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ABSTRACT. Let G be a locally compact group and H a closed amenable sub-
group of G. We prove that every element in Ap,(H) with compact support
can be extended to an element of A,(G) of which we control the norm and
support. The result is new even for the Fourier algebra. Our approach gives us
new results concerning the operator norm closure of the convolution operators
of G with compact support.

1. INTRODUCTION

Let G be a locally compact group and H a closed subgroup of G. It is well-known
that the restriction of A,(G) to H is precisely A,(H) for every 1 < p < oco. This
deep result was obtained independently by C. Herz in [6] and by J.R. McMullen in
[10]. This extension property from A,(H) to A,(G) is important from the point of
view of harmonic analysis. For instance the subgroup H is a set of p-synthesis in
G if and only if there is a positive real number C such that every u € A,(H) with
compact support has an extension v in A,(G) with compact support and with

lvlla, ) < Cllulla, -

For p # 2 this problem is still open and far from being solved. Nevertheless, Herz (in
the loco citato) solved this question for p = 2 and for any p, assuming H amenable
or normal in G. In this last case, he obtained the p-synthesis of H in a much stronger
form: given an element of compact support u € A,(H), ¢ > 0, and an open subset
U of G with suppu C U N H, there is v € A,(G) with [[v]|la, ) < llulla, @) + &,
Resyv = uw and suppv C U. We are able to obtain Herz’s result for every closed
amenable subgroup of G. However, we have to assume that both groups G and H
are unimodular. Our result is new even for the Fourier algebras A(H) and A(G).
We also construct a net of linear contractions (I'y)aer from A,(H) into A,(G)
such that (Resy o I'y)aer converges to ids (), in the strong operator topology of
Ap(H). This last statement can be interpreted as a substitute of the nonexistence
of liftings of A,(H) into A,(G) ([]).

Received by the editors March 5, 2008.

2000 Mathematics Subject Classification. Primary 43A07, 43A15, 43A22; Secondary 43A32,
43A45, 46J10.

Key words and phrases. Amenable groups, Figa-Talamanca Herz algebra, Fourier algebra,
convolution operators.

(©2008 American Mathematical Society
Reverts to public domain 28 years from publication

1001
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Let cv,(G) be the operator norm closure of all p-convolution operators with
compact support. Recall that cvs(G) is isomorphic to C’g(é) for G abelian. Our
approach to the extension property allows us to show that cv,(H) is a retract of
cv,(G) in the category BAN of Banach spaces (and their isometries). Herz obtained
this result in 1970, assuming G amenable and H normal in G. Moreover, we also
show that cv,(H) is isomorphic to {T' € cv,(G)| suppT C H}, a result that Herz
also obtained assuming H normal in G ([7]).

The material presented in this paper is drawn from a section of the author’s
doctoral thesis [4] written at the EPFL (Ecole Polytechnique Fédérale de Lausanne).
The author wishes to express his deep gratitude to Professor Antoine Derighetti for
kind advice and precious encouragement.

2. DEFINITIONS AND PRELIMINARIES

Let G be a locally compact group, H a closed subgoup of G and 1 < p < oo.
Throughout this paper we will denote with mg (respectively mpy) the left Haar
measure on G (respectively on H). Moreover, we will indicate by £Z(G) the
Banach space (ZZ(G), mg) of all p-integrable functions on G. For every f € CY

and z € G, we also denote f(z) by f(z) and f(z~!) by f(z). We recall that the
Banach algebra A,(G) can be described as follows:

4(G) = {u € C% [ 3((kn)oZy, (ln)ils) € Ap(G),

Z , for every x € G}

A (G) = {((kn)zo_l, (In)p2y)| where (kn)p; is a sequence of % (G) and

p

(In)S2, is a sequence of .Zé’/(G) such that Z N, (kn) Ny (1) < oo} )

n=1

and for every u € A,(H):

M8
=

l[ull 4, (G) == inf{ Ny (ln) [u=">Tn*ln
n=1

with ((kn)zozla (ln)zozl) € AP(G)} .

n=1

Let C'V,(G) be the Banach algebra of p-convolution operators on LP(G). We denote
by PM,(G) the ultraweak closure of all p-convolution operators AL (,u)l deﬁned by
a bounded measure p on G. We recall that, for G amenable, PM,(G) = CV,(G).
Another well-known description of P, (G) is as a dual of A (G) the duahty is

IND (1) (@) = ¢ % (Ac‘;l/”g), where Ag is the modular function of G.
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given by
(W, T) a cypayicy = D AT )]s [ (50)]) 1oy o () Where w = T 8.
n=1 n=1

