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MINIMALITY OF THE BOUNDARY
OF A RIGHT-ANGLED COXETER SYSTEM

TETSUYA HOSAKA

(Communicated by Alexander N. Dranishnikov)

ABSTRACT. In this paper, we show that the boundary 93(W,S) of a right-
angled Coxeter system (W,S) is minimal if and only if Wg is irreducible,
where Wg is the minimum parabolic subgroup of finite index in W. We also
provide several applications and remarks. In particular, we show that for a
right-angled Coxeter system (W, S), the set {w™ |w € W, o(w) = oo} is dense
in the boundary 0X(W, S).

1. INTRODUCTION AND PRELIMINARIES

The purpose of this paper is to study dense subsets of the boundary of a Coxeter
system. A Coxeter group is a group W having a presentation

(8] (st)™=t) =1 for s,t € S),

where S is a finite set and m : S xS — NU{oo} is a function satisfying the following
conditions:

(1) m(s,t) =m(t,s) for each s,t € S,

(2) m(s,s) =1 for each s € S, and

(3) m(s,t) > 2 for each s,t € S with s # t.
The pair (W, S) is called a Coxeter system. If, in addition,

(4) m(s,t) =2 or oo for each s,t € S with s # ¢,
then (W, S) is said to be right-angled. Let (W, S) be a Coxeter system. Then W
has the word metric dy defined by d¢(w,w’) = £(w~ w") for each w,w’ € W, where
¢(w) is the word length of w with respect to S. For a subset T'C S, Wy is defined
as the subgroup of W generated by 7', and is called a parabolic subgroup. If T is
the empty set, then Wy is the trivial group. A subset T' C S is called a spherical
subset of S if the parabolic subgroup Wy is finite.

Every Coxeter system (W,S) determines a Davis complex (W, S) which is a
CAT(0) geodesic space ([6], [7], [8], [20]). Here the 1-skeleton of 3(W,S) is the
Cayley graph of W with respect to S. The natural action of W on X (W, S) is proper,
cocompact and by isometries. If W is infinite, then (W, S) is noncompact and
X(W,S) can be compactified by adding its ideal boundary 0X(W,.S) ([4], [7, §4]).
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This boundary 0X(W, S) is called the boundary of (W, S). We note that the natural
action of W on (W, S) induces an action of W on 9X(W, S) by homeomorphisms.

A subset A of a space X is said to be dense in X if A = X. A subset A of a
metric space X is said to be quasi-dense if there exists N > 0 such that each point
of X is N-close to some point of A. Suppose that a group G acts on a compact
metric space X by homeomorphisms. Then X is said to be minimal if every orbit
Gz is dense in X.

For a negatively curved group I' and the boundary OT" of T, it is known that each
orbit T'ex is dense in OT" for any « € JTI, that is, OT' is minimal ([9]). We note that
Coxeter groups are nonpositive curved groups and not negatively curved groups
in general. Indeed, there exist examples of Coxeter systems whose boundaris are
not minimal (cf. [I4], [I6]). The purpose of this paper is to investigate when the
boundary of a Coxeter system is minimal.

In [I4, Theorem 1], we have obtained a sufficient condition of a Coxeter system
(W, S) such that some orbit of the Coxeter group W is dense in the boundary
0X(W, S). After some preliminaries in Section 2, we first show that the boundary
of such a Coxeter system is minimal; that is, we prove the following theorem in
Section 3.

Theorem 1. Let (W, S) be a Cozxeter system. Suppose that Wiso} s quasi-dense
in W with respect to the word metric and o(sotg) = oo for some sg,tg € S, where
o(soto) is the order of soty in W. Then

(1) 0%(W,S) is minimal, and

(2) {w™|w e W, o(w) =00} is dense in OZ(W, S).

Here Wi}t = {w € W|l(wt) > £(w) for each t € S\ {so}} \ {1} and w™ is
the point of 9% (W, S) to which the sequence {w'|i € N} C X(W,S) converges in
(W, S)Uox(W,S).

In Sections 4 and 5, we investigate right-angled Coxeter groups and we prove
the following main theorem.

Theorem 2. For a right-angled Coxeter system (W,S), the boundary 03(W, S) is
minimal if and only if W5 is irreducible.

