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RELATIVE BRAUER GROUPS IN CHARACTERISTIC p

ROBERTO ARAVIRE AND BILL JACOB

(Communicated by Martin Lorenz)

ABSTRACT. This paper gives a description of the relative Brauer group
Br(E/F) when F has characteristic p, [E : F] = p, and the Galois group
Gal(E1 /F) is solvable, where E; is the Galois closure of E over F'.

In the theory of central simple algebras, splitting fields are of special importance.
In particular they provide information about maximal subfields and hence insight
into the structure of an algebra. Turning this around, it is often useful to determine
the relative Brauer group of a field extension, namely to characterize the Brauer
classes that vanish in the extension. For example, if E/F is a cyclic extension
and if D is an algebra for which [D] € Br(E/F) := ker(Br F — BrE), then of
course D is a cyclic algebra and we can express D = (E/F,o,t) for a generator o
of Gal(E/F) and t € F. It is well-known (see, for example, [6], pp. 259-262) that
the map F* — BrF given by ¢t — (E/F,o0,t) is multiplicative with ¢t — 0 if and
only if t € Ng,p(£*). In other words, in the cyclic case the relative Brauer group
Br,(E/F) is computed by the classical exact sequence

F*

0o —
Ng/r(E*)

— Br,F' — Br,E.

A natural approach to try to generalize this is to use the restriction-corestriction
sequence. For example, if [E : F| = p is separable of prime degree, then there
exists an extension F) of F so that Fy = E - F; is cyclic Galois over F; and
with [Fy : F] = s, where (s,p) = 1. Since the composite corp, /p o resp, /p :
Br,F' — Br,F; — Br,F is multiplication by s, it is injective, so we have an
embedding Br,F — Br,F;. This induces an inclusion Br,(E/F) — Br,(Ey/F1)
and reduces the problem of determining Br,(E/F) to explicitly computing its image
in Br,(E1/F1). In general, however, this is not an easy thing to do; that is, it can
be very difficult to find an explicit description of the image. In this paper we
show how to carry this out in characteristic p where [E : F] = p and where E/F
is no longer cyclic, but has solvable Galois group. In this case we find a € F
and decompositions Fy/Fi? = vp (1) = @5, v& (1) and Ef/E? = vg, (1) =
@:_ v (1) for which the norm acts on summands as Np, /p, = @_} N gf/ P

i

P v (1) — @2} v& (1). Tt is then shown that the image of Br,(E/F) in
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1266 ROBERTO ARAVIRE AND BILL JACOB

Br,(E1/F}) is the quotient V%(l)/Ng/F(V%(l)), so one obtains an analogue of the
above exact sequence,

0 Vi) Br, F — Br, E
— ———— — Br — Br, F.

Ng L) ot T

As a corollary of this work we obtain a new proof of Albert’s result [I] that
p-algebras of index p with solvable group are cyclic. The decomposition of relative
norm groups indicates why one should expect such a result. Away from character-
istic p it is known that dihedral algebras are cyclic ([5], [7]), but those calculations
do not appear to give a general description of the relative Brauer group.

1. THE BASIC SETUP

Let F' be a field of characteristic p > 0 and assume that F is a separable extension
of F' of degree p. Suppose that E; is the Galois closure of F over F' and that
Gal(E1/F) is solvable. Our main result is an explicit computation of Br(E/F) :=
ker(Br F — Br E). In this first lemma we show that the extension E has a simple
form. This result is presumably well-known, but is included for lack of a reference.

Lemma 1.1. Suppose that [E : F| = p and Gal(Ey/F) is solvable, where E; is
the Galois closure of E over F. Then E = F((3), where P — a8 — b =0 for some
a,b € FP. Moreover, By = F(a, 3), where a?~! = a and [F(a) : F] = s for some
slp—1.

Remark 1.2. The calculations also show that F1 = F(a, 3'), where ' = 3/« and
p(B') =BT -3 =b/a? € Iy := F(a).

Proof. According to ([3], Th. 7, p. 77), as p is prime one knows that Gal(E,/F) is
a Frobenius subgroup of AGL(F,); that is, there exists a cyclic extension Fy of F'
of degree s with s | p—1 such that F; = E- F} is the Galois closure of F over F' and
such that Ey/F; is cyclic of degree p. Since F contains primitive (p — 1)th roots
of unity we express Fi = F(ay), where o = a; € F. Without loss of generality,
replacing a; by 0/173 we can assume that af =a; € F?" and oy € (F(al))pS.

