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ABSTRACT. Recently P. Hubert, C. Mauduit and A. Sarkézy introduced and
studied the notion of pseudorandomness of binary lattices and gave a pseu-
dorandom binary lattice. Later in other papers C. Mauduit and A. Sarkozy
constructed some large families of “good” binary lattices. In this paper a large
family of pseudorandom binary lattices is presented by using the multiplicative
inverse and the quadratic character of finite fields.

1. INTRODUCTION AND RESULTS

Pseudorandom binary sequences play an important role in cryptography, so in
a series of papers a new constructive approach has been developed to study the
pseudorandomness of the binary sequences

Eny = (61,62,-'- ,eN) S {—1,+1}N.

Measures of pseudorandomness were introduced by C. Mauduit and A. Sarkézy
[T7], and properties of the measures have been studied in [I], [2] and [I§]. Later
many pseudorandom binary sequences were given and studied (see [3], [], [6], [7],
[, 9], [, [12], @3], [15], [16], [19], and [23]). For example, let p be an odd

prime, e = (%), and EI(,l_)1 = (egl),egl), e ,61()1_)1). C. Mauduit and A. Sérkozy

[T7] proved that Ez(ji)l forms a good pseudorandom binary sequence. Let 7z be the
multiplicative inverse of n modulo p such that 1 <7 < p — 1 and ni = 1(modp).

Denote e'f) = (=)t (%) and E;Q_)l = (e(f),eg), e ,ef_)l) The author [12]

studied the pseudorandomness of E;Q,)l. Moreover, let f(z), g(x) € Fp[z], and

(£82). it (F.p) =1,

o3 _
n .

+1, it p|f(n),
o) :{ ()G i (f(n),p) = 1,
" +1, if p|f(n),
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) { (—1)RelatFI) it (f(n),p) =1,
" +1, it p|f(n),

where R,(x) denotes the unique r € {0,1,--- ,p — 1} with 2 = r(modp). Define

Elgg) = (653)7 653), U 76(3)) )

p
EZ(74) = <€§4), 654)7 e 761(74)) )
EZ(JS) _ (e§5)76§5)’ o 761(35)) '

The pseudorandomness of E,(;S), Ez(fl) and E,(;E’) was studied in [7], [I5] and [I4],
respectively.

P. Hubert, C. Mauduit and A. Sérkozy [10] extended this constructive the-
ory of pseudorandomness to several dimensions. Let Iy denote the set of the

n-dimensional vectors all of whose coordinates are selected from the set {0,1,--- |
N —1}:

I ={x=(v1, - ,op) : T1, - ,xp € {0,1,--- /N —1}}.
A function of the type n(x) : Iy — {—1,+1} is called an n-dimensional binary
N-lattice or briefly a binary lattice. If k € N, and u; (i = 1,--- ,n) denotes the

n-dimensional unit vector whose i-th coordinate is 1 and the other coordinates are
0, then write

t1 tn
Qi) = max ZO x Zon (jibias + -+ jubpu, +dy)
J1= In=

X X n(jlblul +"'+jnbnun+dk)|v

where the maximum is taken over all n-dimensional vectors B = (b1, -+ ,by,),
di, - ,dg, T = (t1, - ,t,) whose coordinates are nonnegative integers, by, - , by,
are nonzero, di, - - - ,dj are distinct, and all the points j1b;u; +- - -+ j,byu, +d; oc-

curring in the multiple sum belong to the n-dimensional N-lattice I%. Then Qg (n)
is called the pseudorandom measure of order k of 7. An n-dimensional binary N-
lattice 7 is considered as a “good” pseudorandom binary lattice if Qx(n) is “small”
in terms of N for small k. P. Hubert, C. Mauduit and A. Sdrkozy [10] proved
that this terminology is justified since for a fixed k¥ € N and for a truly random
n-dimensional binary N-lattice 7(x), we have N™/? < Qx(n) < N™?2 (log N")l/2
with probability > 1 —e.