For every ¢ € ZF(G), we denote by 7,(¢) = Agl/pgb and by [¢] the set all 1 € C¢
such that ¢ = ¢ a.e. We consider (LL(G), || - ||,) as the Banach space of all [p| with
o e ZL(G) and ||¢||p, = Np(¢) where ¢ € [p]. Given f € Cyo(G,C) and & € G/H,
we define

f(zh)

Ty f(3) = —dh,
Z q(zh)

where g(zh) = q(z) A4 (h)Ag(h™1), for every € G and h € H (we refer to [L1]).
For k,l € Cyo(G,C) the relation

(MR

= <T [Tp (ql/p(k *H Tp‘P))} ) [Tp’ (ql/pl (L Tp’w))]>

L2(G),LY (@)

with (kxg1p0)(x) = /k(mh)(Tpgo)(h_l)dh, for every x € G, defines a linear contin-
H

uous map A,(gl) from CV,(G) into CV,(H). We have HA,(fl)H <N Tulkll[, 1 Tw ], -
Moreover, A,(:fl) as a continuous map of PM,(G) into PM,(H) is the dual of a
continuous map <I>§£l) of A,(H) into A,(G). We have

oo , V] o0
q),gq?(u) = Z (q¥P(k ) *a (ql/P (Ixg sn)> where u = ZFn * 8p,
n=1 n=1
and for every x € G, we also have

o4 (u)(z) = / (70 (¢1/7k)) (Tp/ (rl (ql/”/l)))v (R)AZY? (R)u(h)dh.

H

Recall that r, g (h) = r(zh) for every r € C%, x € G and h € H. We also recall that
there is a canonical homomorphism 4 of the Banach algebra C'V,(H) into CV,(G).
Moreover i is the dual of Resy;. In this paper, we always suppose that ¢ = 1, so we

put Agil) = Ak,la @2171) = (ka and TH,I = TH'

3. AN APPROXIMATE THEOREM OF CONVOLUTION OPERATORS
OF A CLOSED SUBGROUP

Lemma 1. Let G be a locally compact unimodular noncompact group, H a closed
amenable subgroup, K a compact subset of H, € > 0 and U a neighborhood of e in
G. Then there exists a symmetric mg-integrable subset V. of G such that V C U,
ma(V) > 0 and such that for every x € K, we have

/ 1y () — Love—s (9)] dy < ema(V).
G
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Proof. We suppose my(K) > 0. Let K’ := K U K2. According to Lemma 2.2 in
[3], there exists a symmetric mg-integrable subset V' of G and an mpg-integrable
subset N of H such that V C U, mg(V) >0, N C K,

(1) 2mp(N) < my(K)
and, for every x € K’ \ N, we have
1>
) [ = v @)l dy < Sma(v),
G

Let M := K'\ N. For every z,y € M we have

/ |1V(€) - 1zy*1Vya:*1 (6)} dé = / |la:Vz*1(§) - lyVy*1(€)| df,
G G
so, by (@) we obtain that for every x € MM ™1,

/ 1y () — Loyva—s (9)] dy < ema (V).
G

It remains to prove that K C MM~!. Given k € K it suffices to verify that
mg((kM)N M) > 0. Since

(kK'YNK' c (K'\ M) U (k(K'\ M))U ((kM)N M),
by recalling that N = K’ \ M and by (), we get
mpy (kK')NK") < mg(K)+mg((kM)NM).
Clearly my (K) < mpy ((kK’) N K'); hence the proof is completed. O

Lemma 2. Let G be a locally compact unimodular noncompact nondiscrete group,
H a closed amenable subgroup, K a compact subset of H, € > 0 and U a neighbor-
hood of e in G.

Then there exists an open symmetric relatively compact neighborhood V' of e in
G such that V C U, mg(V) > 0 and such that for every x € K, we have

/ 1y () — Loya—s (9)| dy < ema (V).
G

Proof. Let Uy be an open symmetric relatively compact neighborhood of e in G
such that Uy C U. By the previous lemma, there is a symmetric mg-integrable
subset of G such that W C Uy, mg (W) > 0 and, for every x € K, we have

€
3) [ 1)~ sl dy < Sma (),
G
Let Z := W U {e}. There exists an open subset U; of G such that Z C U; and

[ 1) = 1wl dy < Sma(m).
G

Let V:=Ui N Ul_1 N Uy. Clearly, V is an open symmetric neighborhood of e in G
with V C U. We have

(4) [ v ) 12l dy < Sm(w)
G
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and
1

mg(V) 4

2
mG(Z) J ‘1V(y) - 1Z(y)|dy+ ma

|1V(y) —lyye— (y)| dy

< W G/ 1w () ~ Lwa ()

The conclusion follows from [B]) and ). O

Lemma 3. Let G be a locally compact unimodular nondiscrete group, H a closed
amenable unimodular subgroup, K a compact subset of G, V an open neighborhood
ofeinG,1<p<ooande>0.

