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A LARGE FAMILY OF PSEUDORANDOM BINARY LATTICES

HUANING LIU

(Communicated by Wen-Ching Winnie Li)

Abstract. Recently P. Hubert, C. Mauduit and A. Sárközy introduced and
studied the notion of pseudorandomness of binary lattices and gave a pseu-
dorandom binary lattice. Later in other papers C. Mauduit and A. Sárközy
constructed some large families of “good” binary lattices. In this paper a large
family of pseudorandom binary lattices is presented by using the multiplicative
inverse and the quadratic character of finite fields.

1. Introduction and results

Pseudorandom binary sequences play an important role in cryptography, so in
a series of papers a new constructive approach has been developed to study the
pseudorandomness of the binary sequences

EN = (e1, e2, · · · , eN ) ∈ {−1, +1}N
.

Measures of pseudorandomness were introduced by C. Mauduit and A. Sárközy
[17], and properties of the measures have been studied in [1], [2] and [18]. Later
many pseudorandom binary sequences were given and studied (see [3], [4], [6], [7],
[8], [9], [11], [12], [13], [15], [16], [19], and [23]). For example, let p be an odd
prime, e

(1)
n =

(
n
p

)
, and E

(1)
p−1 =

(
e
(1)
1 , e

(1)
2 , · · · , e

(1)
p−1

)
. C. Mauduit and A. Sárközy

[17] proved that E
(1)
p−1 forms a good pseudorandom binary sequence. Let n be the

multiplicative inverse of n modulo p such that 1 ≤ n ≤ p − 1 and nn ≡ 1(modp).
Denote e

(2)
n = (−1)n+n

(
n
p

)
and E

(2)
p−1 =

(
e
(2)
1 , e

(2)
2 , · · · , e

(2)
p−1

)
. The author [12]

studied the pseudorandomness of E
(2)
p−1. Moreover, let f(x), g(x) ∈ Fp[x], and

e(3)
n =

{ (
f(n)

p

)
, if (f(n), p) = 1,

+1, if p | f(n),

e(4)
n =

{
(−1)Rp(f(n))+f(n), if (f(n), p) = 1,
+1, if p | f(n),
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e(5)
n =

{
(−1)Rp(g(n))+f(n), if (f(n), p) = 1,
+1, if p | f(n),

where Rp(x) denotes the unique r ∈ {0, 1, · · · , p − 1} with x ≡ r(modp). Define

E(3)
p =

(
e
(3)
1 , e

(3)
2 , · · · , e(3)

p

)
,

E(4)
p =

(
e
(4)
1 , e

(4)
2 , · · · , e(4)

p

)
,

E(5)
p =

(
e
(5)
1 , e

(5)
2 , · · · , e(5)

p

)
.

The pseudorandomness of E
(3)
p , E

(4)
p and E

(5)
p was studied in [7], [15] and [14],

respectively.
P. Hubert, C. Mauduit and A. Sárközy [10] extended this constructive the-

ory of pseudorandomness to several dimensions. Let In
N denote the set of the

n-dimensional vectors all of whose coordinates are selected from the set {0, 1, · · · ,
N − 1}:

In
N = {x = (x1, · · · , xn) : x1, · · · , xn ∈ {0, 1, · · · , N − 1}} .

A function of the type η(x) : In
N → {−1, +1} is called an n-dimensional binary

N -lattice or briefly a binary lattice. If k ∈ N, and ui (i = 1, · · · , n) denotes the
n-dimensional unit vector whose i-th coordinate is 1 and the other coordinates are
0, then write

Qk(η) = max
B,d1,··· ,dk,T

∣∣∣∣∣∣
t1∑

j1=0

· · ·
tn∑

jn=0

η (j1b1u1 + · · · + jnbnun + d1)

× · · · × η (j1b1u1 + · · · + jnbnun + dk)| ,

where the maximum is taken over all n-dimensional vectors B = (b1, · · · , bn),
d1, · · · ,dk, T = (t1, · · · , tn) whose coordinates are nonnegative integers, b1, · · · , bn

are nonzero, d1, · · · ,dk are distinct, and all the points j1b1u1+· · ·+jnbnun+di oc-
curring in the multiple sum belong to the n-dimensional N -lattice In

