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LINEARLY APPROXIMATABLE FUNCTIONS

THIERRY DE PAUW AND AMOS KOELLER

(Communicated by Tatiana Toro)

ABSTRACT. The notion of uniform linear approximatability generalizes that of
being continuously differentiable. It occurs, e.g., in viscosity solutions of some
degenerate partial differential equations. We establish the Holder continuity
of uniformly linearly approximatable functions, and we show that functions
which are nowhere linearly approximatable form a residual collection of the
appropriate Holder space. Finally, we prove an analog of the implicit function
theorem applied to level sets.

1. INTRODUCTION

We say that u : R™ — R is linearly e-approximatable at x € R™ at scale r > 0
if there exists a vector e € R™ such that

(1) lu(z +h) —u(x) — (e, h)| < er

whenever h € B(0,r). For instance, if u is differentiable at = one can take e =
Vu(z) and r > 0 small enough depending upon ¢ > 0. Points where a given
Lipschitzian u is linearly e-approximatable occur in a set whose complement is
small in a sense more restricted than being negligible with respect to the Lebesgue
measure, thus providing a version of Rademacher’s Theorem; see e.g. [0] (here
m > 2). Other instances of linearly e-approximatable functions have occurred
recently as co-harmonic functions; see [3,[10] and [1] for a survey. These are viscosity
solutions of the equation (V|Vu|?, Vu) = 0.

In general, though, the existence of an e-gradient e = e(e) at scale r = r(g)
(at a fixed point z € R™) as in () does not imply the convergence of e(e) to a
limit as € — 0; see Example Despite this potential unsettling behavior of e-
gradients, the linear e-approximatability of u at every point x € S of some compact
set S C R™ and for every uniformly small scale 0 < r < rg implies the continuity
of u restricted to S together with an estimate of its oscillation. In fact we show in
Theorem 27 that for every 0 < « < 1 there exists C = C(u, S, &, 79, &) such that

u(y) — u(@)] < Cly — x|
whenever x,y € S. This conclusion is reached regardless of the value of £ > 0.

Next we show that within the space of functions Holder continuous with respect
to each exponent 0 < a < 1 the collection of those which nowhere are linearly
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approximatable is residual, thus generalizing a classical result due independently
to S. Banach [2] and S. Mazurkiewicz [7]. Theorem B.3]is stronger than its classical
analog because linear approximatability is weaker than differentiability, and because
the relevant topology turning the collection of Holder continuous functions into a
complete metric space involves their oscillation.

The notion of linearly e-approximatability of w on uniformly small scales can
be regarded as a generalization of the concept of being continuously differentiable.
Indeed the latter implies a Lipschitz estimate for u whereas, as we have seen, the
former implies Holder estimates for u. A consequence of this is a weak analog of
the implicit function theorem. In case u is continuously differentiable at = and
Vu(z) # 0, the level set {y : u(y) = u(x)} is, in a neighborhood of z, a submanifold
of dimension m — 1. In case u is linearly e-approximatable on uniformly small scales
and there are e-gradients with length uniformly bounded away from zero, the level
set {y : u(y) = u(x)} is, in a neighborhood of x, Hoélder homeomorphic to an
(m — 1)-dimensional ball; see Theorem LIl We obtain this result as a corollary of
E.R. Reifenberg’s topological disk Theorem, [9], whence the need for 0 < & < &(m)
to be small enough according to the dimension m.

2. HOLDER CONTINUITY

Definition 2.1. Let U C R™ be open, B(z,r) CU, u: U — R, and € > 0. We
say that u is linearly e-approximatable at (x,r) if there exists e € R™ such that

[u(z + h) — u(z) — (e, )| < v
whenever h € B(0,r). Such an e is called an e-approzimate gradient of u at (z,r)
and we let
grad(u,z,r,¢) :=R™N{e: |u(x + h) —u(z) — (e, h)| < er for every h € B(0,r)}.
In case u is linearly e-approximatable at (x,r) we also define
|grad|(u, x,r,¢) := sup{le| : e € grad(u,z,r,e)}.

Furthermore we say that u is linearly approzimatable at x if for every € > 0 there
exists r > 0 such that u is linearly e-approximatable at (z,7).

One observes that u is differentiable at = if and only if u is linearly approximat-
able at « and one can take e in the definition independently of €. Therefore the
cases of interest arise when e does not approach a limit as € — 0. The following
example is due to D. Preiss as reported in [3].