Here for T' C S, Wr is said to be irreducible if W does not split as a product
Wr, x Wr, for any nonempty subsets T and T3 of T', and W3 is the minimum par-
abolic subgroup of finite index in (W, S), that is, for the irreducible decomposition
W=Wg, x- - xWg,, S = U{S: | Wg, is infinite} ([I1]).

We provide several applications of Theorem [2 in Sections 5 and 6. In particular,
we show the following corollary.

Corollary 3. For a right-angled Cozeter system (W, S), the set {w™ |w € W, o(w)
= oo} is dense in the boundary OL(W, S).

In Section 6, we give some remarks on dense subsets of boundaries of CAT(0)
groups.

2. LEMMAS ON COXETER GROUPS

In this section, we show some lemmas for (right-angled) Coxeter groups which
are used later.
We first give some definitions.
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Definition 2.1. Let (W,S) be a Coxeter system and w € W. A representation
w=s1---5 (s; € 9) is said to be reduced, if ¢{(w) = I, where {(w) is the minimum
length of a word in S which represents w.

Definition 2.2. Let (W, S) be a Coxeter system. For each w € W, we define
S(w) = {s € S|4(ws) < (w)}. For a subset T C S, we also define WT = {w €
W |S(w)="T}.

The following lemma is known.

Lemma 2.3 ([1], [5l p.37], [I8]). Let (W,S) be a Coxeter system.

(1) Let w € W and let w = s1---8; be a representation. If {(w) < I, then
W=S81--8;--85---8 forsomel <i<j<L.

(2) For eachw € W and s € S, £(ws) equals either {(w) + 1 or L(w) — 1, and
L(sw) also equals either ¢(w) + 1 or f(w) — 1.

(3) For each w € W, S(w) is a spherical subset of S; i.e., Wy, is finite.

We can obtain the following lemma from Lemma 23] (3).

Lemma 2.4. Let (W,S) be a Coxeter system and let T be a maximal spherical
subset of S. Then WT is quasi-dense in W.

Proof. Let w € W. There exists an element w’ of longest length in the coset wWr.
Then we show that S(w') =T.

Let t € T. Since w't € w'Wrp = wWr and w’ is the element of longest length
in wWr, L(w't) < (w'), ie., t € S(w'). Thus T' C S(w'). Now T is a maximal
spherical subset of S and S(w’) is a spherical subset of S by Lemma [Z3] (3). Hence
S(w') =T and w' € WT.

Here dy(w,w') < max{{(v)|v € Wr}. Hence W7 is quasi-dense in W. O

Lemma 2.5 ([I4, Lemma 2.3 (3)]). Let (W,S) be a Cozeter system and s,t € S
such that o(st) = co. Then Wikt c Wit}

Next, we provide some lemmas for right-angled Coxeter groups. We note that
right-angled Coxeter groups are rigid; that is, a right-angled Coxeter group deter-
mines its Coxeter system uniquely up to isomorphism ([21]).

By a consequence of Tits’ solution to the word problem ([23], [5, p.50]), we can
obtain the following lemma (cf. [I2] Lemma 5]).

Lemma 2.6. Let (W,S) be a right-angled Cozeter system, let w € W, let w =
s1-+-8; be a reduced representation and let t,t' € S. If tw = t(s1---s;) is reduced
and twt' = w, then t =t and ts; = s;t for any i € {1,...,1}.

Using Lemma 2.6, we prove the following lemma.

Lemma 2.7. Let (W,S) be a right-angled Cozeter system, let U be a spherical
subset of S, let so € S\U and let T = {t € U|o(sot) = 2}. Then WUsq c WT{s0l,

Proof. Let w € WY. To prove that wsy € W7 50} we show that S(wsg) =
TU{so}. We note that £(wsg) = £(w)+1 since so € U = S(w). Hence sy € S(wsp).
Also for each t € T, by the definition of T, l(wsot) = l(wtsg) < L(wsp), and
t € S(wsp). Thus T U {sg} C S(wsp). Next we show that S(wsg) C T U {so}. Let
t € S(wsp). Then f(wsot) < £(wsp). If w = a;...q; is a reduced representation,
then by Lemma 23] (1),

wset = (a1 ...a;)sot = (ay...d;...a;)so
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for some i € {1,...,l}, or t = sp. By Lemma 2.6 we obtain that sgt = tsg.
This implies that if ¢ # sg, then f(wt) < {(w), i.e., t € S(w) = U. Since t € U
and sgt = tsg, t € T. Hence S(wsg) C T'U {so}. Thus S(wsg) = T U {sp} and
wso € WTYs0} . We obtain that WUsy c W7 {so}, O