N . Then Qk(η)
is called the pseudorandom measure of order k of η. An n-dimensional binary N -
lattice η is considered as a “good” pseudorandom binary lattice if Qk(η) is “small”
in terms of N for small k. P. Hubert, C. Mauduit and A. Sárközy [10] proved
that this terminology is justified since for a fixed k ∈ N and for a truly random
n-dimensional binary N -lattice η(x), we have Nn/2 � Qk(η) � Nn/2 (log Nn)1/2

with probability > 1 − ε.
Let p be an odd prime, n ∈ N, q = pn, and denote the quadratic character of Fq

by γ. Let v1, · · · , vn be linearly independent elements of Fq over Fp. Assume that
f(x) ∈ Fq[x] with 0 < deg(f) < p, f(x) has no multiple zero in Fq, and define

η1(x) = η1 ((x1, · · · , xn))

=
{

γ(f(x1v1 + · · · + xnvn)), for f(x1v1 + · · · + xnvn) �= 0,
1, for f(x1v1 + · · · + xnvn) = 0.

For k = 2 or 4n(deg(f)+k) < p, C. Mauduit and A. Sárközy [20] proved that

Qk(η1) < k deg(f)
(
q1/2 (log p + 1)n + 2

)
.
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Moreover, define the boxes B∗
1 , B∗

2 , · · · , B∗
n by

B∗
1 =

{
n∑

i=1

uivi : 0 ≤ u1 ≤ p − 3
2

, u2, · · · , un ∈ Fp

}
,

B∗
j =

{
n∑

i=1

uivi : u1 = · · · = uj−1 =
p − 1

2
, 0 ≤ uj ≤ p − 3

2
, uj+1, · · · , un ∈ Fp

}

for j = 2, · · · , n, and write B∗ =
⋃n

j=1 B∗
j . Define

η2(x) = η2 ((x1, · · · , xn))

=
{

+1, if f(x1v1 + · · · + xnvn) �= 0 and f(x1v1 + · · · + xnvn)−1 ∈ B,
−1, otherwise.

For 0 < k, deg(f) < p, k + deg(f) ≤ p + 1 and k deg(f) < q
2 , C. Mauduit and

A. Sárközy [21] showed that

Qk(η2) <
(
2k+3 + 1

)
k deg(f)nkq1/2 (log p + 2)n+k .

Now we give a family of pseudorandom binary lattices. Define the boxes B1, B2,
· · · , Bn by

B1 =

{
n∑

i=1

uivi : 1 ≤ u1 ≤ p − 1, 2 | u1, and u2, · · · , un ∈ Fp

}
,

Bj =

{
n∑

i=1

uivi : u1 = · · ·=uj−1 =0, 1≤uj ≤p − 1, 2 | uj , and uj+1, · · · , un∈Fp

}

for j = 2, · · · , n, and write B =
⋃n

j=1 Bj . For f, g, h ∈ Fq[x], denote the mapping
η(x) : In

p → {−1, +1} by

η(x) = η ((x1, · · · , xn)) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

+1, if g(x1v1 + · · · + xnvn)h(x1v1 + · · · + xnvn)=0,
γ(h(x1v1 + · · · + xnvn)), if g(x1v1 + · · · + xnvn)h(x1v1 + · · · + xnvn) �=0,

f(x1v1 + · · · + xnvn) ∈ B, g(x1v1 + · · · + xnvn)−1∈B,
or f(x1v1 + · · · + xnvn) �∈B, g(x1v1 + · · · + xnvn)−1 �∈B,

−γ(h(x1v1 + · · · + xnvn)), if g(x1v1 + · · · + xnvn)h(x1v1 + · · · + xnvn) �=0,
f(x1v1 + · · · + xnvn)∈B, g(x1v1 + · · · + xnvn)−1 �∈B,

or f(x1v1 + · · · + xnvn) �∈B, g(x1v1 + · · · + xnvn)−1 ∈ B.