Example 2.2. Let m =1 and u(z) = zsin (In [In|z||), z € R\ {0}, u(0) = 0. It is
an easy matter to check that u is Lipschitzian when restricted to some neighborhood
of 0. Furthermore, given h > 0 one sees that

uh) =) _ i (in inr; + n A
rj
whenever r; > 0, j = 1,2,.... Given —1 < t < 1 and choosing properly the
sequence r; — 0 as j — oo one can readily achieve
u(h) —u(0)

sup {

" —th’:heK}HOasj—mxa
J
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for every compact K C R, according to Ascoli’s Theorem. In other words, for
every € > 0 and every —1 < ¢t < 1 there exists » > 0 such that u is linearly
e-approximatable at (0,r) and t € grad(u,0,r,¢).

Interesting conclusions can be drawn when the condition of linear approximata-
bility is met uniformly in x, as we will show in this section. We distinguish between
the case when |grad|(u,z,r, ) is bounded as r varies, and the case when it is not.

Theorem 2.3. Assume that U C R™ is an open ball, u : U — R and 0 < ry < oo.
The following conditions are equivalent.
(A) u is Lipschitzian in U.
(B) There are € > 0 and C > 0 such that for every x € U and 0 < r <
min{rg, dist(x, R™\U)} the function u is linearly e-approximatable at (x, )
and |grad|(u, z,r,¢) < C.

Proof. Assume that u is Lipschitzian. Let € := Lipu and C := 2 Lipu. Given x € U
and r > 0 such that B(x,r) C U we notice that |u(z + h) —u(z)| < (Lipu)|h| < er
whenever h € B(0,r). This shows that u is linearly e-approximatable at (z,r)
(letting e = 0 in the definition). Next if e € R™ \ {0} is such that |u(z + h) —
u(x) — (e, h)| < er for every h € B(0,r), then, letting h := r|e|~te, one infers that
le] < 2e. This means that |grad|(u, z,r,¢) < C and completes the proof that (A)
implies (B).

In order to show that (B) implies (A) we let z,y € U be such that r := |z—y| < r¢
and we assume that B(x,r) C U. If e is an e-approximate gradient of v at (z,r),
then |e] < C by our assumption, whence |u(y) — u(z)| < |{e,y — z)| +er < (C +
)|z — y|. It therefore follows from the convexity of U that Lipu < C +e. O

Having shown that in some cases linearly e-approximatable functions are Lip-
schitzian, it is interesting to know whether or not all linearly e-approximatable
functions are Lipschitzian. The following example shows that they are not.

Example 2.4. Let U = (-1,3) C R, S =[0,1] CR, ¢ > 0 and R < 75. Take

T 202
rozéanddeﬁneu:UﬂRby

u(z) = zR(1 — &(2In(2)) " In(|z])).
We first observe that the derivative
o' (z) = R(1 — (21n(2)) "' (In(|z]) 4 1))
for x # 0. Since v/(z) — oo as x — 0 it follows that neither w nor uw [ S are
Lipschitzian.

u is, however, linearly e-approximatable. This can be checked by selecting the
elements of grad(u,x,r,€) to be linear approximations of the function between
dyadic points at an appropriate scale. That is, it can be checked that, for x € S
and r € (0,79] the following choices of e, , € grad(u,z,r,¢) are valid:

For x = 0 and r € (0,79, r € (27971,277] for some j € N. In this case we can

take _
u(277) —u(0 B
ex,r:%:R(l—F%)

For z =277 and r € (0,3 -277] for some j € N we can take
_u@) —u(@/2)  w@T)—u@T) L, eR(G-1)

Y 271 - 2
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For z =277 and r € (3-277,7¢] for some j € N, z + 7 € (27%~1 27*] for some
k € N and we can take

_u@F) e R eR(k — 1).

Ca,r = 9—k—1 2

Finally, in any other case, z € (27771,277] for some j € N and we can take
Cxr = €2—5 p-

We can, though, show that linearly e-approximatable functions do have some
degree of regularity. Indeed, we now show that for any ¢ > 0 and any 0 < a <
1, any linearly e-approximatable function is Hélder continuous with exponent a.
Initially this result may seem a little unexpected since the Reifenberg Theorem only
provides for Holder continuity with exponent « for sufficiently small ¢, € < e(a, m).
Alternatively, we note that if u is ‘shallow’, then it is in any case Lipschitz and
Holder, but if it is ‘steep’, then the linear e-approximation property says that we
are ‘vertically’ within € from an affine plane, which implies that a point on the
graph is actually much closer to the affine space than ¢, the vertical distance. That
is, the analogous Reifenberg approximation property improves as the ‘slope’ of u
increases. With this intuition the result is no longer so unexpected.