We let 7 be a generator of Gal(Fy/F), so 7(a1) = (aq where ¢ € F), is a primitive
sth root of unity. As I} = F®a F&- - @oﬁ_lF and since F1/F; is Galois and cyclic
of degree p we know by Artin-Schreier theory that Ey = Fy(f1), where p(81) =
cot+crar+--- —|—cs,1a‘1€71 for ¢; € F'. Replacing 1 by 7 and ay by of if necessary
we can assume each ¢; € FP, o € F(al)p2 and a; € FP°. Now, as () = Tag we
have 79 (a}) = (¥} and therefore p(77(31)) = co+ ety +-- -+ Ve, _ai™t
Since the s x s matrix with (4, ) entry ¢ is invertible over F, it is possible to find
F,-linear combinations of 77(f1), 31,;, so that p(61,;) = cja{, where ¢; € FP? for
j=0,1,...,s — 1. (This uses the fact that p is F,-linear.)

Now, as 1 € F, and as (5 is an Fj-linear combination of the 3, ;, we see that
for some j, B1; € F. We express a; = o’” for o/ € (F(a1))P so that

0(B1j) = cjad = c;(a") = ¢; (") /(a'")*I
and therefore
(0/87]514'):0 B a/(Pfl)(S*J) (alsfjﬂld_) _ Cja/:ﬁs.

We set a = o/ PV and b = ¢;o"* so that 3 = o/*77 3, ; satisfies 7 — a3 = b.
We claim that a,b € FP. As (o/*)? = of = a1 € F and [F(&/®) : F] < p, since F'
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has characteristic p we must have o/* € F. As s|p—1 and as a/P®* =a; € P we
find that o’° € FP. Finally, since ¢; € F?, so are a and b.

If we set o = o/*77 we find a?~! = g as required. We note as 7 —af = b
that p(8/a) = b/aP. Therefore, as [F (5, a) : F(a)] = p (Artin-Schreier extensions
either have degree p or 1), we must have [F((8) : F] = p as well. As all extensions
of degree p over F inside F; must be isomorphic to F(3), we find E = F(3), and
this proves the lemma. (Il

For the remainder of this paper we use the notation set up in Lemma 1.1. In
particular, a,b € FP, and we denote by F; := F(a) a cyclic extension of F, where
aP~! = g and s is chosen minimal with s | p—1 and a® € F. We set E = F(f3)
where P — aff — b = 0 and we assume F is a separable extension of F' of degree
p. The extension E; = F(«, ) is the cyclic extension of degree p over F; given by
E, = Fi(B/a), where p(8/a) = b/aP € Fy. We will denote by o the generator of
the Galois group Gal(E4/Fy) for which o(8/a) := 8/a + 1. This also implies that
() = B+ a.

2. DIFFERENTIAL FORMS

We use the standard notation for differential forms in characteristic p (see [2] for
details) and will repeatedly make use of the Bloch-Kato-Gabber [4] theorem which
gives the exact sequence

0— F*/F7 ¥l £ QL /dF — H2(F) — 0

and which defines the group H2(F) := Qp/(p(Qf) + dF). Here o : Q}, — Qp/dF
is defined by p(a%) = (aP — a)#. It was proved by Witt [§] that Br,(F) = H2(F)
where the class of a cyclic algebra (¢, b] corresponds to the class of the form b%, and
therefore we can use differential forms to study Br,(E/F). We also use the exact
sequence to repeatedly express certain w € QL for which p(w) € dF as w = dlog(f)
for some f € F.

We use notation from [2] when computing p. If t1,ts, ... is a fixed p-basis for
F and if u = ZZ;I ci% € Q1. then one can define relative to this p-basis ulPl .=
> cfdt—t: One then knows that o(u) = ul”! — u (mod dF), and for the purposes
of computation, whenever a € F, (au)lP! = aPulPl. Finally, the image of F*/F*?
under dlog is denoted vg(1), and so by the exact sequence we have vg(1) = ker(p).

We now consider the problem of describing ker(Br,(F) — Bry(E)). Let w € Q%
be a differential form such that

w = p(u) +d(v) in Qf
for u € Qf, v € E. Since Qf = Q% + 8Ok + -+ + AP~ 1QL we have that

(2.1) w = p(ug + Buy + -+ B u,_y) (mod dE)
with w; € Q}.. Expanding (1) we obtain
w = p(ug) + (5pu[1p] - ﬂul) +-t (ﬂ(pfl)pui,pll - ﬂpflup_l)

