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INCLUSIONS AND COINCIDENCES
FOR MULTIPLE SUMMING MULTILINEAR MAPPINGS

G. BOTELHO, H.-A. BRAUNSS, H. JUNEK, AND D. PELLEGRINO

(Communicated by Nigel J. Kalton)

Abstract. Using complex interpolation we prove new inclusion and coinci-
dence theorems for multiple (fully) summing multilinear and holomorphic map-
pings. Among several other results we show that continuous n-linear forms on
cotype 2 spaces are multiple (2; qk, ..., qk)-summing, where 2k−1 < n ≤ 2k,

q0 = 2 and qk+1 = 2qk
1+qk

for k ≥ 0.

1. Introduction and notation

The essence of the theory of absolutely summing linear operators can be traced
back to Grothendieck’s celebrated Resumé [14] and further fundamental works by
Pietsch [32] and Lindenstrauss and Pe�lczyński [19]. For the linear theory of abso-
lutely summing operators the reader is referred to the excellent monograph [11]. In
1983 Pietsch [33] sketched an n-linear approach to the theory of absolutely sum-
ming operators and since then a vast number of papers has followed this line (e.g.,
[1, 5, 6, 8, 10, 12, 13, 15, 18, 21, 22, 27, 28, 30, 26, 29, 31, 35]). In this direction, mul-
tiple summing (also called fully summing) multilinear mappings were introduced by
Matos [21] and, independently, by Bombal, Pérez-Garćıa and Villanueva [5]. This
class has proved to be one of the most useful and fruitful multilinear generalizations
of the concept of an absolutely summing linear operator. It is worth mentioning
that the bilinear case was first treated in 1985 by Ramanujan and Schock [34]. The
case of holomorphic mappings is treated in [27]. For the theory of multiple (fully)
summing n-linear mappings we refer to [5, 21, 28].

In the following, N denotes the set of all positive integers, E, E1, . . . , En, F denote
Banach spaces over K = R or C. By E′ we mean the topological dual of E and BE′

represents its closed unit ball.
Given n ∈ N, the space of all continuous n-linear mappings from E1 × · · · × En

to F endowed with the sup norm is denoted by L(E1, . . . , En; F ) (L(nE; F ) if E =
E1 = · · · = En and L(E; F ) if n = 1). The space of all continuous n-homogeneous
polynomials with the sup norm will be represented by P(nE; F ). For p ≥ 1, the
vector space of all sequences (xj)∞j=1 in E such that ‖(xj)∞j=1‖p = (

∑∞
j=1 ‖xj‖p)

1
p <

∞ is denoted by �p(E). We represent by �w
p (E) the linear space of the sequences
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(xj)∞j=1 in E such that (ϕ(xj))∞j=1 ∈ �p for every ϕ ∈ E′. The expression

‖(xj)∞j=1‖w,p := sup
ϕ∈BE′

‖(ϕ(xj))∞j=1‖p

defines a norm on �w
p (E). For the corresponding m-dimensional spaces we write �m

p

and �m
p,w instead of �p and �w

p respectively.
Given 1 ≤ qj ≤ p, j = 1, . . . , n, an n-linear mapping T : E1 × · · · × En → F is

multiple (or fully) (p; q1, . . . , qn)-summing if there exists C > 0 such that⎛⎝ m∑
j1,...,jn=1

‖T (x(1)
j1

, . . . , x
(n)
jn

)‖p

⎞⎠1/p

≤ C
n∏

k=1

‖(x(k)
j )m

j=1‖w,qk

for every m ∈ N and every x
(k)
j ∈ Ek, j = 1, ..., m and k = 1, ..., n. The space com-

posed by all multiple (p; q1, .., qn)-summing n-linear mappings from E1 × · · · × En

into F is denoted by Lms(p;q1,...,qn)(E1, . . . , En; F ), and the infimum of the con-
stants C for which the inequality always holds defines a norm ‖ · ‖ms(p;q1,...,qn) on
Lms(p;q1,...,qn)(E1, . . . , En; F ). If q1 = · · · = qn = q, we sometimes write ms(p; q)
instead of ms(p; q, ..., q) and if p = q = q1 = · · · = qn we simply write ms, p instead
of ms(p; p).

