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ABSTRACT. In this paper we derive a trace formula for the Schrédinger oper-
ator on the half-line. As a consequence we obtain a Schmincke type inequality
with sharp constant. The main tool in our investigation is the inverse spectral
Gelfand-Levitan theory, which allows us to compare two Schrodinger operators
whose spectra differ by few eigenvalues.

1. INTRODUCTION AND MAIN RESULTS

Lieb and Thirring [T1] have shown that the sum of the moments of the negative
eigenvalues —\; < =Xy < --- <0 (if any) of the Schrédinger operator —A — V' on
L? (R?) is bounded by

(1.1) SN gL%d/ (V_(z)"+ 4 2d,
Rd

where V_(z) := max{V(z),0}. One of the challenges is to find the smallest possible
constant L. 4, known as the sharp constant in (LI]). For the sake of simplicity we
shall restrict ourselves to eigenvalue inequalities in the case d = 1.

It is well known that if d = 1, then () cannot hold for v < 1/2. For the limit
case 7 = 1/2, Hundertmark, Lieb, and Thomas [5] have shown that if V_ € L (R),
then

o0
(1.2) d VN < le/ V_(z) dz,

— 00
where Ly/5, = % is a sharp constant. The main tool used in deriving (2] is
the Birman-Schwinger principle which relates negative eigenvalues of a Schrodinger
operator with the eigenvalues of a certain integral operator.

If V' is continuous, V(x) — 0 as |x| — oo and [, V(z)dx exists (possibly condi-

tionally), Schmincke [I3] uses the commutation method to obtain the lower bound
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1040 AMIN BOUMENIR AND VU KIM TUAN

for the sum of the negative eigenvalues
1 oo
(1.3) i /m Viz)de <> /i,

and here % is a sharp constant.
If we also assume that (1 + |z|)V (z) € L! (R), then Schmincke’s inequality (L3
follows at once from the Faddeev-Zakharov trace formula [I5]

(1.4) / V(a) dx:4z\//\_¢+%/ In(1 — |R(E)[2)dk,
since the reflection coefficient of the operator H satisfies R(k) € [0, 1].

A well-known fact in the spectral theory of operators is that negative eigenvalues
depend on the self-adjoint extensions, [12]. Also if a Lieb-Thirring inequality holds,
it must do so for all isospectral operators, since it does not depend on the energy
of the bound states. Thus to shed some light on these hidden connections we study
the sum of the negative eigenvalues of a Schrédinger operator on the half-line, with
exponent v = 1/2, and under the sole condition that ¢ € L' (0, 00). Thus we consider
the one-dimensional self-adjoint Schrédinger operator on the half-line defined by
(15) { H(y) = —y" (2, ) — q(@)y(z, X) = —Xy(, A), a € [0, 00),

y'(0,A) — hy(0,A) =0, where h,q(x) € R.

The spectrum of H then is continuous on the positive half-line [0, 00), bounded and
discrete on the negative half-line. From now on we assume that H has only finitely
many negative eigenvalues (which is the case when (1 + z)q(x) € L*(0,00). Denote
these negative eigenvalues by —\1, =g, -+, —Anx (N > 0). We use the notation gy
interchangeably with ¢ to specify that H then has exactly N negative eigenvalues.
Recall a known result by Weidl [14] who showed that if g(x) > 0, ¢ € L'(0, ),
and h = 0, then the Lieb-Thirring inequality (L.2) holds with L, ; < 1.005.

Let aj = 1/ fooo ly(x, —X;)|° dz be the norming constant, which represents the
jump size of the spectral function [I0] at —\;. The main result of this paper is the
trace formula

o) 00 N N
(1.6) /0 qN(x)da::/O qo(a:)dx—QZaj—FZlZ\/)\_j,

where ¢q is obtained from ¢y by removing all N negative eigenvalues. The appear-
ance of the norming constants «; distinguishes (IL€) from the Faddeev-Zakharov
trace formula (I4)) and brings out a new relation between isospectral operators.
We then prove that if gy generates no negative eigenvalues, then the estimate

(1.7) /000 qo(x)dx < hg

holds, which yields the Schmincke inequality for the half-line
1

(1.8) 1 /000 q(z)dz — % < Z VA

Observe that inequality ([8) is different from (I3) by the boundary term —% and
that inequality (L) is proved here without the usual restrictions on ¢. For example
in [13] it is assumed that ¢ is continuous and ¢ — 0 as © — oo, while in [I4] it is
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required that (1 + x)g(z) € L1(0,00) for the Faddeev-Zakharov trace formula (4]
to hold.