= p(uo) + ((aﬁ+ b) uy’ —5161) + -

+ ((aﬁ + byt ul[,pll - ﬂp_lup,l) (mod dE).
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Since dE = dF + BdF + - - - + P~ 'dF we have inside QkL:
w = p(ug) + bu[lp] + b2u[2p] +ot bpfluLpll (mod dF),
0= au[lp] —uy + (?)abugp] + (i’)abQU[Qp] +-+ (”Il)abp%ugpll (mod dF),

0= ap*QULplQ —Up_o + (g:;)ap*QbuLpll (mod dF),
(2.2) 0= apflu][gpll —up—1 (mod dF).
For u = ug+Pui1+-- -+ﬁp_1up,1, let & be the maximal index such that wug # 0.
The last two nontrivial equations in (2) above will be
(2.3) 0= ak’lugf]_l —Up_1 + kak’lbugf] (mod dF),
(2.4) 0= akukp} —uy (mod dF).
The proof of our main theorem will be based on reducing to the case where k = 1.
To carry out our proof we need to be able to compute norms additively inside

Q}El. That is the point of the next lemma. The automorphism o of F; induces an
automorphism of Q}El which can be used to compute the norm.

Lemma 2.1. The operator (o — 1)P~1 on Q}El s equivalent to the trace map try;
that is, (0 — 1)~ (u) = tr.(u) for each u € Q. Moreover,

dN
(0 _ 1)p71 <d7> = tr, <d7> _ El/Fl(ﬂ)/)
¥ v Ng,/r (7)
for each v € EY.

Proof. Since the Galois group Gal(FE,/F}) is cyclic, we have

p—1
(0= 1P =D (=0t e
s=0
As (_1)1771*8(2021) — (_1)1771*8% = (_1)1771*8% =

1 (mod p) for each s, we have

p—1
(o — 1)p71 = 0% = tr,.

[
I
o

According to ([2], Lem. 2.5) the trace restricts to a map tr. : vg, (1) — v (1),
where it coincides with the norm. Thus we have

as desired. O

Our initial computations will take place over Fy, and then we will pull back to
F'. For this we need some notation. We have

O, ="', @ - @ fQF, ® Q.

This decomposition provides a filtration of Q}El, given next.
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Definition 2.2. For ¢t with 0 < t < p we denote by V; the subgroup of 9}51 defined
by Vi= 50 ® 50 @0
Remark 2.3. As 0(8) = 8+ a where a € F it is clear that the operator (o —1)
has the property (o —1)(V;) C V;q for 1 <t < p — 1. In particular, we find
(0 = 1)’ (V;) C Vi_j, where V,_; =0 in case j > t.

The next result shows how the operators (o — 1)* can be used to study elements
of Q.
Lemma 2.4. Suppose n € Qp, and (o0 —1)*"1(n) = paFluy (mod QF, ), where
1<k<p-1anduy €Qp. Thenn= k=1*uy (mod Vi_1).

Proof. We express ) = > _, 3'n;, where 7; € QF, and t is chosen to be the maximal
index ¢ with n; # 0 . By a direct calculation, as (0 —1)(8) = (8+a)— = a we find
(0 —1)'B7 = (J)7*a’ (mod V;_,—1), and from this we see that (o — 1)~ 1(n) =
(,0,) B ak~1n, (mod Vi_1). The hypothesis shows we have t —k + 1 = 1, so
in fact t = k. From this it follows that n, = E~tug. O

We have an analogous decomposition of Qf, as

QL = 10L e 9 akh @ Q.

1
Thus we can uniquely express 1) € Qp, as 1 = Zf;ol a'n; with n; € QL. Further,
since « € F¥ and Fy = o* 'F @ - @ aF & F we have

dFy = YdF & - ® odF & dF

with each a'dF C a'Q}.. As these direct-sum decompositions are compatible, it

makes sense to consider the quotient a’QL/a’dF. Further, for any i and n; € Q%
we have p(a'n;) = (aPnlP) —ain;) = ai(an!”! —1;), and therefore p(aiQL) C a0l
So the following definition makes sense. It is the key to our computation of the
relative Brauer group Br(E/F).

Definition 2.5. Suppose F; = F(a) where a?~! = a € FP, [F} : F] = s, and
s |p—1. Then for ¢ with 0 <4 < s — 1 we denote by

V}I;‘i(].) = ker(a'Qk 5 QL /da' F).
Of course, in this notation, fo—‘o(l) = vp(1). Analogously we have groups l/%i (1) for

each 71 with 0 <7 <s—1.
The direct sum decompositions above give that
Qf, /dFy = (o*'Qp/a* 1 dF) & - & (o /adF) & (Qf /dF),
so it is reasonable to expect a similar decomposition for v, (1). This is given next.