We shall prove the following:

Theorem 1.1. If p, q, n, B and η are defined as above, k ∈ N, and one of the
following conditions holds:

(i) g(x) has no multiple zero in Fq, and 0 < k, deg(g) < p, k + deg(g) ≤ p + 1,
k deg(g) < q

2 ;
(ii) h(x) has no multiple zero in Fq, 0 < deg(h) < p, and k = 2 or 4n(deg(h)+k)

< p,
then we have

Qk(η) < 22k+1n2k (deg(f) + k deg(g) + k deg(h)) q
1
2 (log p + 2)n+2k .

Taking f = 1 and g = 1 in our construction, we have η = η1. Furthermore,
E

(1)
p−1, E

(2)
p−1, E

(3)
p , E

(4)
p , E

(5)
p can be considered as special cases of our construction

for n = 1.
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2. Some lemmas

To prove Theorem 1.1, we need the following lemmas.

Lemma 2.1. Let Fq be a finite field of characteristic p, and let ψ be a nontrivial
additive character and χ a multiplicative character on Fq of order d. For two
rational functions f, g ∈ Fq[x], define K(ψ, f ; χ, g) =

∑
x∈Fq\S

ψ(f(x))χ(g(x)), where

S is the set of poles of f and g. If one of the following conditions holds:
(i) f(x) is not of the form (A(x))p−A(x) with a rational function A(x) over Fq,
(ii) g(x) has no multiple zero in Fq and is not of a d-th power,

then we have
|K(ψ, f ; χ, g)| ≤ (deg(f) + l − 1) q1/2,

where l is the number of distinct and (noninfinite) poles of g in Fq.

Proof. See [22] or [5]. �

Lemma 2.2. Suppose that q = pn, ψ is a nontrivial additive character of Fq, χ
is a multiplicative character on Fq of order d, v1, · · · , vn are linearly independent
over the prime field of Fq, and B = {

∑n
i=1 jivi : 0 ≤ ji ≤ ti for i = 1, 2, · · · , n}.

For rational functions Q/R, g ∈ Fq[x], if one of the following conditions holds:
(i) R(x) � Q(x) and there is no polynomial L(x) ∈ Fq[x] such that (L(x))p | R(x)

and deg(L(x)) > 0,
(ii) g(x) has no multiple zero in Fq and is not of a d-th power,

then we have∑
z∈B

R(z) �=0

ψ

(
Q(z)
R(z)

)
χ(g(z)) < (max(deg(Q), deg(R)) + l) q1/2 (log p + 2)n ,

where l is the number of distinct and (noninfinite) poles of g in Fq.

Proof. This lemma can be deduced from Lemma 2.1 in the same way as Lemma
4 is derived from Lemma 3 in [21] with slight modifications. For completeness we
give a detailed proof. It is not hard to show that∣∣∣∣∣∣∣∣∣

∑
z∈B

R(z) �=0

ψ

(
Q(z)
R(z)

)
χ(g(z))

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
∑

m∈Fq

R(m) �=0

ψ

(
Q(m)
R(m)

)
χ(g(m))

∑
b∈B

1
q

∑
h∈Fq

ψ (h(m − b))

∣∣∣∣∣∣∣∣∣
(2.1)

≤ 1
q

∑
h∈Fq

∣∣∣∣∣∣∣∣∣
∑

m∈Fq

R(m) �=0

ψ

(
Q(m) + hmR(m)

R(m)

)
χ(g(m))

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣
∑
b∈B

ψ(hb)

∣∣∣∣∣∣ .

Assume that there are polynomials K, L ∈ Fq[x] with (K, L) = 1 and

Q(m) + hmR(m)
R(m)

=
(

k(m)
L(m)

)p

− k(m)
L(m)

.