Lemma 2.5 (Same scale, different center). Assume that e, , € grad(u,z,r,¢),
eyr € grad(u,y,r,e), and |y — x| <1r/2. One then has |ey | < |ez | + 6.

Proof. First notice that
(2) (exr,y—x) —er <u(y) —u(z) < {egr,y — ) +er.
Letting z = y + 3r|ey | ey, one has [z — z| < r, whence
(3) (exrx—2z)—er <u(z) —u(z) < (e, x—2)+er.
Summing (@) and @) yields

lu(y) — u(z)| < [(er,r,y — 2)| + 2er < |em,r|g + 2er.
Consequently,

ley.rl5 = Heyr,z =)

< Ju(z) —uly) = (eyr, 2 = Y)| + |u(z) — u(y)]

g + 2er,

<er+legr

and in turn,
ley,r| < lea,r| + 62
O

Lemma 2.6 (Same center, different scale). Assume that e, , € grad(u,z,r,¢€),
and ey 0r € grad(u, ,2r,e). One then has |egr| < |eg,2r| + 3€.

Proof. Letting y =z + r|e, | ‘e, one notices |y — z| < r, whence

lu(y) — u(2)] < Kew2r,y — )| + 2er.
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Therefore
ezl < [z y — )]
< Ju(y) —w(@) = (ezr y — )| + |u(y) — u(z)]
<er+|egor|r + 2er.
Finally

< ‘e;c,27'| + 3e.

|eac,r

d

In the remaining part of this paper we use the notation B(S,rp) to denote the
ro-neighborhood of a set S C R™, i.e.

B(S,rg) :=R™ N {y: dist(y,S) < ro}.

Theorem 2.7. Assume that:

(A) e>0,U CR™ is open, u: U — R, S CU is compact and ro > 0 is such
that B(S,rq) C U;

(B) for every 0 < r < 19 and every x € S the function u is linearly e-
approzimatable at (x,r).

It then follows that u € C%%(S) for every 0 < a < 1.

Proof. Since S is compact we can cover S by finitely many balls of radius ry/2,
B(zi,70/2), i = 1,...,Q. We choose e, € grad(u,z,r,¢) for every x € S and
0 <r < rg. Letting

E :=max{leg, r,|:i=1,...,Q} <

we infer from Lemma that, for every x € S,

lesro| < E + 6¢.
Applying inductively Lemma 2.6] we obtain

les.o—kpy| < E + 6 + 3ke
whenever k € N. If y € B(x,2 %), then
u(y) — u(@)] < [(es2-kry, ¥ — )| + 2710

(4) < |ewa-rr| 27 10 +€27Frg

< 27Frg(E + 7e + 3ke) .

Now, take any 0 < a < 1. In the case that |y — z| = 27%r( for some k € N we thus
have

[uly) Zul@)] 1o (ga-tyi(g 4 7¢ 4 3ke)
y—x
Since the above sequence in k converges to 0 as kK — oo there exists C € R (de-
pending only upon «, 79, F, and ) such that for each k € N, z € S, and y € U

satisfying |y — | = 27 Fr,
lu(y) — u(@)| < Cly — =[*.

Now consider y € S N B(x,79). Then there exists & € N such that 275~ 1ry <
ly — x| < 27Frg. Tt follows from (@) that

|uly) — u(z)]

| | < 29752 HR(E 4 Te 4 3ke) < 2°C..
y—z|*
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That is,
() u(y) = uw(z)] < 2°Cly — [
Moreover, letting
F = max{|u(z;)|:i=1,...,Q},
we notice that, since S C UZQ:1 B(zi,ro),
|u(z)| < F+ Erg+erg =M
for each z € S. We thus deduce that for |y — x| > ro,
(6) u(y) — w(@)] <rg*2Mly — | .
It follows from inequalities (B]) and (@) that
u(y) —u(@)] < C'ly — z|*
for all y, z € S, where C" = max{2*C, r, “2M}. O

3. GENERICITY

Theorem 27 implies that the appropriate space of functions in which to con-
sider the genericity of linearly approximatable functions is that of functions Holder
continuous for each 0 < o < 1, that is,

Hold(U) == [ {C**(U) : 0 < a < 1}.

We recall that C%%(U) (the collection of bounded Hélder continuous functions with
exponent «) is a Banach space under the norm |||u]||q := ||¢|/co + HOldy (), where
||| := sup{|u(x)| : x € U} and

|uy) — u(@)|

Hold, (u) := sup{ | o
y—x

:x,yeUandx;éy} .