It is well-known that a Coxeter system (W, S) is irreducible if and only if the
underlying graph of its Coxeter graph is connected ([I], [5} p.23], [I8 p.30]). If
the Coxeter system (W, S) is right-angled, then the underlying graph of its Coxeter
graph is the graph T'oo (W, S), where T'o (W, S) is defined as follows: the vertex set
of T'w(W,S) is S and for s,t € S, {s,t} spans an edge in T'w, (W, S) if and only if
m(s,t) = co. Hence we obtain the following lemma.

Lemma 2.8 (cf. [1I, [5], [I8]). For a right-angled Cozeter system (W,S), the fol-
lowing statements are equivalent:

(1) (W, S) is irreducible.

(2) Too(W,S) is connected.

(3) For each a,b € S with a # b, there exists a sequence {a = $1,82,...,8, =
b} C S such that o(s;s;41) = o0 for any i € {1,...,n—1}.

3. MINIMALITY OF THE BOUNDARY OF A COXETER SYSTEM

In this section, we show an extension of a result in [I4] on minimality of the
boundary of a Coxeter system.

Theorem 3.1. Let (W, S) be a Cozeter system. Suppose that Wiso} s quasi-dense
in W and o(sgtp) = oo for some sg,tg € S. Then

(1) 0%(W,S) is minimal, and

(2) {w>|we W, o(w) =oc} is dense in L (W, S).

Proof. Suppose that W10} is quasi-dense in W and o(sotg) = oo for some sg,tg € S.
Then we show that W+ is dense in 0X(W, S) for any v € 95(W, S).

Let v € 0X(W,S) and let {v;} C W be a sequence which converges to v in
Y(W,S) U d%(W, S). Since Wi} is quasi-dense in W, there exists a number
N > 0 such that for each v € W, dy(v,z) < N for some x € W}, Hence for
each v € W, there exists u € W such that £(u) < N and vu € Wi}, For each
i, there exists u; € W such that £(u;) < N and (v;)"'u; € Wi}, We note that
the set {u € W |{(u) < N} is finite because S is finite. Hence {u; |7 € N} is finite,
and there exist u € W and a sequence {i;|j € N} C N such that u;;, = u for any
j € N. Then for each j € N, (v;,) tu;;, = (v;) tu € W0} and (v;,)~tuty € Wito}
by Lemma ] since o(sotg) = oo. Hence tou~lv;, € (W{t})~1. The sequence
{tou="v;, | j € N} converges to tou~'y, since {v;, | j € N} converges to . Here we
recall the proof of [I4, Theorem 4.1]. If we put z; = tou_lvij and o = tou "'y, then
the sequence {z,} C (W1¥})~! converges to a. By the proof of [I4, Theorem 4.1],
we obtain that Wa is dense in 9%(W, S); that is, Wtou~1y is dense in 9% (W, S).
Hence W is dense in 9%(W, S), since Wtou~! = W. Thus every orbit W+ is dense
in OX(W, S) and 9%(W, S) is minimal.

The minimality of 9%(W,S) implies that the set {w™ |w € W, o(w) = oo} is
dense in 0X(W, S) (see Proposition [6.2)). O
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Here we have a question whether conversely if 9% (W, S) is minimal, then W {so}
is quasi-dense in W and o(sptg) = oo for some sg,tg € S. The answer to this
question is no in general.

For example, let S = {s1, 52, 83} and let

W = <S|s% = s% = sg = (8182)4 = (5253)4 = (5351)4 =1).

Then W is a negatively curved group and the boundary 9% (W, S) is minimal. On
the other hand, there do not exist sg,ty € S such that o(sgty) = 0.

In Section 5, we will show that in the case (W, S) is right-angled, the answer to
this question is yes.

4. KEY LEMMA

In this section, we prove the following lemma, which plays a key role in the proof
of the main theorem.

Lemma 4.1. Let (W, S) be a right-angled Cozeter system such that W is infinite.
If W is irreducible, then W0} is quasi-dense in W for some sq € S.

Proof. We suppose that W1} is not quasi-dense in W for any s € S. Then we
show that W is not irreducible.