Then

(Q(m) + hmR(m)) (L(m))p = K(m)R(m)
(
(K(m))p−1 − (L(m))p−1

)
.
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Since R(m) | (Q(m) + hmR(m)) (L(m))p and R(m) � Q(m), we get deg(L(m)) >
0. On the other hand, from (L(m))p | K(m)R(m)

(
(K(m))p−1 − (L(m))p−1

)
and

(K(m), L(m)) = 1 we have (L(m))p | R(m), which contradicts Condition (i). That
is to say, if R(x) � Q(x) and there is no polynomial L(x) ∈ Fq[x] such that (L(x))p |
R(x) and deg(L(x)) > 0, then Q(x)/R(x) is not of the form (A(x))p −A(x) with a
rational function A(x) over Fq. So from Lemma 2.1 we have

(2.2)

∣∣∣∣∣∣∣∣∣
∑

m∈Fq

R(m) �=0

ψ

(
Q(m) + hmR(m)

R(m)

)
χ(g(m))

∣∣∣∣∣∣∣∣∣
≤ (max(deg(Q), deg(R)) + l) q1/2.

On the other hand, from (3.21) of [21] we have

(2.3)
∑
h∈Fq

∣∣∣∣∣∣
∑
b∈B

ψ(hb)

∣∣∣∣∣∣ < q (log p + 2)n
.

Now combining (2.1)-(2.3) we immediately get the following lemma. �

Lemma 2.3. Let q = pn and Fq be a finite field, s1, · · · , sm be nonzero elements
of Fq, y1, · · · , ym be distinct elements of Fq, g(x) ∈ Fq[x]. Define

Q(x) =
m∑

i=1

si

∏
1≤j≤m

j �=i

g(x + yj) with g(x + y1) · · · g(x + ym) �= 0.

If g(x) has no multiple zero in Fq and 0 < m, deg(g) < p, m + deg(g) ≤ p + 1,
m deg(g) < q

2 , then Q(x) is not the 0 polynomial.

Proof. This is Lemma 1 of [21]. �

Lemma 2.4. Let q = pn and Fq be a finite field, z1, · · · , zk be distinct elements
of Fq, h(x) ∈ Fq[x] with h(x) = ah1(x), where a ∈ Fq and h1(x) is a monic
polynomial. Define H(x) = h1(x + z1) · · ·h1(x + zk). If h(x) has no multiple zero
in Fq, 0 < deg(h) < p, and k = 2 or 4n(deg(h)+k) < p, then H(x) has at least one
zero in Fq whose multiplicity is odd.

Proof. See Lemma 2 and Theorem 2 of [20]. �

Lemma 2.5. Let Fq be a finite field with q = pn, and let ψ be a nontrivial additive
character and γ the quadratic character of Fq. Let f, g, h ∈ Fq[x] with h(x) =
ah1(x), where a ∈ Fq and h1(x) is a monic polynomial. For integers l, m, k with
l ≥ 0, m, k > 0 and l, m ≤ k, let x1, · · · , xl be distinct elements of Fq, y1, · · · , ym

be distinct elements of Fq, and z1, · · · , zk be distinct elements of Fq. Suppose that
v1, · · · , vn are linearly independent over the prime field of Fq and b1, · · · , bn are
positive integers. Define

B′ =

{
n∑

i=1

ji(bivi) : 0 ≤ ji ≤ ti, for i = 1, · · · , n

}
.
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For r1, · · · , rl, s1, · · · , sm ∈ F∗
q , denote

T :=
∑
z∈B′

g(z+y1)···g(z+ym) �=0

γ (h1(z + z1) · · ·h1(z + zk))

×ψ
(
r1f(z + x1) + · · · + rlf(z + xl) + s1g(z + y1)−1 + · · · + smg(z + ym)−1

)
.

If one of the following conditions holds:
(i) g(x) has no multiple zero in Fq, and 0 < m, deg(g) < p, m + deg(g) ≤ p + 1,

m deg(g) < q
2 ;

(ii) h(x) has no multiple zero in Fq, 0 < deg(h) < p, and k = 2 or 4n(deg(h)+k)

< p,
then we have T < (deg(f) + m deg(g) + k deg(h)) q1/2 (log p + 2)n.