The main tool in deriving (6] is the inverse spectral Gelfand-Levitan theory,
[10], which allows us to construct a potential ¢ explicitly in terms of the negative
eigenvalues. The difficulty lies in the fact that the potential ¢ also depends on
the positive spectrum, and the proof of inequality (7)) without any smoothness
condition imposed on g is very technical; see Lemma 8 in [13] for a similar equality
for a continuous potential ¢q.

Note that an alternative to the Gelfand-Levitan method is the double com-
mutation method, [7]. In [6], Gesztesy and Teschl used it to insert finitely many
eigenvalues in spectra of more general singular Sturm-Liouville operators generated
by

i (C 0@ @) + g@y@), where —c0<a<z<b<on.

Integrating equation (4.5) in [6], with suitable asymptotics should yield a similar
relation to (L4).

Observe that (L) has the advantage of measuring the gap of the inequality,
which gives new insight on the sharp constant in ([3)). We also derive a second
inequality, which involves the product of eigenvalues

/ zqn (x)dzx = / zqo(x)dx + In (1\?_12]) ,
0 0 I =105
in case (1+ z)q(z) € L*(0,0).

2. A TRACE FORMULA

Without loss of generality, let Hy denote the self-adjoint Schréodinger operator
on the half-line (1)) whose spectrum has exactly N negative eigenvalues, say 0 >
—A1 > —Xg > -+ > —Ay. Denote its potential by gy € L*(0,00) and its spectral
function by pn(A) = p(A). The jump of py at —A; is denoted by a; and by pg (),
k =0,1,--- ,N — 1; we denote the spectral functions obtained from py(\) by

removing the jumps at —Ag41,--- , —Apn, i.e.

N

pr(N) =pv(N) = D aH(A+);),
j=k+1
where H is the usual Heaviside function. The last spectral function pg is constant for
A < 0, since we have no negative eigenvalue. Let Hy, where k = 0, ...., N, denote the
family of Schrédinger operators on the half-line, having py, as the spectral functions
(2.1) { I{k(yk) = —yg(% )‘) - qk‘(x)yk‘(xa /\) = _Ayk(a:? >‘)7 (S [07 OO)?
Y5 (0, A) — hiyr(0,A) = 0.

The potentials g are locally integrable, ¢, € L%“'°°(0,00), and all eigensolutions,
Yk (., A), are normalized by yx(0,\) = 1.

The Gelfand-Levitan theory [10] guarantees the existence and uniqueness of op-
erators Hy when appropriate p; are given. In fact adding one eigenvalue to a
spectrum is a simple operation, [10], and the relation between g and gx11 is

d Y (@, —Aet1)
2.2 _ 4 20— v .
(2.2) @1(7) = ar () + 20041 dz 1+ agyy [y yp(s, —Mey1)ds




1042 AMIN BOUMENIR AND VU KIM TUAN

Here the appearance of the positive sign before the differential operator % is due
to the fact that we are dealing with —gy, instead of the usual +¢; in 21]).

To remove one eigenvalue at a time from the spectrum, we simply reverse the
method in [I0]. In other words, we will find a formula to go from gx11 to gx. To
this end, denote by

Pl = | e (@ s (6N (2N — prss (V)

— 00
= =g 1 Yk41 (T, =N 1) Yhgr (B, —Ak1)

and let Ky (z,t) be the solution of the well-known linear Fredholm integral equation
(2.3) Fy(x,t) + Ki(x,t) —|—/ Ki(z,8)Fr(s,t)ds=0 for 0<t<ua.
0

Since the kernel Fj is a degenerate kernel, the solution is simply of the form
Ki(z,t) = ar+18(@)yr+41(t, —Ak+1), where

xT
B(x) (1 - Oék+1/ Y (s, —)\k+1)d8> = Yr1 (T, = Ary1),
0

ie.

