R is a semilocal ring and dim(R/J(R)) = n.

(2) h.length(lg) =n.

(3) There exists a descending chain of principal right ideals of R

R = (ZQR 2 alR _;2 CLQR 2 s 2 anR with Ai+1 = Q5 — aibiai
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such that
(i) an € J(R);
(ii) a;R/a;+1 R is local for all 0 <i<mn—1.
(4) There exist d,dy,- -+ ,d, € R with dR =(,_, d;R C J(R) such that R/d;R
is local for alli € {1,--- ,n} and R/dR = @] _, R/d;R.
(5) There exists d € J(R) such that R/dR = @; | A;, where {A;}ic(1,... n}
are local modules.

(2%), (3%), (4%), (5%). The left-right duals of (2), (3), (4) and (5).

Proof. (1) < (2) comes directly from Proposition 6 by setting a = 1g.

(2) = (3) Let R = agR 2 a1 R 2 as R 2 2 ap, R with A1 = A — a;b;a; a
hollow chain of ag = 1g. Then (%) and (4¢) come respectively from Lemma 5(1) and
Proposition 8(3).

(3) = (4) Assume that (3) holds. Let d = ay,, d1 = a1 and d; 1 = (1 —a;b;) for
alli € {1,--- ,n—1}. Then dR =(_, d;R C J(R) and R/d; R is local. Obviously,
forall i € {2,--+ ,n}, R/d;R = a;,—1R/a;R is also local. Moreover,

R/dR = R/anR = R/(anfl — anflbnflanfl)R = R/an,lR D R/(l — anflbnfl)R
= R/(anf2 - an72bnf2an72)R S2) R/(l - anflbnfl)R
= R/an_gR D R/(l — an_gbn_Q)R D R/(l — Cln_lbn_l)R

= R/alR@R/(l — albl)R@ cee @R/(l — an_an_Q)REBR/(l — an_lbn_l)R
=R/diR® R/d2R&®---® R/d,-1R® R/d,R.

(4) = (5) is trivial.
(5) = (1) d e J(R) shows that dR is small in R, and so

h.dim(R) = h.dim(R/dR) = i h.dim(A;)
i=1

1=n. O
1

n
1=
Corollary 10. The following conditions are equivalent for a ring R:

(1) R is a semilocal ring.
(2) Every right hollow chain

aoRQ alRQ GQR 2 2 anRQ - with Ai4+1 = Q4 —aibiai

eventually terminates.
(3) There ezists a partial order < on the set R such that
(i) (R, <) is an Artinian partial order set;
(ii) i a,be R and1l—ab¢ r.U(R), then a — aba < a.
(4) Ewvery descending chain of principal right ideals of R

aR2aR2aRD---Da, RO --- with aj4+1 = a; — a;bja;
eventually terminates.

(2%), (3*), (4*%). The left-right duals of (2), (3) and (4).
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(4) = (2) is trivial.
= (2) comes from Theorem 9(2) and Corollary 7.
= (3) If (2) holds, define an order < on R via

b<aifa=0boraR 2D bR and b =a — ada for some d € R.

If we can prove that < is a partial order, then (3) is easily verified. We need
only to prove the transitivity of “<”. In fact, suppose that a3 < as and as < a;.
Set a;+1 = a; — asbja; (i = 1,2), where 1 — a;b; ¢ r.U(R). Write d = by +
(1 — blal)bg(l — albl). Then

Proof.
(1)
(2)

az = a — a2b2a2 = (a1 — alblal) — (a1 — alblal)bg(al — alblal)
=ay — al[bl + (1 — blal)bg(l — albl)}al =a; —ajday.

NOtil’lg that 1 — ald =1- aq [bl —+ (1 — blal)bg(l — albl)] = (]. - albl)[l — a1b2(1 —
a1b1)] and 1 —a1by ¢ r.U(R), we get 1 — a1d ¢ r.U(R), and so ag < aq, as desired.

(3) = (1) Note that Ya € R, a € J(R) if and only if 1 — ab € r.U(R) for all
b € R. Then using the same proof of Camps and Dicks’ Theorem 1 (see (¢) = (a)
of [2, Theorem 4.2] or (f) = (a) of [1, Theorem 1], we can prove (1).

(1),(2) = (4) We prove first the following result.

Claim. For all descending chains
agR2OaR2DasRD---Da, RO -+ with apy1 = ap, — apbpay,.
If a1 R = ag R, then we have a descending chain
aiR2a3RD---Da,RD .- with a§ = a1 — ayday,a), | = a], — a,d,al,
for some d,d, € R (n>3), and a,R = a}, R if and only if a,R = a,1R.
a4R = a1 R if and only if a3R = a2 R.

In fact, a; R = ag R with as = a1 —ayb1ay implies that 1—a1b; € r.U(R) = U(R),
ie,1—ba; € U(R).

For n > 3, set al, = a,(1 — bya1)~'. Then a,R = a,R, so a,R = a}, R
if and only if a,R = an41R. In addition, a;,,; = (an — anbpa,)(l — bia;)~t =
a, —ah(1—bra1)bya

a’3 = a3(1 — blal)’l = (ag — a2b2a2)(1 — blal)’l = [a1 — a1(1 — blal)bgal], and
a4 R = a1 R means that az(1 — bja;) 'R = a1 R, that is, a3R = a1 R = a2 R.