An important result due to Bohnenblust and Hille [4] asserts that for each posi-
tive integer n, there is a constant cn so that

(1.1)

⎛⎝ ∞∑
j1,...,jn=1

|A(ej1 , ..., ejn
)|

2n
n+1

⎞⎠
n+1
2n

≤ cn ‖A‖

for all A ∈ L(nc0; K). With a simple reformulation of (1.1) one can obtain the
“coincidence result”

(1.2) L(E1, . . . , En; K) = Lms( 2n
n+1 ;1,...,1)(E1, . . . , En; K)

for every n ≥ 2 and every Banach spaces E1, . . . , En (this result appears in [28]).
As 2n

n+1 −→ 2, it is natural to wonder if multilinear forms are multiple (2; q, . . . , q)-
summing for some q > 1. Surprisingly enough we will show that this is true for
n-linear forms on cotype 2 spaces but with a q depending on n. More precisely, in
Section 2 we will show that

L(E1, . . . , En; K) = Lms(2;qk,...,qk)(E1, . . . , En; K),

whenever E1, . . . , En have cotype 2, 2k−1 < n ≤ 2k, q0 = 2 and qk+1 = 2qk

1+qk
for

k ≥ 0. Using interpolation techniques, intermediate results are also obtained: if
θ ∈ [0, 1], then

L(E1, . . . , En; K) = Lms( 2n
n+θ ,

qk
(qk−1)θ+1 )(E1, . . . , En; K)

for E1, . . . , En, k, n and qk as above. These results will be firstly proved for complex
Banach spaces and the real case will follow by complexification. As far as we know,
this interpolation-complexification argument was first applied to multiple summing
mappings by Pérez-Garćıa [28]. In Section 3 we obtain new inclusions between
spaces of multiple summing multilinear, polynomial and holomorphic mappings.
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2. Coincidence results for multiple summing forms

Recall that a Banach space E has cotype q ≥ 2 if there exists a constant K ≥ 0
such that, no matter how we choose k ∈ N and x1, . . . , xk ∈ E,⎛⎝ k∑

j=1

‖xj‖q

⎞⎠
1
q

≤ K

⎛⎜⎝ 1∫
0

∥∥∥∥∥∥
k∑

j=1

rj(t)xj

∥∥∥∥∥∥
2

dt

⎞⎟⎠
1
2

,

where rj are the Rademacher functions. The infimum of the constants K is denoted
by Cq(E).

Since �2 has cotype 2, a particular case of a result obtained (independently) by
Pérez-Garćıa [28, Teorema 5.2] and Souza [35, Teorema 1.7.3] gives us the following:

Lemma 2.1. For any n-tuple (E1, . . . , En) of Banach spaces we have

L(E1, . . . , En; �2) = Lms(2;1,...,1)(E1, . . . , En; �2).

Another useful and well-known result that will be useful in the next theorem is
the following (the proof is simple, and we omit it):

Lemma 2.2. If m ≥ 1, E1, . . . , Em, F are Banach spaces and

L(E1, . . . , Em; F ) = Lms(p;q)(E1, . . . , Em; F ),

then
L(E1, . . . , En; F ) = Lms(p;q)(E1, . . . , En; F ),

for every 1 ≤ n ≤ m.

Henceforth (qk)∞k=0 will be the sequence of real numbers given by

q0 = 2 and qk+1 =
2qk

1 + qk
for k ≥ 0.

Theorem 2.3. Let n ≥ 1 and let E1, . . . , En be Banach spaces of cotype 2. If k is
the natural number such that 2k−1 < n ≤ 2k, then

L(E1, . . . , En; K) = Lms(2;qk,...,qk)(E1, . . . , En; K).