Let p be an odd prime, n € N, ¢ = p™, and denote the quadratic character of
by 7. Let v, -+, v, be linearly independent elements of IF, over F,,. Assume that
f(z) € Fy[z] with 0 < deg(f) < p, f(z) has no multiple zero in F,, and define

mx) =m (z1, - ,zn))

_J A(f(mvr + - F2pvy)), for f(zivr 4 4 2v,) # 0,
] 1, for f(xivy + -+ xpv,) =0.

For k = 2 or 4"(dee(/)+F) <4 C. Mauduit and A. Sarkozy [20] proved that

Qu(m) < kdeg(f) (/2 (logp+1)" +2).
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Moreover, define the boxes BY, B3, - , B} by
n
-3
{Zuﬂiiioém §p2 Uz, ,UnGFp}7
i=1

n
Bj = {E ’U,i’UiIUq:'-':’Uj,l:T,OSUjS 5 ,UjJrl,"',unEFp}
1=1

By

for j =2,---,n, and write B* = |Jj_, B}. Define

772(X) = M2 ((xlv T ,l’n))
+1, if f(zyvy + -+ 200,) #0and  f(zyvg + -+ 2,0,) " € B,
—1, otherwise.

For 0 < k,deg(f) < p, k + deg(f) < p+ 1 and kdeg(f) < %, C. Mauduit and
A. Sarkozy [21] showed that

Qr(n2) < (2873 + 1) kdeg(f)n*q"/? (logp +2)" .

Now we give a family of pseudorandom binary lattices. Define the boxes By, B,

n
Blz{zumil<u1 <p-12]uy, and ug,--- ,unEIFp},
i=1

n
B; = {Zuwi ruy=---=u_1=0,1<u; <p—1,2 | u;, and wjyq,--- ,uner}
i=1

for j =2,---,n, and write B = U;'Z:1 B;. For f,g,h € Fy[z], denote the mapping
n(x) : I — {—1,+1} by
U(X) = 77((951»' o axn)) -
+1, if g(xyvr 4+ -+ zpvp)h(x1v1 + - -+ THv,) =0,
y(h(zivy + -+ xpvn)), i glzivy + - + xpop)h(zivg + - 4+ 2H0,) £0,
f(xlvl + - +$nvn) S Ba g(xl’Ul +-- 4+ xnvn)il GB?
or f(xqvy + -+ 2,0,)€B, glrivr + -+ 250,) € B,
—y(h(z1v1 + - - + xpvy)), i glxivr + - + zpvn)h(z101 + -+ + TP vy ) £0,
flrivr + -+ + 2y0,) EB, glarvy + -+ + 20v,) L € B,
or f(xivy + -+ +x,0,)€ B, g(xivy + -+ +20v,) " € B.

We shall prove the following:

Theorem 1.1. If p, q, n, B and n are defined as above, k € N, and one of the
following conditions holds:

(i) g(z) has no multiple zero in Fy, and 0 < k,deg(g) < p, k + deg(g) < p+1,
kdeg(g) < 4;

(ii) h(z) has no multiple zero in F,, 0 < deg(h) < p, and k = 2 or 4™(des(h)+k)
< p7
then we have

Qi(n) < 210" (deg(f) + kdeg(g) + k deg(h)) g* (logp +2)" .

Taking f = 1 and g = 1 in our construction, we have n = n;. Furthermore,

Ez()l_)l, E;()2—)17 E]g?’), E,(fl), E,(,S) can be considered as special cases of our construction

forn =1.
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2. SOME LEMMAS
To prove Theorem 1.1, we need the following lemmas.

Lemma 2.1. Let Fy be a finite field of characteristic p, and let 1 be a nontrivial
additive character and x a multiplicative character on F, of order d. For two

rational functions f, g € F,[z], define K(¢, f;x,9) = Z (f(z))x(g(x)), where
z€F \S
S is the set of poles of f and g. If one of the following cqo\nditions holds:
(i) f(z) is not of the form (A(z))’ — A(x) with a rational function A(z) over F,,
(ii) g(x) has no multiple zero in F, and is not of a d-th power,
then we have
K (¥, f5x,9)] < (deg(f) +1—1)¢"/?,

where 1 is the number of distinct and (noninfinite) poles of g in Fy.
Proof. See [22] or [5]. O