To make H6ld(U) a metric space we need to consider simultaneously all appropri-
ately large 0 < a < 1. We therefore take aj = 1 — =45 for each j = 1,2,... and
define for u,v € Hold(U),

o0

. 1 [l = vl
d(u,v) := Z 5 (—1 el )

j=1

It is clear that Hold(U) is complete under the given metric.

We show that the collection of functions linearly e-approximatable at at least
one point is meager in HOld(U). To make this statement more rigorous we make
the following definition.

Definition 3.1. Let U C R™ be open, S C U be compact, 79 > 0 such that
B(S,rg) € U, and € > 0. We write LA(e,ro,S,U) to denote the set of those
functions u € Hold(U) with the following property. There exists « € S such that
for every 0 < r < 1o, u is linearly e-approximatable at (z,r).

Lemma 3.2. If u; € LA(e,r9,S,U), j = 1,2,..., converge uniformly to u €
HOld(U), then w € LA(e,rg, S, U).
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Proof. For each j =1,2,..., we select z; € S such that u; is linearly e-approxima-
table at (x;,r) whenever 0 < r < ro. Passing to a subsequence if necessary we will
assume that z; — 2 € S as j — oo. From now on we fix an 0 < r < rp and we
select and fix an e;(z;,r) € grad(uj,z;,r¢). From the convergence property of
U1, Us, . . . and the Arzela-Ascoli Theorem we infer that there exists 6 > 0 such that
luj(y) —u;(2)] < 1for every j =1,2,... and every y,z € B(S,r9) with |y — 2| <.
Further, there is an integer jo such that: (i) |u;(y) — u;,(y)] < 1 for each j > jo
and for each y € U, and (ii) |z;, — x;| < § for every j > jo. We deduce that for
any j = jo and h € B(0,r),

[(ejo (o, 1) — €5(j, 1), K| < [(ejo (@45, 1), B) + wjo (25o) — wjo (25, + R
+[(ej(@j,7), h) — uj(@;) + uj(x; + )
+ |ujo (zjo +h) — uj(2j, + h)|
+ |uj(zj, +h) —u;(z; + h)|
+ |uj(z5) — uj(zj,)|

+ g (w5,) — wjy (25,

< 2er+4.
It follows that ej(xy1,7),ea(x2,r),... is a bounded sequence in R™ and thus that
a convergent subsequence, still denoted ej(x1,7), ea(x2,7),. .., exists with limit

e(z,r) € R™. Now let n > 0 and choose § > 0 such that |u;(y) — u;(2)] < 7
for every j = 1,2,... and y,z € B(S,7) with |y — z| < . Next take k such that
luk(y) —u(y)| < nfor all y € U and such that max{|z; — x|, |ex(zk, 1) —e(z,7)|} <
min{n, §}. Then, for all h € B(0,r),

lu(z + h) —u(z) — (e(x, ), h)| < |ur(xk + h) — uk(ag) — (ex(xk, ), h)|

+ |u(z + h) — ug(x + h)|
+ |lug(z + h) — ug(xg + h)|
+ Juk (k) — u(@)|
+ [u(zr) — u(z)]
+ [er(zg, 1) — e(x,7), h)]

<er+n(d+ |h]).

Since this is true for all > 0, u is linearly e-approximatable at (z,r). The

conclusion follows from the arbitrariness of r. O

Theorem 3.3. Let U C R™ be open and let .# denote the collection of those
functions u € HOlA(U) with the property that for each x € U and each € > 0 there
arer; | 0 as j T oo such that w is not linearly e-approzimatable at (x,r;). Then S
is residual in HOlA(U).

Proof. For each k = 1,2,... we define Sy, := U N B(0,k) N {z : dist(z,R™\ U) >
k~1}. We observe that

s =Hsld)\ | |JJJLA (%%,Sk,(])

k=1j=1i=1

According to the Baire Category Theorem, it therefore suffices to show that each
LA(e,rg,S,U) is meager in Hold(U).
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We first observe that LA(e,rg, S,U) is closed in Hold(U), as readily follows
from Lemma We now need to show that Hold(U) \ LA(e,rg,S,U) is dense in
Hold(U). Let u € Hold(U) and n > 0 be fixed for the remaining part of this proof.
We need to find u* € H5ld(U) such that d(u,u*) < n and u* & LA(e,ro, S,U).