Proof. First we prove the complex case K = C. We can assume that n = 2k for
some natural k ≥ 0, because otherwise we could choose a natural k such that n < 2k

and extend the n-tuple (E1, . . . , En) to the 2k-tuple (E1, . . . , En, C, . . . , C) and use
Lemma 2.2. We are going to prove the claim by induction over k. For k = 0 there
is nothing left to do. Suppose now that the claim is true for n = 2k. Let us consider
any 2n-linear form T ∈ L(E1, . . . , En, F1, . . . , Fn; C) with spaces Ei, Fj of cotype 2
(2k+1 = 2n). In a first step we are going to show that

(2.1) T ∈ Lms(2;1,...,1,qk,...,qk)(E1, . . . , En, F1, . . . , Fn; C).

For fixed m ≥ 1 and all 1 ≤ r, s ≤ n = 2k let any m-tuples

(x(r)
ir

)m
ir=1 ⊂ Er and (y(s)

js
)m
js=1 ⊂ Fs

be given. For the sake of abbreviation we put

xi =(x(1)
i1

, . . . , x
(n)
in

) for i = (i1, . . . , in) and yj = (y(1)
j1

, . . . , y
(n)
jn

) for j=(j1, . . . , jn).

For fixed yj we define

Tyj
∈ L(E1, . . . , En; C) by Tyj

(x1, . . . , xn) = T (x1, . . . , xn,yj).
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By the induction assumption we have that Tyj
∈ Lms(2,qk,...,qk)(E1, . . . , En; C). Now

define

S ∈ L(E1, . . . , En; �2) by Sx = (T (x,yj)j∈{1,...,m}n , 0, . . .) ∈ �2.

Lemma 2.1 gives that S ∈ Lms(2;1,...,1)(E1, . . . , En; �2), i.e.

(2.2)

(∑
i

‖Sxi‖2

)1/2

≤ c‖S‖ ·
n∏

r=1

‖(x(r)
jr

)m
jr=1‖w,1.

Further, from the induction assumption there is c1 such that ‖T (x, ·)‖ms(2;qk,...,qk) ≤
c1‖T (x, ·)‖ for every x ∈ E1 × · · · × En. So,

‖S‖ = sup
x∈BE1×···×BEn

‖Sx‖2 = sup
x∈BE1×···×BEn

⎛⎝∑
j

|T (x,yj)|2
⎞⎠1/2

≤ c1 sup
x∈BE1×···×BEn

‖T (x, ·)‖
n∏

s=1

‖(y(s)
js

)m
js=1‖w,qk

≤ c1‖T‖
n∏

s=1

‖(y(s)
js

)m
js=1‖w,qk

.

Plugging this into (2.2) we end up with⎛⎝∑
i

∑
j

|T (xi,yj)|2
⎞⎠1/2

=

(∑
i

‖Sxi‖2

)1/2

≤ c2 ·
n∏

r=1

‖(x(r)
jr

)m
jr=1‖w,1 ·

n∏
s=1

‖(y(s)
js

)m
js=1‖w,qk

,

which proves (2.1). By symmetry we also have

(2.3) T ∈ Lms(2;qk,...,qk,1,...,1)(E1, . . . , En, F1, . . . , Fn; C).

We proceed by complex interpolation. It follows from (2.1) and (2.3) that the
2n-linear mappings

Ψ(0)
T : �m

1,w(E1) × · · · × �m
1,w(En) × �m

qk,w(F1) × · · · × �m
qk,w(Fn) → �m2n

2 (C),

Ψ(1)
T : �m

qk,w(E1) × · · · × �m
qk,w(En) × �m

1,w(F1) × · · · × �m
1,w(Fn) → �m2n

2 (C)

given by (
(x(1)

i1
)i1 , . . . , (x

(n)
in

)in
, (y(1)

j1
)j1 , . . . , (y

(n)
jn

)jn

)
�→(

T (x(1)
i1

, . . . , x
(n)
in

, y
(1)
j1

, . . . , y
(n)
jn

)
)m

i1,...,in,j1,...,jn=1

are bounded independently of m by∥∥∥Ψ(0)
T

∥∥∥ ≤ ‖T‖ms(2;1,...,1,qk ,...,qk) := K0 and
∥∥∥Ψ(1)

T

∥∥∥ ≤ ‖T‖ms(2;qk,...,qk,1,...,1) := K1,

respectively. Remember that for any Banach space G and any 1 ≤ s < ∞ there is a
natural linear isometry between �m

s,w(G) and the injective tensor product �m
s ⊗ε G.

