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TRANSCENDENCE OF POWER SERIES
FOR SOME NUMBER THEORETIC FUNCTIONS
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ABSTRACT. We give a new proof of Fatou’s theorem: if an algebraic function
has a power series expansion with bounded integer coefficients, then it must be
a rational function. This result is applied to show that for any non—trivial com-
pletely multiplicative function from N to {—1,1}, the series > >7 ; f(n)z" is
transcendental over Z(z); in particular, Y > ; A(n)z" is transcendental, where
X is Liouville’s function. The transcendence of Y 7 ; p(n)z"™ is also proved.

In 1945 Duffin and Schaeffer [8] proved that a power series that is bounded in a
sector and has coefficients from a finite subset is already a rational function. Their
proof is relatively indirect. In [5], the first author, Erdélyi, and Littmann gave a
shorter direct proof of this beautiful and surprising theorem.

The theorem of Duffin and Schaeffer is a generalization of a result of Szego, who
proved in 1922 that a power series f whose coefficients assume only finitely many
values and which can be extended analytically beyond the unit circle is already a
rational function.

In 1906 Fatou [I0] proved, and in 1999 Allouche [I] re-proved using a deep result
of Cobham [0], that

Theorem 1 (Fatou, 1906). A power series whose coefficients take only finitely
many values is either rational or transcendental.

In this paper, we give a new proof of Fatou’s theorem and apply it to show
that various power series are transcendental; as specific examples we show the
transcendence of the series Y2 | A(n)z™ and Y-, p(n)z"™, where \ and y are the
Liouville and Mobius functions, respectively.

We will need the following quantitative version of the Fundamental Theorem of
Algebra, Theorem 1.2.1 of [4].

Lemma 1. The polynomial
p(2) = anz" +an12"" '+ Fag,  an #0,

has exactly n zeros. These all lie in the open disk of radius r centered at the origin,

where
lax|

r: =14 max .
0<k<n—1 |a,|
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Proof of Theorem [Il. Suppose that f(z) satisfies

an(2)f(2)" + an-1(2) f(2)" 7+ +ao(z) =0,
where each a;(2) is a polynomial with integer coefficients. Since the leading coeffi-
cient a,(z) of this polynomial equation is a polynomial, it has finitely many zeros.
Hence there is a sector S of the open unit disk where |a,(z)| is bounded away from
zero uniformly. The modulus of each other coefficient ax(z) is clearly uniformly

bounded above on S. Now apply Lemma [I] to conclude that |f(z)| is bounded on
S, so the result of Duffin and Schaeffer applies. O

Denote by p the Mobius function and by A the Liouville function. Recall that A
is the unique completely multiplicative function defined by A(p) = —1 for all primes
D.

In [2] it is shown that the formal power series > >° , A(n)z™, > .~ u(n)z" €
Z[[z]] are irrational over Z(z) (and various other multiplicative functions). We
proceed by proving that these two power series are transcendental over Z(z). The
transcendence of y 7, A(n)z" is stated as a corollary to the following general
theorem.

Theorem 2. Let f : N — {—1,1} be a completely multiplicative function with
the property that for some prime p, f(p) = —1. Then > o, f(n)z" € Z[[z]] is
transcendental over Z(z).

Proof. In light of Theorem [I we need only demonstrate that for a completely
multiplicative function f : N — {—1,1} such that there is a prime p for which
f(p) = —1, the sequence of values of f is not eventually periodic. This would show
that >°°7, f(n)2™™ is irrational. Denote the sequence of values of f by F.
Towards a contradiction, suppose that § is eventually periodic, say the sequence
is periodic after the M—th term and has period k. Now there is an N € N such
that for all n > N, we have nk > M. Let p be a prime for which f(p) = —1. Then

f(pnk) = f(p)f(nk) = —f(nk).
But pnk = nk(mod k), a contradiction to the eventual k—periodicity of F. (]

Corollary 1. If X is the Liowville function, then the series Y .., A(n)z" € Z[[2]]
is transcendental over Z(z).

Note that Theorem [2] does not apply directly to the Mobius function; p is not
completely multiplicative. Recall from the definition that if p?|n for any prime p,
then p(n) = 0. From this fact alone one may use the Chinese Remainder Theorem
to show that the sequence of values of the Mobius function contains arbitrarily long
runs of zeroes. This in turn gives the irrationality of Y ° | u(n)z" at z = 1 and
hence the following corollary to Theorem [II

Corollary 2. If u is the Mébius function, then the series Y, p(n)z" € Z[[z]] is
transcendental over Z(z).

The transcendence of the series > 7 | f(z)z" over Z(z) for f equal to each of
the multiplicative functions 74, 0%, and ¢ was shown by Yazdani [12]; the case
f = u was previously treated by Allouche [I] using a deep result of Cobham [7].
While transcendence results on power series are readily available, there are many
open questions concerning their special values. Erdés [9] was interested in the
transcendence (and irrationality) of both > °  7(n)2™" and Y, ¢(n)2~™. The
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irrationality of the first sum was shown by Borwein [3]; the transcendence is not
yet known. Questions regarding the algebraic character of ZZO=1 ©(n)2~™ remain
open. Nesterenko [I1] has shown that the number

= An)

n=1

is transcendental, though the transcendence of its close relative, >~
remains elusive.

A(n)2—m,
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