Lemma 2.6. Assume Fy = F(a) as in Definition 2.5 and n = Y ;_ Oloz ni € Qp,

where 1; € Q. Then p(n) € dFy if and only if for each i, p(a’n;) € a'dF C oﬂQ1
In particular, ve, (1) = @4 v (1).

Proof. Tt n=Y"") ain; € Qp, with 7; € Q}, we calculate

s—1 s—1

pn) =3 pla'm) = Z(oﬂ" —a'n;) Za (a'ni” ;).
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As dFy = @77 o'dF, we obtain p(n) € dF; if and only if for each 4, p(a’n;) =
ai(aim[p } — ;) € aidF, giving the first statement. The final statement now follows
because vp, (1) = ker(p : Qk — QL /dF1) = @) ker(a'Qh > o’QL/daiF) =

Dy vi (1). O

We next note that the norm behaves well when restricted to the decompositions
of vg, (1) and vp, (1).

Lemma 2.7. The norm Ng, /p, : vg, (1) — vp, (1) restricts on summands to maps

Niyp v (1) — vi (1),

Proof. The group v (1) is the subgroup ker(p) Na'Q}, € O , and by Lemma 2.1
the norm is given by the operator (o — 1)P~! on this subgroup. Since (o — 1)P~!
vanishes on V,_q, if n = 8P~y + 12 € 1/%1(1) where 71 € o'QL and 7y € V,_o,
to prove the result it suffices to verify that (o — 1)P~1(8P~1n;) € a’QL. As the
operator (o —1) is Fi-linear on Qp and as (0 —1)?~!(37~1) = —a € F, the result
follows. O

Remark 2.8. It is possible to define the groups 1/?; (1) without reference to the field
extension F; = F(a). In view of the isomorphism «‘QL 2 QL. these groups are
given by l/}l;(].) >~ ker(Qh Oa QL. /dF), where g, (cd—;) = (a‘c? — 0)%. In our case
the well-definition of @, follows by extending to F(a) where a?~! = a, although
there is presumably a direct proof. The norm map Ng/ P l/%i(l) — 1/7;(1) can
also be defined without reference to the field extensions. It is induced by the
trace QL — QL. However, in our applications we need to view v&(1) C vg (1)
and explicitly represent elements of v%(1) as % for f € Fy, so we have given the
definition in terms of the extension F} = F(«).

3. THE MAIN THEOREM

The idea behind studying an element w € ker(Br,(F) — Br,(E)) is to system-
atically reduce the power k of 3 in an expression w = @(ug + Buy + - -+ + BFuy)
(mod dFE) to where we have a useful description of w over F'. This next lemma is
the key to this reduction.

Lemma 3.1. Suppose 2 <k <p—1 and uy,ur_1 € QL satisfy equations (3) and
(4) in Section 2 above. Then there exists v € E such that

d
77 = B uk + B opo1 + -+ B + o,

wherevieQ};forOgigk—l.

Proof. As a € F' and as a*? = a*a® multiplying equation (4) by o* gives that

Fup = p(a*uy) € afdF C dFy. Consequently, we find

k df

a"up = = for some f € Fy.

ak”uLp] — o
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It now follows, multiplying equation (3) by o*~1, that

a(k_l)pugfll —aF g + ka(k_l)pbugf] = p(ozk ug—1) + k(b/aP)a kpu[ g

p(a" tug_1) + k(b/a?) ( )

lies in o ~1dFy = dFy. As p(k(B/a)) = k(b/aP) we get p(a*tug_1 +k(B/a) %
dF4, from which we find

d dé
" g + k(B )f 5 for some § € Ej.

f
Using Remark 2.3 we apply (¢—1)P~! to the latter equation to find that ‘ﬂVEl/i/:l((;)) =
1
0. Consequently, Ng, /p, (6) € F*P, and by Hilbert’s Theorem 90 we can express

0= tv‘f_l for t € F} and v € F7. From this we obtain

d dt d
oy + k(3/0) T = Xy (o )DL
f ga!
Assume we have shown that
df dt dye
o+ k =— + (o -1
1+ k(BT = F 0=

for v € Eqy. If p— (£ +1) > 1, then (as % € QF, ) we apply (o — 1)P~*~! to find
(0 — 1)”_1(%) = 0. So we can write v, = tm}’;ll € E;. Substitution gives

dt d
R A
f t Ye+1
So by induction we have produced 71,72,...,7; as long as p — j > 1. But we have
k<psop—(k—1)>1, and we have produced ;1 € E; with
d dt dryg—
oy + k(Bfa) L = Xy (o DL
f t V-1
We note that (o — 1)+ d’“ = (0 —12%2 — ... = (0 — D14 ¢ V) oand

72 Yk~
also that (o — 1)F-192=1 = kz(ﬂ/a)% = k(B/a)afu;, (mod Q};l) Applying

Te—1
D1 shows D=t = 58k, (mod Vi_y), where s # 0 € F,.