Therefore, Ψ(0)
T and Ψ(1)

T can also be considered as mappings on the Cartesian
product of the associated tensor products with the same operator norm. Using
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complex multilinear interpolation [2, Theorem 4.4.1] for θ = 1/2, we obtain a 2n-
multilinear operator

Ψ(1/2)
T :

[
�m
1 ⊗ε E1, �

m
qk

⊗ε E1

]
1/2

× · · · ×
[
�m
qk

⊗ε F1, �
m
1 ⊗ε F1

]
1/2

× · · ·

→
[
�m2n

2 (C), �m2n

2 (C)
]
1/2

with ‖Ψ(1/2)
T ‖ ≤ K

1/2
0 K

1/2
1 . Now the interpolation result due to Defant and Michels

[9] for ε-tensor products comes into play. Since �q is q-concave for 1 ≤ q ≤ 2, we
conclude by [9, Theorem, p. 441] (which is an extension of a classical result due to
Kouba [17, Theorem 4.2.11]) that

[�m
1 ⊗εG, �m

q ⊗εG]1/2 = [�m
1 , �m

q ]1/2⊗εG = �m
p ⊗εG

with isomorphism constants not depending on m, provided that G has cotype 2,
1 ≤ q ≤ 2 and 1

p = 1/2
1 + 1/2

q . So, Ψ(1/2)
T can also be considered as a map

Ψ(1/2)
T : �m

qk+1
⊗ε E1 × · · · × �m

qk+1
⊗ε Fn → �m2n

2

with ‖Ψ(1/2)
T ‖ ≤ c3 · K

1/2
0 K

1/2
1 for some constant c3 not depending on m and

1
qk+1

= 1/2
1 + 1/2

qk
, i.e. qk+1 = 2qk

qk+1 . In terms of T this means that⎛⎝∑
i

∑
j

|T (xi,yj)|2
⎞⎠1/2

≤ c4 ·
n∏

r=1

‖(x(r)
jr

)m
jr=1‖w,qk+1 ·

n∏
s=1

‖(y(s)
js

)m
js=1‖w,qk+1

with some constant c4 not depending on m, and so the complex case is done. To
prove the real case we proceed by complexification. Given real Banach spaces
E1, . . . , En of cotype 2 and T ∈ L(E1, . . . , En; R), by Ẽ1, . . . , Ẽn we mean their
respective complexifications (see [23, 24]) and by T̃ ∈ L(Ẽ1, . . . , Ẽn; C) the exten-
sion of T according to [3, Theorem 3]. By [28, Proposición 4.30(ii)] we know that
Ẽ1, . . . , Ẽn have cotype 2, so the first part of the proof yields that T̃ is multiple
(2; qk, . . . , qk)-summing. It follows from (an easy adaptation of) [28, Proposición
4.30(i)] that T is multiple (2; qk, . . . , qk)-summing as well. �

Now we obtain a scale of coincidences from (1.2) to Theorem 2.3:

Theorem 2.4. Let n ≥ 1 and let E1, . . . , En be Banach spaces of cotype 2. If k is
the natural number such that 2k−1 < n ≤ 2k, then

L(E1, . . . , En; K) = Lms( 2n
n+θ ;

qk
(qk−1)θ+1 )(E1, . . . , En; K)

for every θ ∈ [0, 1].

Proof. By (1.2) and Theorem 2.3 we know that

L(E1, . . . , En; C) = Lms( 2n
n+1 ;1,1,...,1)(E1, . . . , En; C) and

L(E1, . . . , En; C) = Lms(2;qk,...,qk)(E1, . . . , En; C).