Proof. Define R(z) = g(z + y1) · · · g(z + ym), H(z) = h1(z + z1) · · ·h1(z + zk), and

Q(z)=(r1f(z + x1)+· · ·+rlf(z + xl)) g(z+y1) · · · g(z+ym)+
m∑

i=1

si

∏
1≤j≤m

j �=i

g(z+yj).

Then we get T =
∑
z∈B′

R(z) �=0

ψ

(
Q(z)
R(z)

)
γ (H(z)).

First we suppose that g(x) has no multiple zero in Fq and 0 < m, deg(g) < p,
m + deg(g) ≤ p + 1, m deg(g) < q

2 . It is not hard to show that there is no
polynomial L(x) ∈ Fq[x] such that (L(x))p | R(x) and deg(L(x)) > 0. Moreover,

by Lemma 2.3 we know that
m∑

i=1

si

∏
1≤j≤m

j �=i

g(z + yj) is not the 0 polynomial. Then

we have R(x) � Q(x).
Next assume that h(x) has no multiple zero in Fq, 0 < deg(h) < p, and k = 2

or 4n(deg(h)+k) < p. By Lemma 2.4 we know that H(x) has at least one zero in Fq

whose multiplicity is odd. Then H(x) cannot be a 2-nd power.
Now from Lemma 2.2 we immediately get

T < (deg(f) + m deg(g) + k deg(h)) q1/2 (log p + 2)n . �

3. Proof of Theorem 1.1

Let q = pn and Fq be a finite field, and let ψ1 be the canonical additive char-

acter of Fq. Let b1, · · · , bn be positive integers, and write di =
(
d
(i)
1 , · · · , d(i)

n

)
for i = 1, 2, · · · , k. Define B′ = {

∑n
i=1 ji(bivi) : 0 ≤ ji ≤ ti, for i = 1, · · · , n},

z = j1(b1v1) + · · · + jn(bnvn), zl = d
(l)
1 v1 + · · · + d(l)

n vn, for l = 1, · · · , k. Not-
ing that

2

⎛
⎝1

q

∑
b∈B

∑
r∈Fq

ψ1 (r(x − b)) − 1
2

⎞
⎠ =

{
+1, if x ∈ B,
−1, if x �∈ B,
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we have

t1∑
j1=0

· · ·
tn∑

jn=0

η (j1b1u1 + · · · + jnbnun + d1) · · · η (j1b1u1 + · · · + jnbnun + dk)

(3.1)

=
∑
z∈B′

g(z+z1)···g(z+zk)h(z+z1)···h(z+zk) �=0

22k
k∏

i=1

⎡
⎣
⎛
⎝1

q

∑
b∈B

∑
r∈Fq

ψ1(r (f(z+zi)−b))− 1
2

⎞
⎠

×

⎛
⎝1

q

∑
c∈B

∑
s∈Fq

ψ1

(
s
(
g(z + zi)−1 − c

))
− 1

2

⎞
⎠ γ (h(z + zi))

⎤
⎦

+
∑
z∈B′

g(z+z1)···g(z+zk)h(z+z1)···h(z+zk)=0

1

:= Σ1 + Σ2.

It is easy to show that

Σ2 ≤ k deg(gh).(3.2)

Let h(x) = ah1(x), where a ∈ Fq and h1(x) is a monic polynomial. Noting that
1
q

∑
b∈B

1 − 1
2

= − 1
2q

, we get

Σ1 =
22kγ(ak)

q2k

∑
z∈B′

g(z+z1)···g(z+zk) �=0

k∏
i=1

⎛
⎝∑

b∈B

∑
r∈F∗

q

ψ1 (r (f(z + zi) − b)) − 1
2

⎞
⎠

×
k∏

j=1

⎛
⎝∑

c∈B

∑
s∈F∗

q

ψ1

(
s
(
g(z + zj)−1 − c

))
− 1

2

⎞
⎠ γ (h1(z + z1) · · ·h1(z + zk))