We see first that there exists an integer jo € N such that for any v € Hold(U),

=1 Vll|a,

> 5 (i) <5

i=jo+1 i

Put o := aj, + m =1- m and notice that a < 1. Since u € C%*(U)
it admits an extension 4 € C%*(R™); see [6]. Given 6 > 0 we let ®5 denote a
smooth regularization kernel such that spt &5 C B(0,9). We notice that for every
Y,z € R™,

(P # @ — @) (y) — (s * & — @) ()|
< / @5(2) [aly — 2) — aly) —ale — 2) +a(z)| dz

< 2H61da(a)/ By (=) min{|2|°, |y — [} d=
B(0,6)
1

< §2Go+D 2H6d o (@) [y — 2|0 .

(The last inequality follows after distinguishing between the cases when |y — x| < §
and when |z| < § < |y —z|.) It readily follows that there exists ¢ > 0 small enough
for [|u — (@5 * @) [ Ull|la; < n/4 whenever j =1,...,jo. Letting v := (&5 xu) [ U
we infer that

1 =[], ) o~ 1 ( llu — vl )
d u Ul = — -_— — -
(v, ) ; 2i <1 + lu — v/[l|a, +j:jzo:+1 29 \ 1+ [lu — |, =
Observe also that ' € Lip(U) C Hold(U) and define A := Lipu/'.

We now define p := 4(1+ A+¢), and corresponding to each 0 < r < rg we define
Uyt R™ — R by u, . (z) = pdist(z, rZ x R™1). We note that [u, |l < pr/2
and that Hold, (u,,) < pr!'™7,0 <y < 1 (in order to establish the latter notice that
Lipu,,» = p and for every y,z € R™ either |y — z| < r and |u,»(y) — upr(2)] <
prt=Y|y — 2|7 or |y — 2| > r and there exists 2/ € R™ with |y — 2’| < r and
Upr(2) = uur(2)). Therefore there exists an 0 < r < rq sufficiently small for
lltp,rllla, < n/4 whenever j =1,...,jo. Letting u* := v’ +wu,,, we deduce as above
that d(u',u*) < n/2, and in turn d(u, u*) < n.

Assume if possible that u* € LA(e, rg,S,U). There would exist € S such that
u* is linearly e-approximatable at (z,r). From the definition of u, , we infer that
there are r/4 < tT < r such that either

N3

min{u(z +tTer) —u(z),u(z —t"er) —u(z)} > %
max{u(z +tTe;) —u(z),u(z —t"e;) —u(z)} < —% .

Pick e € grad(u*, z,r,¢). Using the vectors h* := +t%e; in the definition of linear
approximatability we find, in the first case, that

(e,tTer) = —Ar + % —er=r
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and .
—(e,t7e1) = —Ar+ % —er=r,
a contradiction. The second case yields to the analogous contradiction. Il

4. LEVEL SETS

Theorem 4.1. There exists e(m) > 0 with the following property. Assume that

(A) U CR™ is open, u: U — R, B(xg,7m9) C U, and Ao > 0;

(B) 0 <e <e(m)ro;

(C) for every 0 < r < ro and every x € B(xg,79) the function w is linearly

e-approximatable at (x,r);

(D) for every0 < r < 1o and every x € B(xo,79) one has |grad|(u, z,r,€) = Ao.
It follows that a meighborhood of xo in the level set U N {x : u(x) = u(zg)} is
bi-Holder homeomorphic to an (m — 1)-dimensional ball.

Proof. Put ¥ = U N{z : u(zr) = u(zg)}. Given x € ¥ N B(zg,70) and 0 < r < 1
we choose e, , € grad(u,z,r,€) with |e; .| > Ag. Notice that

ez y — @) = |u(y) —u(z) — (ezry —x)| <er
whenever y € ¥ N B(z,r). In other words,
y € Bz + Wy, )\alar)

where Wy, := R™ N {h : (h,e;,) = 0}. The other way around, assume hy €
Wy 0 B(x,r/2). Letting hy := hg + tex ,|ex |~ we infer that

u(x + hy) <u(x) + (e, i) +er = u(z) + tleg,r| +er
and that

w(x + he) > u(x) — (eqr, he) —er = u(z) — tleg | —er
(notice that |h¢| < r provided ¢? < 3r?/4). In particular (if A 'e is small enough)
u(z + h_gje, ,|-1er) < u(x) and u(x + hye, |-12,) > u(z). Since t — h(x + hy) is
continuous (according to Theorem 7)) we see that there exists —2\;'er < t* <
2)\; ter such that u(x + he-) = u(x) = u(zo), i.e. © + hy= € B. In other words,

x4 ho € B(X,2)\; ter) .

The conclusion now follows from Reifenberg’s Topological Disk Theorem; see e.g.
[9, 8, 111 [4]. O
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