Let 5o € S, let Ty = {t € S|o(spt) = 2} and let S; = S\ Ty. If T3 = 0,
then o(sgs) = oo for each s € S\ {s0}; hence Wi} is quasi-dense in W, which
contradicts the assumption. Thus Ty # 0. If S1 = {so}, then W = W,y x Wry;
i.e., W is not irreducible. We suppose that S # {so}.

Let s1 € S1\ {so}, let To = {t € Ti|o(sit) = 2} and let So = S\ T =
S1 U (Th \ Tz). We note that o(s;t) = 2 for each i € {0,1} and ¢t € Ty, i.e.,
Wiso,siyurs = Wis,s13 X Wr,. Since s1 € 51\ {s0}, we obtain that o(sgs1) = oo
and Wy, s,y is irreducible.

Now we show that Ty # (). Suppose that 75 = (). This means that o(s1t) = oo
for any t € T;. Let U be a maximal spherical subset of S such that sqg € U.
Then o(uv) = 2 for each u,v € U with u # v, because (W, S) is right-angled and
Wy is finite. Hence o(spu) = 2 for any u € U, since so € U. This means that
U C Ty U {so}. Hence o(s1u) = oo for any u € U, because o(s1t) = oo for any
t € Ty and o(sps1) = oo. Thus WVs; ¢ Wt} by Lemma 27 Here by Lemma 4]
WV is quasi-dense in W, since U is a maximal spherical subset of S. Hence W{s1}
is quasi-dense in W. This contradicts the assumption. Thus we obtain that Ty # (.

If Sy = {s0,51}, then W = Wy, ;.3 x W, and W is not irreducible. We suppose
that Sy 7é {80,81}. Let s5 € Sy \ {80781}, let T3 = {t e T |O(82t) = 2} and let
S3 = S\Tg :SQU(TQ\Tg).

By induction, we define sg, Tx41, Sx+1 as follows: Let

Sk € Sk \ {So, Ceey Skfl},

Try1 = {t € Ty, | o(sxt) = 2} and

Sk+1 =5\ Tht1-
Then Wigg sy.siuTis: = Wisosioosiy X Wry - If Spqr \ {s0,81,-.,86} = 0,
then W = Wg, ., x W, ,, i.e., W is not irreducible. Here we note that Ty C
T, C--- CTy CTy. If Ty, # 0 for each k, then by the finiteness of S, there exists a

number n such that W = Wg, x Wr,; hence W is not irreducible.
We prove the following statements by induction on k.
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(ix) T # 0.

(iix) Wise,....si_} is irreducible.

(iify,) There exists a spherical subset Uy, C T}, such that WUsU{si} is quasi-dense

in W for each ¢ € {0,...,k —1}.

We first consider the case k = 2. The statement (iz) T2 # () was proved in the
above. Also (iiz) holds, since Wy, s,y = Wyg,y * Wi,y is irreducible. We show
that the statement (iliz) holds. Let U be a maximal spherical subset of S such
that so € U. Then WV is quasi-dense in W by Lemma 24l Let Uy = U N Ty. We
note that Uy = {t € U|o(s1t) = 2}. By Lemma 7 WVs; c WU2V{s1}| Hence
WU2U{s1} is quasi-dense in W. (This implies that Uy # 0 by the assumption.) Also
WU2U{s0} is quasi-dense in W, since WV2U{s1} gy « WU2U{s0} by Lemma 27 Thus
(iiiz) holds.

We suppose that (ix), (ilx) and (iiix) hold for some k& > 2. Then we prove that
(ik+1), (iik+1) and (iiik+1) hold.

(ixt1): We show that Tyy1 # 0. Suppose that T = 0. If o(sgs;) = 2 for any
i €{0,1,...,k — 1}, then s, € T, which contradicts the definition of s;. Hence
o(sksi,) = oo for some ig € {0,1,...,k — 1}. Since Tp11 = 0, o(sgt) = oo for any
t € Ty. Here U, C Ty and o(syt) = oo for any t € Uy. Hence WUsUsighg,  Wisk}
by Lemma 771 By (iiiy), WUYsY{%io} is quasi-dense in W. Thus Wi} is also
quasi-dense in W, which contradicts the assumption. Hence Tyy1 # 0.

(iiky1): We show that Wy, s, . 4.3 is irreducible. Now o(sgs;,) = oo for some
io € {0,1,...,k — 1} by the above argument. Also Wy, . s, .3 is irreducible by
the hypothesis (iix). Hence Wy, ., s} i irreducible.