Vk—1 Ye—1

By Lemma 2.6 applied to E;/E we may uniquely express 1 = Zz 0 a 'n; where
no = sf%uy (mod Vi_1) with p(no) € dE, and when i > 0 we have a'n; € Vj_;.

We now select v € E with d% = 5719, and the lemma is proved. O

Lemma 2.4 with n =

We may now give the proof of the main result.

Theorem 3.2. Suppose that char(F) = p, [E : F] = p and Gal(E1/F) is solvable,
where Ey is the Galois closure of E over F. Let a,b € F? with o~ = a be as in
Lemma 1.1. Then Bry(E/F) = vi(1) /N, p(vg(1)).

Proof. We define ¢ : v&.(1) — Q},l/dFl to be the homomorphism given by (;5(%) =
(b/ap)% (mod dFy). Then by the classical theory of cyclic algebras, as F; =
Fi(p~'(b/aP)) we know that the class [(b/a?)%] = 0 € Br, Fy if and only if
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% € Ng,/r, (vE, (1)). However, by Lemma 2.7 we know that v%(1)\Ng, /g, (vE, (1))
= Nz, r(v§(1)), so ¢ induces an embedding

3. g R
CNT (e 1/ £1).
NE/F (vE(1)) ?
We claim that im(¢) = im(ig, ,r), where ip, /p : Bry(E/F) — Br,(E1/F}) is the
map given by scalar extension. From this claim the theorem follows.

We suppose that w € QL corresponds to a class in Br,(E/F), and we assume
that k is minimal such that

w = p(ug + Bus + - + Bruy) + dv
for u; € Q. and v € E. First we assume k > 1, and then we can apply Lemma 3.1
to obtain v € F such that %’Y = BFuy + BF o1 + - - + By + vg, where v; € Q},

Since p(d%) = dv’ for some v’ € E, subtracting we see that

w = p((uo — vo) + Bur —v1) + -+ + B Hup—1 — vp_1)) + d(v +0'),

contradicting the minimality of k.
We are now in the case where £ = 1. We have that

w = ugp]fqurbu[lp]ervo,
0 = au[lp] —uy + dv,
where ug,u; € Q% and vg,v; € F. As in the proof of Lemma 3.1 we find that

p(auy) € dFy, and consequently we can express au; = % where f € Fy. As

uy € QL this means that % € v4(1). Altogether we have

[p]
1df b df
wzbu[lp] :b<57> = o [ (mod p(Q},ﬂl)+dF1).
This shows that im(ig, ;) C im(¢). Conversely, if % € v%(1), then E(dT) =
(b/aP) 4 = (b/a) L4 € im(ip, p : HA(F) — H2(F) as 2% € Qf. So im(§) C
im(if, /r), and the theorem follows. O

As a consequence of this calculation we obtain the result of Albert [I] that al-
gebras in Br(E/F) must be cyclic. Albert proved his result by finding a purely
inseparable splitting field of such an algebra. The proof below gives more informa-
tion by explicitly describing its Brauer class as a symbol.

Corollary 3.3 (Albert). Suppose that char(F) = p, [E : F] = p, and Gal(E,/F)
is solvable where E7 is the Galois closure of E over F. If a division algebra D is
split over E, then D is a cyclic algebra.

Proof. In the proof of Theorem 3.2 we established that if w € Qk corresponds to
a class in Br,(E/F), then w = ugp] — ug + bu[lp] + dvg, where ug,u; € Qk, vo € F,
and aqu; = % for f € Fy. We express f =29 +ax; + -+ ap*pr_g, where each
x; € F. As afu; = df we see that

oz +azy + -+ aP 2z, o)uy =dxo + adry + -+ P 2dw, s
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and consequently

d(El d$2 dﬁpfg d$0
Ul = — = ——— == e = — = .
i) X Tp—3 aTp—2

From this we obtain

PN PN X
P = <~”¢1> _ (fclxl> - <xl> 1 (mod dF).
xo o T1 Zo Z1

But now we obtain from the first equation

p
d
w=b (£> o (mod p(Q}) + dF).
Zo X

So by Witt’s isomorphism it follows that D must be the cyclic algebra

P
D = <x1’ b <ﬂ) :| '
xg
This gives the corollary. O
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