Lemma 2.2. Suppose that ¢ = p™, v is a nontrivial additive character of Fy, x
is a multiplicative character on Fy of order d, vi,--- ,v, are linearly independent
over the prime field of Fy, and B = {31, jiv; : 0 < j; < t; for i=1,2,--- ,n}.
For rational functions Q/R, g € Fqlx], if one of the following conditions holds:

(i) R(x) t Q(x) and there is no polynomial L(z) € F,[z] such that (L(x))" | R(z)
and deg(L(z)) > 0,

(ii) g(x) has no multiple zero in F, and is not of a d-th power,
then we have

> o
2€B
R(2)#0

where [ is the number of distinct and (noninfinite) poles of g in Fy.

Q(z)
R(

) o) < (max(dog(@). () +1) ¢ oz + 2)"

Proof. This lemma can be deduced from Lemma 2.1 in the same way as Lemma
4 is derived from Lemma 3 in [21I] with slight modifications. For completeness we
give a detailed proof. It is not hard to show that

Z v <C}%8) Xg(:)| = X v (%) x(g(m)) Zé > ¥ (h(m—1b))

2€B mel, beB ~ heF,
R(2)#0 R(m)#0

(2.1)

1 Q(m) + hmR(m)
| () oty | v

meF, beB
R(m)#0

Assume that there are polynomials K, L € F [z] with (K,L) =1 and

Q(m) + hmR(m) _ (i((m))y’ _ k(m)
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Since R(m) | (Q(m) + hmR(m)) (L(m))" and R(m) { Q(m), we get deg(L(m)) >
0. On the other hand, from (L(m))" | K(m)R(m) ((K(m))P~' — (L(m))P~') and
(K(m),L(m)) =1 we have (L(m))? | R(m), which contradicts Condition (i). That
is to say, if R(z) t Q(x) and there is no polynomial L(z) € F,[x] such that (L(x))" |
R(x) and deg(L(z)) > 0, then Q(z)/R(x) is not of the form (A(z)) — A(x) with a
rational function A(z) over F,. So from Lemma 2.1 we have

22| ¥ w( *{”?R( )>X(g(m)) < (max(deg(Q), deg(R)) + 1) g2
melF,
R(m)#0

On the other hand, from (3.21) of [2I] we have

(2.3) D D whb)| < g (logp+2)"

heFq |beB
Now combining (2.1)-(2.3) we immediately get the following lemma. O
Lemma 2.3. Let ¢ = p™ and Fy be a finite field, si,- -, sm be nonzero elements

of Fg, y1,- -+ ,Ym be distinct elements of Fy, g(x) € Fy[z]. Define

Z H g(x +y;) with glx+y1) - g(x+ym)#0.

i=1 1<j<m
J#i

If g(x) has no multiple zero in F, and 0 < m,deg(g) < p, m + deg(g) < p + 1,
mdeg(g) < %, then Q(x) is not the 0 polynomial.

Proof. This is Lemma 1 of [21]. O

Lemma 2.4. Let ¢ = p" and Fy be a finite field, z, -,z be distinct elements
of Fy, h(z) € Fylz] with h(z) = ahi(x), where a € Fy and hi(x) is a monic
polynomial. Define H(x) = hy(x + z1) -+ - hi(x + zx). If h(x) has no multiple zero
in Fy, 0 < deg(h) < p, and k =2 or gr(deg(h)+k) < then H(x) has at least one
zero in ﬁq whose multiplicity is odd.

Proof. See Lemma 2 and Theorem 2 of [20]. O

Lemma 2.5. Let F, be a finite field with ¢ = p™, and let ¢ be a nontrivial additive
character and v the quadratic character of Fy. Let f,g,h € Fylz] with h(z) =
ahi(x), where a € F, and hi(x) is a monic polynomial. For integers I, m,k with

>0, mk>0andl,m<Ek, let zq,---,2; be distinct elements of Fg, y1,- -+ ,ym
be distinct elements of Fy, and z1,--- , 2 be distinct elements of F,. Suppose that
V1, , Uy are linearly independent over the prime field of Fy and bq,---,b, are

positive integers. Define

n
= {Zji(bivi) 10<ji <t for i=1,-- ,n}.