Since
1
2n

n+θ

=
1 − θ

2
+

θ
2n

n+1

and
1
qk

(qk−1)θ+1

=
1 − θ

qk
+

θ

1
,

the same interpolation-complexification argument furnishes the result. �
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3. Inclusion results

Given 1 ≤ p ≤ q < ∞, it is well known that absolutely p-summing linear
operators are absolutely q-summing. For multiple summing mappings, Pérez-Garćıa
[28, Teorema 4.13] has shown that Lms,p(E1, . . . , En; F ) ⊆ Lms,q(E1, . . . , En; F )
whenever 1 ≤ p ≤ q < 2 (1 ≤ p ≤ q ≤ 2 if E1, . . . , En have cotype 2). However,
in [28, Teorema 4.13] it is also shown that there is no general inclusion theorem
for multiple summing multilinear mappings. Some surprising inclusion results for
absolutely summing polynomials and holomorphic mappings were recently obtained
in [16]. In this section we obtain new inclusions for multiple summing multilinear
mappings, polynomials and holomorphic mappings.

A result obtained independently by Pérez-Garćıa [28, Teorema 5.2] and Souza
[35, Teorema 1.7.3] asserts that if F has finite cotype q, then

(3.1) Lms(q;1)(nE; F ) = L(nE; F ) and ‖·‖ms(q;1) ≤ Cq(F )n ‖·‖ .

Next we will show how (3.1) can be explored in order to obtain surprising inclusion
results. For the complexification argument to work we need the following extension
of [28, Proposición 4.30(ii)]:

Lemma 3.1. A real Banach space E has cotype q > 2 if and only if its complexi-
fication Ẽ has cotype q > 2. Also, if E has cotype 2, then Ẽ has cotype 2.

Proof. The cotype 2 case is done in [28, Proposición 4.30(ii)]. Assume q > 2. A
celebrated result due to Talagrand [36] asserts that a Banach space E has cotype
q if and only if idE is absolutely (q; 1)-summing. So, from the linear case of [28,
Proposición 4.30(ii)] we have that

E has cotype q ⇔ idE is (q; 1)-summing

⇔ idẼ is (q; 1)-summing ⇔ Ẽ has cotype q.

�

Remember that whenever we write ms(r; s) we are assuming 1 ≤ s ≤ r.

Theorem 3.2. If E1, . . . , En have cotype 2, F has finite cotype q and 1 ≤ s ≤ 2,
then

Lms(r;s)(E1, . . . , En; F ) ⊆ Lms(t1;t2)(E1, . . . , En; F )

for every n ∈ N, 0 ≤ θ ≤ 1 and t1, t2 satisfying

1
t1

=
1 − θ

r
+

θ

q
and

1
t2

=
1 − θ

s
+ θ.

Moreover, if T ∈ Lms(r;s)(E1, . . . , En; F ), then

(3.2) ‖T‖ms(t1;t2)
≤ 16n (C2(E1) · · ·C2(En))

5
2 Cq(F )nθ ‖T‖(1−θ)

ms(r;s) ‖T‖θ .

Proof. As before, using [28, Proposición 4.30(ii)] and Lemma 3.1, the real case
follows from the complex case. Assume K = C.

Claim. Under the assumptions of the theorem, if T ∈ Lms(r;s)(E1, . . . , En; F ) ∩
Lms(p;h)(E1, . . . , En; F ) for some 1 ≤ h ≤ 2, then T ∈ Lms(t1;t2)(E1, . . . , En; F ) and

‖T‖ms(t1;t2)
≤ 16n (C2(E1) · · ·C2(En))

5
2 ‖T‖1−θ

ms(r;s) ‖T‖θ
ms(p;h) ,
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where θ ∈ [0, 1] and t1, t2 satisfy

(3.3)
1
t1

=
1 − θ

r
+

θ

p
and

1
t2

=
1 − θ

s
+

θ

h
.

Proof of the claim: We proceed by complex interpolation. For each positive integer
m the map T induces natural (uniformly) bounded n-linear mappings

Ψ(a)
T : �m

s,w(E1) × · · · × �m
s,w(En) → �mn

r (F ) and

Ψ(b)
T : �m

h,w(E1) × · · · × �m
h,w(En) → �mn

p (F ).