Then there exists U, an open symmetric neighborhood of e in G, relatively com-
pact in G such that U C V and

/ [(T10) ) @) ~ (Tl o) ()| do < eme(©),
K

where w is the canonical map of G onto G/H.

Proof. Let Uy be a compact symmetric neighborhood of e in G with Uy C U. By
the previous lemma, there exists an open symmetric neighborhood of e in G such
that V' C Uy and

(5) /|1Vh(y) — Thv(y)|dy < — ma(V)
G

1—|—mH(KH)’

for every h € Ky, where Ky := (KUyUUyK)N H.
For every =z € K let
A, = {h S H| 1Vh(-75) — 1hv($) 7é 0} .
Taking into account that A, C Ky, we have

/ ‘((THlU) ow) (x) — ((THlU) ow)v (x)’ dr

< [ 1 [ 1vals) - vl dy)a.
H G

Then the conclusion follows from (). O

Lemma 4. Let G be a locally compact group and H a closed subgroup of G. We
suppose that Resy(Ag) = Apg. Then, for 1 < p < oo, f € Coo(H,C),k €
Coo(G,C) and U an open relatively compact neighborhood of e in G, the following
inequality holds:

N, ((F %1 k) (T o) 0 w)™7) < Ny (F)ma (U2 To (KL T ()L
Proof. We have
(6) N1 ((p*m k) (Tualy) o w)) < ma(U)Ny (0)[|Ta ([

and

(7) lo %81 klloo < 10lloo | T (1K) oo
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It suffices to verify that for a step function f on H with N,(f) =1 and for a step
function g on G with N,/ (g) = 1 we have

(8)

/Q(I)(f s k) (@) (Tuly (w(@)"? do| < ma(U) 7P|\ Ty ((R)IZPITa (R

G

Let . .

f= Z |aj|e's lg, and g = Z |bi|et 1,
j=1 1=1

with a1,...,am,b1,...,b, € (0,00), 0 < 0; < 2w, 0<¢; <2m, E,...,E, disjoint
integrable and Fy,...,F, also disjoint integrable sets. For z € B where B =
{z| 2 € C,0 < R(2) <1} we put

fo) = Z | (1P its 1g,,
=1

9o = 2 b e g,
=1
Tyly)ow)l=* pxg k
oy = (Trl) 00 (g 2 )
me(U)

for p € ZE(H), and

F(z) = / (Tt fi2) ()92 () da.
G
Then F is continuous on B and analytic on the interior of B. Moreover F is

bounded on B; more precisely,

[ (Tr1v) llo
FC S it ma(0)

37" max{a |7, 1} max{ "', 1} /(1Ej v k)(2) 15 () d|
G

j=11=1
Letting y € R, we have

N (oo 5 k) (Ter1p) o
1E(iy)| < g6y lloo N1 (Tig) Fian)) = 190 lloo 1 (o Zm)(l(:f()H S W));

on the other hand,

[F(1+ iy)| < I Taviy) fasin oo N1 (904iy) = I atiyn loo N1 (911iy) ) -
Using (@), () and observing that

N (fi) = Ny = 1= Ny (g0000)) = Ny (9)"
and that
l9¢inlloo =1 = I fa+iy)lloos
by the Three Lines Theorem we obtain |F (1 — 1/p)| < HTH(W)”}#)HTH(|k|)||<l>ép/
Then (&) holds. H
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Theorem 1. Let G be a locally compact unimodular group, H a closed amenable
unimodular subgroup of G and m € N. Let 1 < p < 0o, € >0, U a neighborhood of

e in G and ((gon(”)n 1> (wn(]))n 1) € A,(H), for1 <j<m.
Then there exist k,1 € Cy(G) with the following properties:

(i) suppk,suppl C U and [|Apyl| < 1,
(ii) for every S € CV,(H) and j =1,...,m,

S (e isn [] . [])

n=1

Lr(H),L?' (H)

B <S [%(1]')} ’ [w’gj)} >Lp(H) Lo’ (H)’ H|S|H

Proof. If G is compact or discrete, then H is neutral in G, so the theorem is true
([2], Proposition 2, p. 1429). So we suppose G is noncompact and nondiscrete. We
also suppose ¢ < 1. O
There exists for every 1 < j < m and every n € N, T,(Zj), sg) € Coo(H,C) with
. , €