i=1
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Forry,---,ri, 81, ,sm € Fy, denote

Ti= Y A(eta) b))

z€B’
g(z+y1)-g(z+ym)#0

X (rif(z+m) 4+ +rflz4az)+si9(z+y) "+ smg(z+ym) )

If one of the following conditions holds:

(i) g(z) has no multiple zero in F,, and 0 < m,deg(g) < p, m+deg(g) <p+1,
mdeg(g) < §;

(ii) h(z) has no multiple zero in F,, 0 < deg(h) < p, and k = 2 or 47(dee(W)+k)
<D
then we have T < (deg(f) +mdeg(g) + kdeg(h)) ¢*/? (logp + 2)".

Proof. Define R(z) = g(z+y1)---9(2+ ym), H(z) = h1(z+21) - - h1(z + 2x), and

m

Q) =(rfz+z)++rfz+2)) g(z+y1) - 9G+ym)+Y_si [[ a(z+y)-

i=1  1<j<m

i
Q(2)
Then we get T' = P (H(2)).
& ZB (R(z)) !
R(2)#0

First we suppose that g(x) has no multiple zero in F, and 0 < m,deg(g) < p,
m + deg(g) < p+ 1, mdeg(g) < 4. It is not hard to show that there is no
polynomial L(z) € Fy[z] such that (L(z))” | R(z) and deg(L(x)) > 0. Moreover,

by Lemma 2.3 we know that Z Sq H g(z 4+ y;) is not the 0 polynomial. Then
i=1  1<j<m
J#i
we have R(x) 1 Q(x).

Next assume that h(z) has no multiple zero in Fy, 0 < deg(h) < p, and k = 2
or 4(des(M)+k) < p By Lemma 2.4 we know that H(z) has at least one zero in F,
whose multiplicity is odd. Then H(z) cannot be a 2-nd power.

Now from Lemma 2.2 we immediately get

T < (deg(f) + mdeg(g) + kdeg(h)) ¢/ (logp + 2)" . O

3. PROOF OF THEOREM 1.1

Let ¢ = p™ and I, be a finite field, and let ¢; be the canonical additive char-
acter of F,. Let by,---,b, be positive integers, and write d; = (dgi), e ,dg?)
for i = 1,2,--- k. Define B = {37 ji(bjv;): 0 <j; <t;, for i=1,--- ,n},

2= j1(byvr) + -+ Gulbpvn), 21 = dPvy + -+ dDuv,, for I = 1,--- k. Not-
ing that

1 1 +1, if z€B,
2( 22 2 hilrla—b) -3 :{—1, if 2¢B,

beB rel,
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we have
(3.1)

t1 tn
ST ST pGibiun 4 Gubatn +dy) o (Gubaug o Gbau, + di)
j1=0 Jn=0

k
- > P 2 St (-

zeB’ beB rely,
g(z+z1)g(z+zk)h(z+21) - h(z+2,) #0

v lzzwl(s(g@ﬂi)ﬂfc))f% o (B2 + 2))

q cEB scF,

+ > 1
zeB’
g(z421)--g(z+zK)h(z4+21)---h(z+2z,)=0

=21+ .
It is easy to show that
(3.2) 3o < kdeg(gh).
Let h(z) = ahi(x), where a € Fy and h;(z) is a monic polynomial. Noting that
1 1 1
—Zl—iz—i,weget

beB
(3.3)
2k k k
D D Y | 1 530 D TV R B
q z€B’ =1 beB TE]F:;

g(z+21)-g(2425)#0

k
X H Z Z U1 (s (g(z+2)" " —¢)) —% v (hi(z 4 21) - hi(z + 21))

k
~(a*)
= DD S D > >
( )zeE(i’ o =0 (bry - bi)EBY (ry,ee,m) €(F)L 1< <<y <k
g(z+z1)-g(z+zk

X 1(r1(f(z + zi,) —b1)+- - +r(f(z+2:,) — b))y (ha(z+21) - ha(z+21))

k k k
7(a”) m+lom
+ o > D ey 7 >
1 e B O (br. b)EB! (rye ) €(E3)!
g(z+z1)g(z+2zk

x> xd (i (fle ) = b) e (2 ) = b))