Applying the complex interpolation method [2, Theorem 4.4.1] to these n-linear
operators we get an n-linear mapping

Ψ(θ)
T :

[
�m
s,w(E1), �m

h,w(E1)
]
θ
× · · · ×

[
�m
s,w(En), �m

h,w(En)
]
θ
→

[
�mn

r (F ), �mn

p (F )
]
θ

with
∥∥∥Ψ(θ)

T

∥∥∥ ≤
∥∥∥Ψ(a)

T

∥∥∥1−θ ∥∥∥Ψ(b)
T

∥∥∥θ

. By [2, Theorem 5.1.2] we have the isometry[
�mn

r (F ), �mn

p (F )
]

θ
= �mn

t1 (F ),

with t1 as in (3.3). Using the natural isometric identification �m
s,w(Ek) = �m

s ⊗εEk,
k = 1, . . . , n, as a particular case of [9, Lemma 2 and Proposition 8] (remember that
�s and �h are 2-concave with constant 1 because s, h ∈ [1, 2]), we obtain natural
isomorphisms

Jk : �m
t2,w(Ek) →

[
�m
s,w(Ek), �m

h,w(Ek)
]
θ

with t2 as in (3.3) and ‖Jk‖ ≤ 16C2(Ek)
5
2 . Up to these isomorphisms the mapping

Ψ(θ)
T can be identified with the multilinear mapping

ΨT : �m
t2,w(E1) × · · · × �m

t2,w(En) → �mn

t1 (F ),

ΨT

(
(x(1)

j )m
j=1, . . . , (x

(n)
j )m

j=1

)
=

(
T (x(1)

j1
, . . . , x

(n)
jn

)
)m

j1,...,jn=1

for all sequences (x(k)
j )m

j=1 in �m
t2,w(Ek) =

[
�m
s,w(Ek), �m

h,w(Ek)
]

θ
, 1 ≤ k ≤ n. This

gives us that T ∈ Lms(t1;t2)(E1, . . . , En; F ) and

‖T‖ms(t1,t2)
≤ ‖J1‖ · · · ‖Jn‖

∥∥∥Ψ(θ)
T

∥∥∥ ≤ 16n (C2(E1) · · ·C2(En))
5
2

∥∥∥Ψ(a)
T

∥∥∥1−θ ∥∥∥Ψ(b)
T

∥∥∥θ

≤ 16n (C2(E1) · · ·C2(En))
5
2 ‖T‖1−θ

ms(r;s) ‖T‖θ
ms(p;h) ,

which proves the claim.

To get the result just make p = q and h = 1 in the claim and call on (3.1). �
Remark 3.3. Theorem 3.2 is interesting for r ≥ q. The case r < q is trivial.

Example 3.4. Under the hypotheses of Theorem 3.2 we have

Lms(r;s)(nE; F ) ⊆ Lms( qr
(1−θ)q+θr ; s

(1−θ)+θs )(nE; F ),

which can be regarded as a multilinear version (under certain additional hypotheses)
of [11, Theorem 10.4]. For instance, making r = 4, s = 2, q = 3, θ = 1/2, E = �2
and F = �3, we obtain

Lms(4;2)(n�2; �3) ⊆ Lms( 24
7 ; 43 )(

n�2; �3)

for every positive integer n.
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We finish the paper by showing how Theorem 3.2 can be applied to multiple
summing homogeneous polynomials and holomorphic mappings.

Recall that an n-homogeneous polynomial P : E → F is multiple (or fully) (r; s)-
summing (in symbols P ∈ Pms(r;s)(nE; F )) if its associated symmetric n-linear map-

ping
∨
P is multiple (r; s)-summing. A natural norm on Pms(r;s)(nE; F ) is given by

‖P‖ms(r;s) = ‖
∨
P‖ms(r;s). It is well known [27, Theorem 4.3] that (Pms(p;q), ‖·‖ms(p;q))

is a (global) holomorphy type (for the definition and further details on global holo-
morphy types the reader is referred to [7]).