(ifix4+1): By (iiix), there exists a spherical subset Uy C T} such that WUkULsi}
is quasi-dense in W for each ¢ € {0,...,k — 1}. We define Ugy1 = Up N Tgy1,
ie, Ugy1 = {t € Ug|o(sxt) = 2}. Here o(sys;,) = oo for some ig € {0,1,...,
k — 1} by the above argument. Then WUrU{sio}ls, ¢ WUrn1Uisk} by Lemma 27
Hence WUr+1U{sr} is quasi-dense in W, since WUrU{si0} is so. Finally we show
that WUr1V{si} is quasi-dense in W for each i € {0,...,k — 1,k}. We note that
Wiso,....sn_1,s} 18 irreducible by (iixy1). Hence for each jo € {0,...,k — 1}, there
exists a sequence {sp = ag,a1,...,am = Sj} C {s;]¢ = 0,1,...,k} such that
o(a;a;+1) = 0o by Lemma 2.8 Then by Lemma 2.7]

WUk+1U{Sk}a1a2 cey, C WU"“U{al}ag ce Qi
C oo c WUk anm} — WU)C+1U{SJQ}7
because o(s;u) = 2 for any i € {0,1,...,k—1,k} and u € Upy1. Thus WUk+1V{s50}
is quasi-dense in W. Hence (iiixy1) holds.
Thus by the induction on k, we can define si_1, Tk, Sk, which satisfy (ix), (iix) and

(iiix). Since S is finite, there exists a number n such that S, = {sg, s1,...,8n—1}
and W = Wg_ x Wr, , where T, # (). Therefore W is not irreducible. Il

5. DENSE SUBSETS OF THE BOUNDARY OF A RIGHT-ANGLED COXETER GROUP

We obtain the following main theorem from Theorem B.1] and Lemma ET1

Theorem 5.1. Let (W, S) be a right-angled Cozeter system such that W is infinite.
Then the following statements are equivalent:

(1) 0%(W,S) is minimal.
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(2) Wy is irreducible.

(3) Wiso} is quasi-dense in W and o(soto) = 0o for some sg,ty € S.

(4) There does not exist a finite-index subgroup of W which splits as a product
W1 x Wy where each W; is infinite.

Proof. (3) = (1): If the statement (3) holds, then 9% (W, S) is minimal by Theo-
rem 311

(1) = (2): Suppose that W is not irreducible. Let Wg = W, x W, , where W,
and W, are infinite. Then 9% (W, S) = 9%(Wg, S) and X(Wg, S) = 2(Ws,, S1) x
¥(Ws,,S2). Here by [II, Theorem 4.3], 0X(Ws,,S1) is W-invariant, that is,
Wos(Ws,,S1) = 95(Ws,,S1). Thus for a € 9S(Ws,, 1), Wa C 95(Ws,, S1).
Hence 9%(W, S) is not minimal. In Section 6, we will give a more general proof
(Theorem [64)).

(2) = (3): Suppose that Wy is irreducible. By Lemma [T} (Wg){so} = Wiseln
W3 is quasi-dense in Wz for some sg € S. Here W = W x WS\ & and WS\ g is finite
(see [I1]). Hence W0} is quasi-dense in W. Since W is irreducible, o(sgtg) = o0
for some to € S by Lemma 28 Thus the statement (3) holds.

(4) = (2): If W is not irreducible, then W splits as a product Wg = W4, x W,
for some A; C S, where each W 4, is infinite. Here Wy is a finite-index subgroup of
W.

(1) = (4): We obtain this implication from Theorem O

The following question appears in [I5].

Question 5.2. Let (W, S) be a Coxeter system. Is it the case that if (W,.S) is an
irreducible Coxeter system, then WOX(Wrp,T) is dense in 0X(W, S) for any subset
T of S such that W is infinite?

Theorem B.Ilimplies that the answer to Question [B5.2]is yes for right-angled Cox-
eter groups. Moreover, as an application of Theorem 5.l we obtain the following
corollary.

Corollary 5.3. Let (W, S) be a right-angled Cozeter system and let T C S. Then
the following statements are equivalent:
(1) WOX(Wrp,T) is dense in (W, S).
(2) IfW =Wg, x---xWg, is the irreducible decomposition of W, then Wg,nr
is infinite for each i € {1,...,n} such that W, is infinite.