Assume that there exists a descending chain

aoR :_) alR :_) agR :_> e :_> anR :_) .-+ with Aiy1 = Q5 — aibl-al-
which never terminates. Then, by the claim, we can obtain an infinite hollow chain
doR 2 le 2 ng 2 tee 2 an 2 --- with di+1 = dl — dicidi,

a contradiction. O

As an application of Corollary 10, we can characterize modules with a semilocal
endomorphism ring as follows.

Theorem 11. The following conditions are equivalent for a module M :

(1) The ring End(M) is semilocal.

(2) For every fo € End(M) and every sequence go,g1,9z2,- - of elements of
End(M), if we set fni1 = fn — fngnfn for every n > 0, then the chains

(i) fo(M)2 fi(M)2-+2 fu(M) 2D
(ii) kerfy Ckerf; C---Ckerf, C
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of submodules of M both eventually terminate.
Proof. (1) = (2) Set E = End(M). Corollary 10 shows that
JoE 2 LiE 2 foE D -

of F eventually terminates, so there exists m € N such that Vn > m, f,.1F =
(fn=Ifngnfn)E, ie, 1= fog, € r.U(E) = U(E). Thus 1—g, f, € U(E). SoVn > m,
fr1(M) = (fo = fagnfn)(M) = fu(1 = gnfn)(M) = fu(M), and ker f11 =
ker f,, @ ker(1 — g, fn) = ker f, ® 0 = ker f,,. Therefore the two chains (i) and (ii)
eventually terminate.

(2) = (1) Suppose that ¥n > m, ker f, 11 = ker f,, ® ker(1 — g, fn) = ker f,,
and fnJrl(M) = (fn - fngnfn)(M) = fn(M)

Then ker(1—g, f,) = 0. By |2, Lemma 4.1 (a)], ker(1— f,,g,) = ker(1—g, f,) = 0.
so 1 — f,gn, is injective.

By Remark 4, fy11(M) = (fn — fagnfa)(M) = fn(M) implies that 1 — f,,g, is
surjective.

Therefore Vn > m, 1 — f,,g, is bijective. Lemma 3 shows that the descending
chain of £

E=fEDHED LED -

with fr11 = fn — fngnfn eventually terminates. Corollary 10 yields that End(M)
is semilocal. O

We extend Theorem 3 (2) of [4] as follows.

Corollary 12. The following conditions are equivalent for a module M for which
every epimorphism M — M splits:

(i) The ring End(M) is semilocal.

(ii) For every fo € End(M) and every sequence go,g1,9g2,--- of elements of
End(M), if we set fni1 = fn — fngnfn for every n > 0, then the chain fo(M) 2
fi(M) 2D - D fu(M) D -+ of submodules of M eventually terminates.

Moreover, h.dim(End(M)) < h.dim(M).

Proof. By Theorem 11, we need only to prove (ii) = (i). Set E = End(M). Given
a descending chain fOE 2 flE 22 an 2 .-+ with fn+1 = fn_fngnfna by (ii)7
there exists m € N such that Vn > m, fo11(M) = (fn, — fagnfn)(M) = fo(M). By
Remark 4, 1 — f, g, is surjective, so 1 — f,g, € r.U(E). Lemma 3 and Corollary 10
yield that End(M) is semilocal.

Assume that h.dim(M) = m < oo and h.dim(End(M)) > m. Then by Theo-
rem 9 there exists a hollow chain in F,

E=HED HE2: - 2 fmE 2 fmil,

with fiv1 = fi — figifi € E for alli € {0,1,--- ;m}. Then for alli € {0,1,--- ,m},
1— figi ¢ rU(F), and so 1 — f;g; is not surjective. By Remark 4, fo(M) 2
fi(M) D - 2 frn(M) 2 fms1(M) is a strictly descending chain. Write N; =
filM) € M and Ny = (1y — figi)(M) € M for all ¢ € {1,--- ,m}. Then for
all ¢ 2 ]., (N1 ﬂNQ n---N Nz) +Ni+1 = fz(M) + (]-M — fzgz)(M) = ]\4'7 and so
{N;]i = 1,--- ,m + 1} is a coindependent set of proper submodules of M. Thus
h.dim(M) > m, a contradiction. O

Similarly, we extend Theorem 5 of [I] and Theorem 3 (1) of [4] as follows.



852 HONGBO ZHANG

Corollary 13. The following conditions are equivalent for a module M for which
every monomorphism M — M splits:

(i) The ring End(M) is semilocal.

(ii) For every fo € End(M) and every sequence go,g1,92,-- of elements of
End(M), if we set fni1 = fn — fagnfn for every n > 0, then the chain ker fo C
ker f{ C--- Cker f,, C--- of submodules of M eventually terminates.

Moreover, h.dim(End(M)) < dim(M).

Proof. Set E = End(M). We need only to prove (ii) = (i). For this, it is enough
to show that every descending chain Efy D Ef; D --- D Ef, O --- of left ideals
of E with f,411 = fn — fugnfn eventually terminates. Given such a chain, by (ii)
there exists m € N such that Vn > m, ker f,,+1 = ker(f,, — fugnfn) = ker fp,, ie.,
ker f, ®ker(1 — g, fn) = ker f,, so ker(1 — g, fn) =0, i.e., 1 — g, fr is injective, and
so 1 —gnfn € LU(E) for all n > m. It follows that Efy CEf; C--- CEf, C---
eventually terminates, so End(M) is semilocal. h.dim(End(M)) < dim(M) comes
from Theorem 9(2) and the fact that Vi > 1, ker f; 11 = ker(f; — figifi) = ker f; @

([

ker(1 — g; fi).
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