=
γ(ak)
q2k

∑
z∈B′

g(z+z1)···g(z+zk) �=0

k∑
l=0

(−1)l2l
∑

(b1,··· ,bl)∈Bl

∑
(r1,··· ,rl)∈(F∗

q)l

∑
1≤i1<···<il≤k

× ψ1(r1(f(z + zi1) − b1)+· · ·+rl(f(z+zil
) − bl)) γ (h1(z+z1) · · ·h1(z+zk))

+
γ(ak)
q2k

∑
z∈B′

g(z+z1)···g(z+zk) �=0

k∑
l=0

k∑
m=1

(−1)m+l2m+l
∑

(b1,··· ,bl)∈Bl

∑
(r1,··· ,rl)∈(F∗

q)l

×
∑

1≤i1<···<il≤k

×ψ1 (r1 (f(z + zi1) − b1) + · · · + rl (f(z + zil
) − bl))

×
∑

(c1,··· ,cm)∈Bm

∑
(s1,··· ,sm)∈(F∗

q)m

∑
1≤j1<···<jm≤k

ψ1

(
s1

(
g(z + zj1)

−1 − c1

)
+ · · · +sm

(
g(z + zjm

)−1 − cm

))
γ (h1(z + z1) · · ·h1(z + zk))

:= S1 + S2.

(3.3)
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Using the methods of (3.26)-(3.29) in [21] we can have

∑
r∈F∗

q

∣∣∣∣∣
∑
b∈B

ψ1(rb)

∣∣∣∣∣ < nq

(
log p +

3
2

)
.(3.4)

Therefore

S1 ≤ 1
q2k

k∑
l=0

2l
∑

(r1,··· ,rl)∈(F∗
q)l

∑
1≤i1<···<il≤k

×
∣∣∣∣ ∑

z∈B′

g(z+z1)···g(z+zk) �=0

ψ1(r1f(z + zi1) + · · ·

+rlf(z + zil
)) γ (h1(z + z1) · · ·h1(z + zk))

∣∣∣∣
(3.5)

×

∣∣∣∣∣∣
∑

(b1,··· ,bl)∈Bl

ψ1 (−r1b1 − · · · − rlbl)

∣∣∣∣∣∣
≤ 1

q2k−1

k∑
l=0

2l

(
k

l

)⎛
⎝ ∑

r∈F∗
q

∣∣∣∣∣
∑
b∈B

ψ1(rb)

∣∣∣∣∣
⎞
⎠

l

<
1

q2k−1

k∑
l=0

2l

(
k

l

)(
nq

(
log p +

3
2

))l

=
1

q2k−1

(
2nq

(
log p +

3
2

)
+ 1

)k

.

On the other hand, by Lemma 2.5 and (3.4) we also have

S2 ≤ 1
q2k

k∑
l=0

k∑
m=1

2m+l
∑

(r1,··· ,rl)∈(F∗
q)l

∑
1≤i1<···<il≤k

∑
(s1,··· ,sm)∈(F∗

q)m

∑
1≤j1<···<jm≤k

(3.6)

×
∣∣∣∣ ∑

z∈B′

g(z+z1)···g(z+zk) �=0

γ (h1(z + z1) · · ·h1(z + zk)) ψ1 (r1f(z + zi1) + · · ·

+ rlf(z + zil
) + s1g(z + zj1)

−1 + · · · + smg(z + zjm
)−1

) ∣∣∣∣
×

∣∣∣∣∣∣
∑

(b1,··· ,bl)∈Bl

ψ1(−r1b1−· · ·−rlbl)

∣∣∣∣∣∣ ·
∣∣∣∣∣∣

∑
(c1,··· ,cm)∈Bm

ψ1(−s1c1 − · · · − smcm)