N (SD(J) _ T(J)) < .

p\rn n (4)

3. 2n+2(1 + Np’ (wn ))

and

N, (p9) — s0)) < <
p(¢ S ) 3_2n+2( —|—N( (J)))

We can also find N € N with

> NGO () < &
n=N+1

for every j=1,...,m.
Let Uy be a symmetric compact neighborhood of e in G such that Uy C U. There
exists V', a neighborhood of e in H, such that

. . 5 - : 9
N, (rﬁf) — (rﬁf))h_l) < 51 and N, (sgf) — (555>)h_1) < 51
forevery he V,1<n <N, 1<j<m, where
€
3.2n+2(1+Np(T£Lj)) +Np' (SSLJ)))

Choose k' € Cfy(G) such that suppk’ C Uy, (suppk’ N H) C V,

€1 < min <n<N,1<73<m

/ h)dh = 1,/k’ (xh)dh <1 and /k'(hfc)dh <1 for every z € G.
H H H

So we obtain
Np(r,(f) - ResH(rﬁlj)*Hk’)) < %1 and N, (sﬁf) - ResH(sglj)*Hk’)) < %1
Let U; be a relatively compact neighborhood of e in G such that for every « € Uy,
for every 1 <n < N, and for every 1 < j < m,

Np((rﬁbj)*Hk:’) — Resy (r()« k)) =



1008 CHRISTIAN FIORILLO

and
Np,((sg)*Hk’)LH — ResH(sslj)*Hk')) < %1
By Lemma 3 there exists Us, an open symmetric neighborhood of e in G such
that Uy C UoNU; and

Tyly,(w(z)) — Tyly, (w(z™h)|dz < egme(Us),
/ |

KUy
where
m N
K = U {(Usupp(r,@) (Usupp m)}
j=1 n=1
and
el 5”l
g5 < min ;, 1<n<N,1<j<m
ArT el
nj
with
A, = 2nt3 (1 + ) sy k'Hoo) (1 + N, (s;ﬂ')))
and
By =23 (1 + |89 % k ||Oo) (1 + N, (T@)).
We set
o 1/pk,)v ((f)l/p/k,)v
k":((r)i d l'=s "7 ith = (Tyl
AR an e (Uy)17 wi r=(Tgly,)ow

Then for every 1 <n < N, 1< j <m,

‘<Ak”>l” (i(5)) {T’(Lj)} ’ [Sg)DLg(H),Lg(H)
. . SelllSlN,
B <S [n(bj)} ’ [S"j)} >LP(H) Ly (H)’ : 25 7

Now choose f,g € Cg (G/H) with

1/p +1/p
Np(f— (W)) < &3 and Np/ (g— (W)) < €3

with

. €
g3 << min<g —
{ Cj

1<j<m } where C; = 2° (1 + i]\fp (r,(lj)) Ny (sﬁ)) .

n=1
To finish the proof it suffices to take

L Fow)) L (gow)(K)Y
1+4e¢3 1+4¢3
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4. EXTENSION THEOREM FOR THE FIGA-TALAMANCA HERZ ALGEBRA

Corollary 1. Let G be a locally compact unimodular group, H a closed amenable
unimodular subgroup of G and 1 < p < co. Let u € Ay(H) N Coo(H;C), € >0 and
U an open subset of G. Suppose that suppu C U. Then, there exists v € Ap(G) N
Coo(G; C) with suppv C U, [[vl|la, @) < llulla, ) and [|u — Resgv|la, ) < e

Proof. There are sequences (1,),— 1, (Sn)ypeq 0of Cyo(H;C) with Z Ny (1) Ny (81)

n=1"
n=1

< oo and u = ZF" % &,. By Theorem 1, there exist k,I € Cgf,(G) with suppk,

n=1
suppl C Uy, [|Ak]| <1 and with

> Ara G Fal s 5nl) 1 ) 1 a1y = (S ol 50]) oy 22y | < €IS,

for every S € CV,(H), where U is an open neighborhood of e in G such that
UosuppuU(;ICU. (]

The function @y ;(u) satisfies the required properties.
The main result of this work is the following.

Theorem 2. Let G be a locally compact unimodular group, H a closed amenable
unimodular subgroup of G and 1 < p < oo. Let u € A,(H) N Coo(H;C), e > 0
and U an open subset of G. Suppose that suppu C U. Then, there exists v €
Ap(G) N Coo(G; C) with suppv C U, ||Jv]la, @) < llulla, ) +¢ and Resyv = u.