Kl 1) = Qpt1Yrr1(z, ;)\1;+1)yk+1(t7 —Akt1)
1- Qk+1 fo yk+1(5a 7)‘k+1)d8
and
K(0,0) = apr19k4+1(0, =Aeg1)Yr11(0, =Apg1) = Qg1
Thus we can determine a new potential i from g1 by the following formula [I0]:
d
(2.4) qr(z) = qra1(z) — Q%Kk(:c, x).
Integrating (24) from 0 to z yields

(2.5) /m gr+1(n)dn /93 qr(n)dn+2a y,%_,_l(x, _)\k+1) 1
. k+1 = k k1 L _ .
’ ' 0 AV ars1 [ yl%Jrl(Sv —Akg1)ds

An obvious way to bring out eigenvalues is to take the limit as x — oo. To this
end we need the following lemma.

Lemma 1. Consider the operator H in (LH) where ¢ € L'(0,00). If =\ € o
is a negative eigenvalue, then y(z,—A\.) ~ a(X*)exp (—zv/A.), and Y (2, =\, ~
—VA*a(X*) exp (—zv/AL) , as ¢ — oo. and a(A*) # 0.

Proof. Since q € L*(0, ), for large z — 0o, we have y(x, —\) ~ a(\) exp <—x\/x>
+ b(A\) exp (x\/X), [12, Thm. 8, Section 22]. Since —A\* € o, then y(.,—\*) €

L? (0,00) and so b(A*) = 0 but a(A\*) # 0. 0O
As —\g41 is an eigenvalue of Hy 1, and since
> 1
/ yl%+1(sa 7)‘k+1)d8 = s
0 Qf41

by Lemma 1 and I’Hospital’s rule we have

20 11Yj 1 (2, —Met1) Ayg 41 (T, —Agy1)
(2.6) lim = im DT A
z—00 1 — gy fox Vi (8, —Ary1)ds oo Ypp1(T, —Apt1) *
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The existence of the limit of the right-hand side of ([Z1]), as 2 — oo, then yields

(2.7) / Qr+1(n)dn = / qe(n)dn + 4/ A1 — 20041
0

0
Next we need to verify that if g1, is integrable, then the newly constructed g is
also integrable.

Lemma 2. Let q,41 € L*(0,00) and q;. be defined by [Z4). Then g, € L*(0,00).

Proof. By [24) we only need to show that %Kk(x,x) € L'(0,00). From the
asymptotics of yr11(x, —Agr1) at infinity (Lemma 1) it is not difficult to see that
L K (x,2) <0 for large x, say x > M. Then

| d
—K,
/M ‘df ()

and so L Ky (z,x) € L'(0,00), and therefore g, € L*(0, 00). O

dm:_/ iKk(sc,ac)clfv:Kk(M)-5-2)\1c+1 < 0
v dx

We now can repeat the same procedure, which yields after finite steps,

o) 00 N N
(2.8) /0 qN(x)da::/O qo(a:)dx—QZaj—FZlZ\/)\_j.

Thus we have proved:

Theorem 1 (trace formula). Assume that qy € L'(0,00) has only finitely many
negative eigenvalues, and qy is obtained from qn by removing all negative eigenval-

ues of Hy. Then qo € L'(0,00), and identity [Z8) holds.

Observe that the value of hg, which appears in the boundary condition at = = 0,
can be computed explicitly in terms of the norming constants ay. Clearly since
Ye+1(0,A) = 1, then

hy, = y;f(ov A) = y;g+1(07 A) + Kr(0,0) = hpy1 + gy

Tracking down the sequence of constructed eigensolutions we have been using, with

. Yk (0, )\)
the notation ( yi(0,0) ) we have

1 1 1 1
= = = .
(hN> (hN + aN) <hN +an + OéN1> (hN + Zjvzl 04j>

Observe that we could have started with any Ay and still ended with hg = Ay +
Zj‘vzl a; > hyn.

Corollary 1. Assume that the conditions of Theorem 1 hold. Then hg > hy, and

oo oo N
(2.9) /0 gy (z)dz = /0 qo(z)dx + 2(hy — ho) + 42 VA,

oo o0 N N
/ qN(x)da:—th/ qo(x)dx—ho—Zaj—FZlZ\//\j.
0 0 j=1 j=1

Since we do not have a restriction on the sign of ¢ and the \; are arbitrary,

Corollary 2. We have hg — hy = 22?’:1 VA if and only if fooo gy (x)dx =
fooo qo(z)dw.