Proof. (1) = (2): Let W = Wg, x---xWg, be the irreducible decomposition of W.
We suppose that there exists i € {1,...,n} such that Wg, is infinite and Wg, nr
is finite. Let A1 = S\ S;, and Ay = S;;. Then W = Wy, x Wa,, W, is infinite and
Wa,nr is finite. We note that 0X(Wa,, A1) is W-invariant by [I1, Theorem 4.3].
Since Wp = Wy,ar X Wa,nr and Way,nr is finite, 05(Wp,T) C 95(Wy,, A1).
Thus
WO (Wyp,T) C WOE(Wy,, A1) = 05 (Wy,, Ar).
Since Wy, is infinite and
8Z(W, S) = 82(WA1 s Al) * 82(WA2, A2)7

WOX(Wr,T) is not dense in 9X(W, S).
(2) = (1): Let W = Wg, x --+- x Wg, be the irreducible decomposition of W.
Suppose that (2) holds. Then we prove that (1) holds by induction on n.
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We first consider the case n = 1. Then W = Wg, is irreducible. Since Wg, 7 is
infinite, OX(Wr, T) # 0. Hence WOX(Wr, T) is dense in 93(W, S) by Theorem Bl

Next we consider the case n > 1. Let Ay =S U---US,_1 and Ay = S,,. Then
W =Wy, x Wy, and Wy = Wy, nr X Wa,nr. Here

WS (W, T) = W(OS(Wa,nr, A1 N T) % OS(Wa,nr, As N T))
D WAlaE(WAlmT, AN T) * WA282(WA2QT, As N T).

By the inductive hypothesis, W, 0% (Wa,~r, A; NT) is dense in 9% (Wa,, A;) for
each 7 = 1,2. Since

O (W, 8) = 05(Wy,, A1) x 0% (Wa,, As),
we obtain that WOX(Wr, T) is dense in 0%(W, S). O

Also we obtain the following corollary from Theorem 5.1l We give a proof in
Section 6.

Corollary 5.4. For a right-angled Cozeter system (W,S), the set {w™®|w €
W, o(w) = oo} is dense in the boundary 0X(W, S).

6. REMARKS ON DENSE SUBSETS OF BOUNDARIES OF CAT(0) GROUPS

In this section, we investigate dense subsets of boundaries of CAT(0) groups.
The definitions and basic properties of CAT(0) spaces and their boundaries can
be found in [4]. A group I is called a CAT(0) group if T acts geometrically (i.e.,
properly and cocompactly by isometries) on some CAT(0) space. For example,
a Coxeter group W acts geometrically on the Davis complex (W, S), which is a
CAT(0) space, and every Coxeter group is a CAT(0) group.

We pose the following open problem.

Question 6.1. Suppose that a group I' acts geometrically on a CAT(0) space X.
Is it the case that the set {7y |y €T, o(y) = oo} is dense in the boundary 0X?

Here we note that v°° is the point of the boundary 90X to which the sequence
{7'wg|i € N} C X converges in X U X, where ro € X and 4> does not depend
on the point zg.

We introduce some relations between this question and the minimality of bound-
aries of CAT(0) groups.

We first show the following proposition.

Proposition 6.2. Suppose that a group T' acts geometrically on a CAT(0) space
X. If there exists § € T’ such that 0(0) = oo and T'§°° is dense in the boundary 0X,
then the set {y>° |y € T', o(y) = o} is dense in 0X. Hence, if the boundary 0X
is minimal, then the set {y>° |y € T, o(y) = oo} is dense in 0X.

Proof. Suppose that § € T such that o(§) = oo and T'6°° is dense in 0X. Let
a € 0X. Since I'd*° is dense in 0X, there exists a sequence {y;} C T such
that {7;0°°} converges to o in 0X. Here for xg € X and each i, the sequence
{(7:67; 1) 2o}, converges to ;6 in X UJX. Hence (167, 1)>® = 70> and
{(7:67; 1)>°}i converges to a in AX. Thus {y>® |y €T, o(y) = oo} is dense in 9X.

Now we suppose that the boundary 0X is minimal. It is known that every
CAT(0) group has an element of infinite order ([22, Theorem 11]). Let 6 € I' with
0(0) = co. Then I'§*° is dense in X because 90X is minimal. Hence, by the above
argument, the set {7y |~y €T, o(y) = oo} is dense in the boundary 0X. O
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We obtain the following proposition from some splitting theorems for CAT(0)
spaces.