From Theorem 3.2 and the estimate ‖
∨
P‖ ≤ en ‖P‖ we obtain:

Proposition 3.5. If E has cotype 2, F has finite cotype q, and 1 ≤ s ≤ 2, then

(3.4) Pms(r;s)(nE; F ) ⊆ Pms(t1;t2)(
nE; F )

for every 0 ≤ θ ≤ 1 and t1, t2 satisfying
1
t1

=
1 − θ

r
+

θ

q
and

1
t2

=
1 − θ

s
+ θ.

Moreover, if P ∈ Pms(r,s)(nE; F ), then

(3.5) ‖P‖ms(t1,t2)
≤ (16eθ)nC2(E)

5n
2 Cq(F )nθ ‖P‖(1−θ)

ms(r,s) ‖P‖θ .

Definition 3.6. An entire mapping f : E → F is said to be of ms(p; q)-holomorphy
type at a ∈ E (in the sense of Nachbin [25]) if

(a) 1
n! d̂

nf(a) ∈ Pms(p;q)(nE; F ) and
(b) there exist C1 ≥ 0 and c1 ≥ 0 such that∥∥∥∥ 1

n!
d̂nf(a)

∥∥∥∥
ms(p;q)

≤ C1c
n
1

for every positive integer n. If f is of ms(p; q)-holomorphy type at every a ∈ E,
we say that f is of ms(p; q)-holomorphy type and we write f ∈ Hms(p;q)(E; F ). The
following inclusion follows immediately from [28, Teorema 4.13]:

Proposition 3.7. If 1 ≤ p < q < 2 and E, F are complex Banach spaces, then
Hms,p(E; F ) ⊆ Hms,q(E; F ).

To holomorphic mappings of ms(p; q)-holomorphy type we have the following
extension of Proposition 3.5:

Proposition 3.8. Let E, F be complex Banach spaces. If E has cotype 2, F has
finite cotype q, and 1 ≤ s ≤ 2, then

Hms(r;s)(E; F ) ⊆ Hms(t1;t2)(E; F )

for every 0 ≤ θ ≤ 1 and t1, t2 satisfying
1
t1

=
1 − θ

r
+

θ

q
and

1
t2

=
1 − θ

s
+ θ.

Proof. Let f ∈ Hms(r;s)(E; F ) and a ∈ E. Then 1
n! d̂

nf(a) ∈ Pms(r;s)(nE; F ) and
there are positive constants C1, c1, C and c so that∥∥∥∥ 1

n!
d̂nf(a)

∥∥∥∥ ≤ C1c
n
1 and

∥∥∥∥ 1
n!

d̂nf(a)
∥∥∥∥

ms(r;s)

≤ Ccn
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for all n. From (3.4) we conclude that 1
n! d̂

nf(a) ∈ Pms(t1;t2)(
nE; F ), and from (3.5)

we get∥∥∥∥ 1
n!

d̂nf(a)
∥∥∥∥

ms(t1;t2)

≤ (16eθ)nC2(E)
5n
2 Cq(F )nθ

∥∥∥∥ 1
n!

d̂nf(a)
∥∥∥∥(1−θ)

ms(r;s)

∥∥∥∥ 1
n!

d̂nf(a)
∥∥∥∥θ

≤
(
16eθC2(E)

5
2 Cq(F )θ

)n

(Ccn)1−θ (C1c
n
1 )θ

= C1−θCθ
1

(
16eθC2(E)

5
2 Cq(F )θcθ

1c
1−θ

)n

,

which shows that f ∈ Hms(t1;t2)(E; F ). �
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[5] F. Bombal, D. Pérez-Garćıa and I. Villanueva, Multilinear extensions of Grothendieck’s the-
orem, Quart. J. Math. 55 (2004), 441-450. MR2104683 (2005i:47032)

[6] G. Botelho, Cotype and absolutely summing multilinear mappings and homogeneous poly-
nomials, Proc. Roy. Irish Acad. Sect. A 97 (1997), 145-153. MR1645283 (99i:46006)

[7] G. Botelho, H.-A. Braunss, H. Junek and D. Pellegrino, Holomorphy types and ideals of
multilinear mappings, Studia Math. 177 (2006), 43-65. MR2283707 (2008a:46046)