∣∣∣∣∣∣
≤ 1

q2k

k∑
l=0

k∑
m=1

2m+l
∑

(r1,··· ,rl)∈(F∗
q)l

∑
1≤i1<···<il≤k

∑
(s1,··· ,sm)∈(F∗

q)m

∑
1≤j1<···<jm≤k

×
∣∣∣∣ ∑

z∈B′

g(z+zj1 )···g(z+zjm ) �=0

γ (h1(z + z1) · · ·h1(z + zk))ψ1 (r1f(z + zi1) + · · ·
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+ rlf(z + zil
) + s1g(z + zj1)

−1 + · · · + smg(z + zjm
)−1

) ∣∣∣∣
×

∣∣∣∣∣∣
∑

(b1,··· ,bl)∈Bl

ψ1(−r1b1−· · ·−rlbl)

∣∣∣∣∣∣ ·
∣∣∣∣∣∣

∑
(c1,··· ,cm)∈Bm

ψ1(−s1c1−· · ·−smcm)

∣∣∣∣∣∣
+

1
q2k

k deg(g)
k∑

l=0

k∑
m=1

2m+l

(
k

l

)(
k

m

) ∑
(r1,··· ,rl)∈(F∗

q)l

∑
(s1,··· ,sm)∈(F∗

q)m

×

∣∣∣∣∣∣
∑

(b1,··· ,bl)∈Bl

ψ1(−r1b1−· · ·−rlbl)

∣∣∣∣∣∣ ·
∣∣∣∣∣∣

∑
(c1,··· ,cm)∈Bm

ψ1 (−s1c1 − · · · − smcm)

∣∣∣∣∣∣
<

1
q2k

k∑
l=0

k∑
m=1

2m+l

(
k

l

)(
k

m

) ⎛
⎝ ∑

r∈F∗
q

∣∣∣∣∣
∑
b∈B

ψ1(rb)

∣∣∣∣∣
⎞
⎠

l+m

×
(
(deg(f) + m deg(g) + k deg(h)) q1/2 (log p + 2)n

)

+
1

q2k
k deg(g)

k∑
l=0

k∑
m=1

2m+l

(
k

l

)(
k

m

) ⎛
⎝ ∑

r∈F∗
q

∣∣∣∣∣
∑
b∈B

ψ1(rb)

∣∣∣∣∣
⎞
⎠

l+m

<
1

q2k
(deg(f) + k deg(g) + k deg(h)) q1/2 (log p + 2)n

×
k∑

l=0

k∑
m=1

2m+l

(
k

l

)(
k

m

) (
nq

(
log p +

3
2

))l+m

+
1

q2k
k deg(g)

k∑
l=0

k∑
m=1

2m+l

(
k

l

)(
k

m

) (
nq

(
log p +

3
2

))l+m

<
1

q2k
(deg(f) + k deg(g) + k deg(h)) q1/2 (log p + 2)n

(
2nq

(
log p+

3
2

)
+1

)2k

+
1

q2k
k deg(g)

(
2nq

(
log p +

3
2

)
+ 1

)2k

.

Now from (3.1)-(3.3) and (3.5)-(3.6) we get

t1∑
j1=0

· · ·
tn∑

jn=0

η (j1b1u1 + · · · + jnbnun + d1) · · · η (j1b1u1 + · · · + jnbnun + dk)

< k deg(gh) +
1

q2k−1

(
2nq

(
log p +

3
2

)
+ 1

)k

+
1

q2k
k deg(g)

(
2nq

(
log p +

3
2

)
+ 1

)2k

+
1

q2k
(deg(f) + k deg(g) + k deg(h)) q1/2(log p + 2)n

(
2nq

(
log p+

3
2

)
+1

)2k

< 22k+1n2k (deg(f) + k deg(g) + k deg(h)) q
1
2 (log p + 2)n+2k .
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Therefore

Qk(η) < 22k+1n2k (deg(f) + k deg(g) + k deg(h)) q
1
2 (log p + 2)n+2k

.

This proves Theorem 1.1.
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19. C. Mauduit and A. Sárközy, Construction of pseudorandom binary sequences by using the
multiplicative inverse, Acta Mathematica Hungarica, 108 (2005), pp. 239–252. MR2162562
(2006c:11092)
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