Proposition 6.3. Suppose that a group T' = T'y xT'a acts geometrically on a CAT(0)
space X, where I'y and I's are infinite. Then X contains a quasi-dense subspace
X' = X1 x Xo and there exists a product subgroup I'y x T'y of finite index in T’ such
that X1 is the convex hull C (T xo) for some xo € X and Ty acts geometrically on
Xs by projection.

Proof. By [13, Lemma 2.1], there exist subgroups G; X A; and Ga X As of finite
index in I'; and I's respectively such that G; and G5 have finite center and A; is
isomorphic to Z™ for some n; (i = 1,2).

In the case that A; is not trivial for some ¢ € {1,2}, we put I}, = A; and
I, = G1 x Ga x A3s—;. Then by [3, Proposition 1.1] and [4, Theorem I1.7.1], the
proposition holds.

In the case that A; and As are trivial, we put I'y = G; and T, = G5. Here
G1 and G2 have finite center. By [I7, Theorem 2] and [I9, Corollary 10], the
proposition holds. Here concerning the condition in [I9, Corollary 10], we note
that if the CAT(0) group I' has finite center, then there does not exist a I'-fixed
point in the boundary 0X (cf. [I7, Lemma 3.2]). O

Concerning the nonminimality of boundaries of CAT(0) groups, using Proposi-
tion [6.3] we show the following theorem.

Theorem 6.4. Suppose that a group I' acts geometrically on a CAT(0) space X.
If T contains a finite-index subgroup I'y X I's where I'y and T'y are infinite, then the
boundary 0X is not minimal.

Proof. Let I'; x I'y be a finite-index subgroup of I', where I'y and I's are infinite.
Then I'; xT'y acts geometrically on X. By Proposition[5.3] X contains a quasi-dense
subspace X7 x Xo and there exists a product subgroup I'] x ' of finite index in T’
such that X7 is the convex hull C(T"jz¢) for some zy € X and I'}, acts geometrically
on X5 by projection.

To prove that X is not minimal, we show that I'(0X) is not dense in 0X.

Since I'] x I'j is a subgroup of finite index in T, there exist a number n and
{61,...,0,} C T such that I = JI_, 6;(I"} x I'}).

Since X1 = C(I"xo) is I'j-invariant, I} (0X1) = 0X1. For each 2 € T, 72 X3
and X are parallel by the proof of the splitting theorems (3], [4], [17], [19]); hence
’72(8X1) = 8X1, that iS7 F’2(8X1) = aXl Thus (F/l X I"Q)((?Xl) = 8X1

Hence

C-=

L(0X1) = (( ) 6:(I'] x T5))(0X1)

1

Il
Cs 5

(0:(T' x T5)(0X71))

-
Il
—

(6:(0X1)).

I

s
I
—
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Here we note that I'(0X1) = (J!—, (6;(0X1)) is closed. Hence

dim I’ 8X1 = dim U (0X1)) = dim 0X;

< d1m(5‘X1 x [0,1]) < dim(0X; * 0X2) = dim 0.X.

Here we note that dim d.X; is finite, because the boundary of a cocompact proper
CAT(0) space is finite-dimensional (|22, Theorem 12]).
Thus I'(0X1) is not dense in 9X. This implies that 9X is not minimal. O

The referee has pointed out that the converse of Theorem (if T' does not
contain a finite-index subgroup I'y x I'y where I'y and I's are infinite, then the
boundary 0X is minimal) will not be true in general and that a counterexample
will be supplied by the theory of lattices in semisimple groups, since an irreducible
lattice on a product of two hyperbolic planes does not factor (with infinite factors)
(ct. [10)).

On the other hand, Theorem Bl implies that the converse of Theorem holds
for right-angled Coxeter groups and their boundaries.

Let A be the set of all infinite CAT(0) groups I" such that for any CAT(0) space
X on which T acts geometrically, the set {y>° |~ € T", o(y) = oo} is dense in 0X.

Now we show the following proposition.

Proposition 6.5. Suppose thatT'y,...,T',, € A and that each T'; does not contain a
finite-index subgroup I';; X'y such that Ty and ;o are infinite. Then Ty x---xT', €
A.