1<i; << <k

X Z Z Z P1 (s1(9(z+2,) 7" — 1)

(1,0 sem)EB™ (81, 757,1)6(]1“;)"” 1<j1 < <jm<k

s (9(z+ 25,,) 7 —em)) v (ha(z + 21) - ha(z + 21))
=51 + Ss.
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Using the methods of (3.26)-(3.29) in [2I] we can have

(3.4) >
r€Fy [beB
Therefore
1k
Si< 2 Y
E—
x >
z€B’
g(z+21)--g(z+25)#0
(3.5)
X Z P (—r1by — -

(b1, ,b)eB!
k
ax?())
=0

1 3

IN

>

rekfy

> i (rd)

> 4 (rb)

beB

3
< ng longri .

>

(7‘1,“- ,TL)E(]F;)l 1< << <k

Ur(rif(z+2,) 4+

F+rif(z 4 2,)) vy (ha(z + 21) - - ha(z + 21)) ‘

[P lel)

l

k
+1)

On the other hand, by Lemma 2.5 and (3.4) we also have

(3.6)
1 kE k
52 < —- Z Z 2m+l
q =0 m=1
x >
zeB’

g(z+21)--g(2+2k)#0

+ rif(z+2,) +s19(z + Zjl)_l + gz + ij)_l)

X > i(=ribi—
(b1, ,by)EB!
1 k k
< qﬁ Z Z gm+l Z
=0 m=1
x >
zeB’

9(z+z5,) 92424, )70

>

P ) €(F2) 1<in <o <in <k (1,00 y50) €(F)™ 11 <o <im <
q q

..._rlbl) .

2. 2.

y(hi(z+21)---hi(z + 2) 1 (rf(z+2i,) + -

>

(c1,,cm)EB™

2. 2. 2.

>

2

(r1, ) €(FH1<i1 < <<k (51,0 ,8m ) €(F)™ 1<j1 < <jm <k

y(hi(z+z1)---hi(z +2p) Y1 (rf(z 4+ 2iy) + -

)

1 [k
<q21€_1221<l)<nq <logp+
=0

PYr(=s1c1 =+ — SmCm)
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+rf(z4zi,) +s19(z+2,) "+ o+ smg(z 4 25,) ")

X Z wl(*rlblf"'*rlbl) : Z 1/11(*5101*"'*Sm0m)

(b1, ,by)eB! (c1,r ,em)EB™

ey S ()() £ %

=0 m=1 (r1,m) €@ (51,0 8m)€(FR)™

X Z wl(*ﬁbl*' : '*lel) : Z P1 (*5101 - SmCm)
(bh'" ,bl)eBl (01»"'70nz)€Bm
& & " l+m
z > (D () (S [ v
1=1 rekfy beB

( deg(f) +mdeg(g) + k deg(h)) ¢*/2 (log p + 2)”)

b)Y > () (5) (Z > i)

T‘G]FZ; beB

) l+m

—- (deg(f) + k deg(g) + k deg(h)) ¢"/* (log p + 2)"

Xf&i?m“(’?)( ) (o (er3))

(
st 3520 () (1) (o))

2k
—7 (deg(f) + k deg(g) + k deg(h)) ¢*/* (log p + 2)n<2nq (longrg) H)

1 3 2k
+ —5k deg(g) <2nq <logp + 2) + 1) .

Now from (3.1)-(3.3) and (3.5)-(3.6) we get

Z e Z n(jlblul + - +]nbnun +d1) "'77(.71b1u1 + - +]nbnun +dk)
J1=0 Jn=0

k
1 3
< kdeg(gh) + i) <2nq <1ogp + 2> + 1>

1 3 2k
+ 5k deg(g) <2nq <logp+ 2) + 1)

2k
+ 5 (deg(f) + kdeg(g) + kdeg(h)) g2 (log p + 2)"<2nq (logp+ g) +1>

< 226102k (deg(f) + k deg(g) + kdeg(h)) ¢* (logp +2)" 2"
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Therefore

Qi () < 2254102 (deg(f) + k deg(g) + kdeg(h)) ¢ (logp +2)"T** .

This proves Theorem 1.1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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