[8] G. Botelho and D. Pellegrino, Scalar-valued dominated polynomials on Banach spaces, Proc.
Amer. Math. Soc. 134 (2006), 1743-1751. MR2204287 (2006i:46063)

[9] A. Defant and C. Michels, A complex interpolation formula for tensor products of vector-
valued Banach function spaces, Arch. Math. 74 (2000), 441-451. MR1753543 (2001d:46103)
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[15] H. Jarchow, C. Palazuelos, D. Pérez-Garćıa and I. Villanueva, Hahn-Banach extension of

multilinear forms and summability, J. Math. Anal. Appl. 336 (2007), 1161-1177. MR2353008
[16] H. Junek, M. C. Matos and D. Pellegrino, Inclusion theorems for absolutely summing holo-

morphic mappings, Proc. Amer. Math. Soc. 136 (2008), 3983-3991.
[17] O. Kouba, On the interpolation of injective or projective tensor products of Banach spaces,

J. Funct. Anal. 96 (1991), 38-61. MR1093506 (92e:46147)
[18] K. Lermer, The Grothendieck-Pietsch domination principle for nonlinear summing integral

operators, Studia Math. 129 (1998), 97-112. MR1608150 (99k:47178)
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[24] G. Muñoz, Complexifications of polynomials and multilinear maps on real Banach spaces,

Lecture Notes in Pure and Appl. Math, 213, Marcel Dekker, 2000, 389-406. MR1772140
(2001f:46070)

[25] L. Nachbin, Topology on spaces of holomorphic mappings, Springer-Verlag, New York, 1969.
MR0254579 (40:7787)

[26] D. Pellegrino, Cotype and absolutely summing homogeneous polynomials in Lp spaces, Studia
Math. 157 (2003), 121-131. MR1980709 (2004f:46019)

[27] D. Pellegrino and M. L. V. Souza, Fully summing multilinear and holomorphic mappings
into Hilbert spaces, Math. Nachr. 278 (2005), 877-887. MR2141964 (2005m:46072)
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PB, Brazil

E-mail address: pellegrino.math@gmail.com

http://www.ams.org/mathscinet-getitem?mr=1995136
http://www.ams.org/mathscinet-getitem?mr=1995136
http://www.ams.org/mathscinet-getitem?mr=2282489
http://www.ams.org/mathscinet-getitem?mr=2282489
http://www.ams.org/mathscinet-getitem?mr=1688213
http://www.ams.org/mathscinet-getitem?mr=1688213
http://www.ams.org/mathscinet-getitem?mr=1772140
http://www.ams.org/mathscinet-getitem?mr=1772140
http://www.ams.org/mathscinet-getitem?mr=0254579
http://www.ams.org/mathscinet-getitem?mr=0254579
http://www.ams.org/mathscinet-getitem?mr=1980709
http://www.ams.org/mathscinet-getitem?mr=1980709
http://www.ams.org/mathscinet-getitem?mr=2141964
http://www.ams.org/mathscinet-getitem?mr=2141964
http://www.ams.org/mathscinet-getitem?mr=2110152
http://www.ams.org/mathscinet-getitem?mr=2110152
http://www.ams.org/mathscinet-getitem?mr=2000141
http://www.ams.org/mathscinet-getitem?mr=2000141
http://www.ams.org/mathscinet-getitem?mr=2056549
http://www.ams.org/mathscinet-getitem?mr=2056549
http://www.ams.org/mathscinet-getitem?mr=0216328
http://www.ams.org/mathscinet-getitem?mr=0216328
http://www.ams.org/mathscinet-getitem?mr=763541
http://www.ams.org/mathscinet-getitem?mr=826681
http://www.ams.org/mathscinet-getitem?mr=826681
http://www.ams.org/mathscinet-getitem?mr=1189490
http://www.ams.org/mathscinet-getitem?mr=1189490

	1. Introduction and notation
	2. Coincidence results for multiple summing forms
	3. Inclusion results
	Acknowledgement
	References