Proof. We note that each T'; is either isomorphic to Z or has finite center by [13]
Lemma 2.1]. Hence we can suppose that for some number k, I'; is isomorphic to Z
for each ¢ < k and I'; has finite center for each i > k.

We prove that I' € A by induction on n.

In the case n = 1, it is obvious.

We consider the case n = 2. Suppose that I' = I'; x I'y acts geometrically on a
CAT(0) space X. By Proposition [6.3], X contains a quasi-dense subspace X; x Xs
such that X; = C(['1x) for some zo € X and I's acts geometrically on Xo by
projection. Let o € 0X. Here

0X = 8X1 *8X2 = (8X1 X 8X2 X [—7‘(’,7‘(’])/ ~ .

Hence o = [ay, ag, 0] for some oy € 0X5, ap € X3 and 0 € [—m, w]. Now {y>*° |y €
Iy, o(y) = oo} is dense in 0X; and {0°]d € 'y, 0(d) = oo} is dense in 0Xs.
Hence there exist sequences {7;} C I'; and {§;} C I'y such that {$°} converges to
ay and {05°} converges to as. Since (7;,d;) is isomorphic to Z x Z, by the Flat
Torus Theorem ([4, Theorem I1.7.1]), (7;, ;) acts geometrically on some convex hull
C({(vi, 6;);) which is isometric to the Euclidean plane. Here C({~;, d;)x;) C X1 x X5
and

{7 775607, 67° C A(C((vis i) i)

Then there exists a sequence {aij} C (7i,0;) such that {aff}; converges to
[v£°,62°,0]. Here the sequence {[y°,6°,0]}; converges to a. Hence

a€{aiy|i,j € N} C{y>°|y €T, o(y) = oo}
Thus {7v*° |y €T, o(y) = oo} is dense in 0X and I' =T'; x 'y € A.
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We consider the case n > 2. Suppose tNhat I'=I; x---xT,_1 X I',, acts
geometrically on a CAT(O)~ space X. Let 'y =Ty x --- xT'_y and I'y = T,,.
Here we can suppose that I's has finite center or that each I'; is isomorphic to Z

for ¢ = 1,...,n. By the inductive hypothesis and the same argument as the proof
in the case n = 2, we obtain that {7y |y € T, o(y) = oo} is dense in X and
I'=Tyx---xI'h_1 xI',, € A. |

Suppose that a group I' acts geometrically on a CAT(0) space X. Then there
exists a finite-index subgroup I'y x --- x I'j, of I such that each I'; is infinite and
each I'; does not contain a finite-index subgroup I';; x I';5 where I';; and I';5 are
infinite. Here the decomposition process terminates and n is finite. Indeed each T';
is a CAT(0) group by [I7, Theorem 9.1] and there exists v; € T'; with o(y;) = o0
by [22, Theorem 11]. Then (v1,...,7,) C I is isomorphic to Z™. Here such an n is
finite, because every abelian subgroup of a CAT(0) group is finitely generated ([4]
Corollary I1.7.6]).

Hence Proposition implies that Question is equivalent to the following
question.

Question 6.6. For an infinite CAT(0) group I' which does not contain a finite-
index product subgroup of two infinite subgroups, does I € A?

Finally, we prove Corollary 5.4l Concerning Question [6.1] we obtain a positive
answer for right-angled Coxeter groups and their boundaries.

Proof of Corollary B4l Let (W, S) be a right-angled Coxeter system and let W =
Wg, x---xWg, be the irreducible decomposition of W. We may suppose that W,
is infinite for any ¢ < k and Wy, is finite for any 7 > k for some number k. Then
SileJ"'USk and

S(W,8) = S(Ws,, 1) x -+ x B(Ws,, k) x £(Wg 5,5\ 5),
where X(Wg\ 5,5\ S) is bounded, since W\ 5 is finite. Hence,
OL(W,S) = 05(Wsg,,S1) * - * 08(Ws,, Sk).

Here each Coxeter system (Wg,, S;) is irreducible and right-angled and 0%(Wsg;,, S;)
is minimal by Theorem Il Thus for each ¢ € {1,...,k}, the set {w™|w €
W;, o(w) = oo} is dense in 0%(Wsg,, S;) by Proposition By a similar argument
to the proof of Proposition [6.5] we obtain that the set {w™ |w € W, o(w) = oo} is
dense in the boundary d%(W, S). O
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