Proof. Let U’ be an open relatively compact subset of G with suppu C U’ c U’ C
U. We use Corollary 1 to define by induction a sequence (h,)5, of A,(H) N
Coo(H; C) and a sequence (g,,)52, of A,(G) N Coo(G; C) with:

(1) hl = u,
(2) supp (hy,) C U’ N H and supp (g9,) C U’,

(3) Hgn”Ap(G) < th”Ap(H) J

g
(4) IRty (90) = Pl 11y < 57

(5) hnt1 = hn — Resy (gn).-

o0
The function Y g, has the desired properties. (I

n=1
5. APPLICATIONS

Theorem 3. Let G be a locally compact unimodular group, H a closed amenable
unimodular subgroup of G and 1 < p < co. There exists a linear contraction P
from L(LE(G)) to L(LE(H)) with the following properties:
(i) P(T) € CV,(H), for every T € CV,(G);
(ii) P@i(S)) =S, for every S € CV,(H);
(ili) suppP(T') C suppT, for every T € CV,(G).
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Proof. Consider the set .# of all maps F of £ (LE(G)) x LE(H) x Lg(H) into
C, linear in the first two variables and antilinear in the third with |F(T, ¢, )| <
ClITL, el 1], for some C € [0, 00), depending on F'. We put

|1F|l = SHP{IF(T%WI TN, < Lllell, <1090, < 1}7 for every F' € 7,
and for k,1 € Cyy(G;C) we set
Fk,l(T, ®, ¢) = <Ak,l(T)SDa¢>L€(H)7L§'(H) .
We have Fj,; € Z. O

Let A be a finite subset of A,(H), B a finite subset of CV,(H), U an open
neighborhood of e in G and € > 0. Then Theorem 1 implies that the following set
is nonempty:

KaBue = {Fk,l

k,le C&,(G), | F% 1|l < 1,suppk,suppl C U,
S | Feai(S), [rad Tsal) = (STral, Isud 1oy 1o | < &
n=1

n=1

for every (1), (sn)n2y) € A, for every S € B}.

Let FAB,U’E be the closure of K4 py. in # with respect to the topology
o(F,Z (LL(G)) x LE(H) x LY (H)). Choose
Je ﬂ {?A7B7U75 | A a finite subset of A,(H),
B a finite subset of CV,(H),
U an open neighborhood of e in G and ¢ > O}.
The unique map P from £ (L% (G)) to L(LE(H)) with (P(T)e, ¢)LE(H)’L€/(H) =
J(T,p,1) is linear and satisfies (i), (ii) and (iii).

Corollary 2. Let G be a locally compact unimodular group, H a closed amenable
unimodular subgroup of G and 1 < p < co. Then, via i, cv,(H) is isomorphic to
{T € cv,(G) | suppT C H}.

Remark 1. For p = 2 we obtain a proof of a result announced by E. Kaniuth and
A. Lau (8], Lemma 3.2 (ii)).

Corollary 3. Let G be a locally compact unimodular group, H a closed amenable
unimodular subgroup of G and 1 < p < co. Then, cvy(H) is a retract in BAN of
cvp(G).

Corollary 4. Let G be a locally compact unimodular group, H a closed amenable
unimodular subgroup and 1 < p < co. Then there exists a net of morphisms (') ,c;
in BAN from A,(H) into A,(G) with

(111?1[ |[Respy (Fa(u)) — UHAP(H) =0,

for every u € A,(H).
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Proof. On I = {(E,¢)| E a finite subset of A,(H), € > 0}, the relation (E,¢) <
(E’,¢") defined by E/ C FE and ¢’ < ¢ is a filtering partial order. By Theorem 1
the set

D(EvE) = {(I)k,l ‘ kal € C(;B(G)7 Hq)k,lH < ]-v ||R'eSH (q)hl(u)) - u”AP(H) <g,

for every u € E}

is nonempty. Let I be a map of 7 into |J D(E,¢) with I'(E,¢) € D(E,¢) for
(E,e)eT
every (E,e) € T. O

The net I' satisfies the required properties.

Remark 2. If H is metrizable and o-compact, it is possible to replace this net by a
sequence.

Remark 3. If G is a locally compact group and H a closed subgroup of G, then
the restriction map R : B(G) to B(H) need not be surjective when G is amenable,
where B(G) is the Fourier-Stieltjes algebra of G which contains A2(G) = A(G),
the Fourier algebra of G being a closed ideal. For G connected, surjectivity of R is
equivalent to G being a SIN-group (see [I] and [9]).
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