1044 AMIN BOUMENIR AND VU KIM TUAN

3. THE CONTINUOUS SPECTRUM CASE

In order to compare the sum of moments of the negative eigenvalues with
I~ an(z)dz — hy, from ([ZJ) we only need to estimate [;° go(x)da — ho, which
is determined by the spectral function over [0,00). Recall that the eigensolution
yo(z, \) of Hy satisfies the transmutation equation [I0]

(3.1) Cos (a:\/X) =yo(x,\) + /OI Go(z,t)yo(t, N)dt,
where .
Go(z,z) = %/0 qo(n)dn — ho.

On the other hand, the kernel function Go(z,t) satisfies the nonlinear integral
equation [3], [10]

(32) Fla,t) = Galt,) + Gola0) + [ Gaen)Galt.
where
(3.3) F(x,t) = /000 cos (x\/X) cos (tﬁ) do (X)),

and o(\) = po(A) — 2V/\. Setting = =t in [B2) yields

F(z,z) =2Go(z,z) + /096 Go(z,n)Go(z,n)dn,

which means that

(3.4 Fle.a)~ [ anlmd+2ho = [ Gha.mdn > o
0 0

It is easy to see that

(3.5) F(z,z) = / cos? (%\5) do(X)
0

:1/ cos<23:\/_ da /dcr
2 /o

From (B3) we deduce F(0,0) = [, do()), while (34) yields
F(0, 0) — —2h,

i.e.
(3.6) % /O " do(A) = —h,

and thus we can recast (4] as

(3.7 ;/000 cos (Qxxf)\) do(N) — /Ow qo(n)dn + ho = /91 GZ%(x,n)dn > 0.

0
For the next step we need
Proposition 1. Assume that gy € L'(0,00). Then
(3.8) lim F(z,z) = —ho.

r—00
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Proof. By 33) and (B6) we see that (B8] would hold true if we could establish
that

(3.9) lim [ cos (2aVA) do(x) = 0.
r—00 0

The key here is to use the Riemann-Lebesgue theorem. First a classical result

from Levitan, [9 Lemma 5.2.2], follows if o € L'(0,00). Then py is absolutely

continuous,

1 1
.10 dpo(\) = — d\
2 1
B ETE IR
where
1 o
mA) =1-— sin(tV/\)qo(t)yo(t, \)dt  and

(3.11) VA /0

n(\) = h cos(tV\)qo(t)yo(t, \)dt.

1 L 1 /
VA VA Jo
The solution yo(¢, A) is bounded. Indeed from the variation of parameters, with

=2,

| .
(e, 3) = cos 1) + 05 4 [ i (o 0) a0t
0

We deduce that yo(t, \) = cos (tu)+0 (%) as p — 00, and 80 sup, > |yo(z, A)| < M.

Since go € L' (0,00) both functions n and m are well defined, and
1 [ 1
A)=1—— in(2ut t)dt —

m =1 o [ sneutaii+o (L),

1 [ . 1
m?(\) +n*(\) =1— ;/0 sin(2ut)qo(t)dt + O <F> .

Going back to o, we have

(3.12) do(\) = = L dvA

w[m”}

:g 1 —1|du
T 11— L[ sin(2ut)g ()dt+0(%>

2 (1[0 (1) )

Thus we have decomposed do as
do(A) = S(p)dp+V(p)dp,

where V € L' (0,00) and S(u) = % J57 sin(2put)qo(t)dt. By the Riemann-Lebesgue
Theorem we clearly have

oo

(3.13) lim cos (2zp) V(p)du = 0.

Tr— 00 0
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The second part can be treated as a composition of the Fourier cosine and sine
transforms [4], p. 4]:

o0 o0 1 o0
(3.14) / cos (2zp) S(p)dp = / cos (2zp) m / sin(2ut)qo(t)dtdp
= / cos (zn) — / sin(nt)qo (t)dtdn.
0 nJo
In order to proceed further we need a result on the Fourier transform.

Lemma 3. Let g € L'(0,00). Then

/O ™ cos () % /O ™ sin(nt)qo (1) dtdy — . /m bt

Proof. Since gy € L*(0,0), the L? theory is not applicable. Nevertheless we have

/ cos(xn)lf sin(nt)qo(t)dtdn
0 nJo

1 oo
= lim cos (xn)ﬁ/ sin(nt)qo (t)dtdn
0

V—00 0

vV—00

oo v 1
= lim qO(t)/ cos (zn) Esin(nt)dndt
0 0

V—00

% lim 000 qo(t) /OV % (sin(n(z +t) + sin(n(t — x)) dndt.

Observe that [ % sin(na)dn converges boundedly to Fsign(a) as v — oo. We can
interchange the order of integration and the limit to obtain

/OOO cos (zn) % /000 sin(nt)qo (t)dtdn

y—»ooon

1 [ Y1 Y1
= 5/ qo(t) lim / p (sin(n(m +t)dn + lim —sin(n(t — x)) dndt
0 v—eeJo

/ sign (z + 1) ao(1)dt + /O " sign (t — ) qo(t)dt

Thus applying Lemma 3 to (B14) yields

oo

(3.15) lim cos (2zp) S(p)du = 0,

Tr—00 0

and combining [BI5) and BI3) yields ([B3), which reduces formula [B37) to

(3.16) /O " do(n)dn — ho < 0.
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Theorem 2 (Schmincke inequality). Assume that qy € L'(0,00). Then by B.10),
formula [2.8) becomes

N
1 [ 1
(3.17) : /0 an(n)n — jhy < ; VA

Proof. Since N > 1, the norming constant in ([Z8), a; > 0 forces the strict inequal-
ity. O

Remark 1. We can start from go(x) = 0, hg = 0, and a pair (o, A1) to construct
q1 € L'(0,00). Since the positive a; can be chosen as small as we like, the constant

i is sharp.

Proposition 2. Assume that ¢ € L'(0,00) and fo t)dt > h. Then the operator

y' (=, >\) ($)y( ) AY,

has at least one negative eigenvalue.

Proof. By fo (t)| dt < oo, the operator

—y"(, ) q(x)y(z, )—Ay,
y/(0,A) — hy(0, \) =

has a continuous spectrum and [0,00) C o. If we use (BIT), then we obtain that
0< Z;-Vzl v/ A; and thus the existence of at least one negative eigenvalue. ([

Remark 2. A similar result has been proved for the Schrédinger operator on the
whole real line in [I3], where the potential ¢ is required to be continuous on R and
tends to 0 as |z| — oo, and in [I4], where the potential ¢ is assumed to satisfy the
Faddeev condition (1 + |z|)g(z) € L'(R).

4. PRODUCT OF EIGENVALUES

In this section we assume additionally that the Faddeev condition holds:

/°°<1+x|q< )| di < oo.
0

From (Z2) we already have

¢ ¢ 2
« t, — Ak

/ Q-1 (n)dn = / qr(n)dn — 2041 + 2 k+1yf(2 1)

0 0 14 agy1 [y Y2 (s, —Ars1)ds
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As yp(z, —Apg1) ~ €2VA+1 another integration leads to

/ / Qe () — ai () dndt

t,—A\
= 20417 + 2/ akJrlyk( k1) dt
0 1+ apr [3y2(s, —Aeg1)ds

x d t
= 20k + 2/ —In (1 + Qg1 / yi(s, _)\kJrl)dS) dt
o dt 0

= —2ap17+21n (1 + Qg1 / y,%(s, )\;H_l)ds)
0

= —2ag4+17 +21n (()ék+1 / yi(s, >\k+1)d5> + 0(1)
0
eZ,/Ak+1z + (1)
— o
2¢/ Akt

2y/A
= (4 Akr1 — 2ak+1> z—2In <k+1> +o(1).
A1

Recasting [2.7) as

= —20g4+17 +21n (ak+1

A/ Npr1 — 20041 = /OOO (qr+1(n) — qx(n)) dn

simplifies the previous integral:

/ " (@) (e () — g(m)) dn

:x/m (@oss (1) — q(m)) d — 21n (—QV Ak“) Lo,
0 k41
21n (72 Y Ak“)

Q41

o0

:/xn(Qk+l(7))*Qk dn+x/ (qr+1(n) — qr(n))dn +o(1).
0

If (1+ x)gn(z) € L'(0,00), then (1 + z)qr(z) € L'(0,00) for any k = 0,1, - - -

and
x/ g2 (7) — )Idné/ N gk () — ae()l i = 0 (1)

Taking the limit as x — oo yields
o 2y/ Akt
/ 1 (qrr1(n) — qx(n)) dn = 21In (7) :
0 Qk+1
Now adding more eigenvalues leads to
Proposition 3. Assume that (1 + z)qy(z) € L*(0,00). Then

o 41_[;'\[:1 Aj
/0 z (qn(z) — qo(x)) dz = In (m) .

J
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