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AREA GROWTH RATE OF THE LEVEL SURFACE
OF THE POTENTIAL FUNCTION ON

THE 3-DIMENSIONAL STEADY GRADIENT RICCI SOLITON

HONGXIN GUO

(Communicated by Richard A. Wentworth)

Abstract. In this short note we show that on a 3-dimensional steady gradient
Ricci soliton with positive curvature and which is κ-noncollapsed on all scales,

the scalar curvature and the mean curvature of the level surface of the potential
function both decay linearly. Consequently we prove that the area of the level
surface grows linearly.

1. Introduction and preliminaries

In Ricci flow, the Ricci solitons, which are the self-similar solutions evolving only
by scalings and diffeomorphisms, have been extensively studied. These special solu-
tions motivate the general analysis of the Ricci flow through monotonicity formulas
and their applications. See Hamilton’s important work [5]. Recently, quite a few
results on the classification and rigidity of the gradient solitons have appeared; see
[6], [7], [8], [9], [12], and [13], for example.

In this note we assume
(
M3, g, f

)
is a steady gradient Ricci soliton which satisfies

the equation

(1.1) Rab + ∇a∇bf = 0, 1 ≤ a, b ≤ 3,

where f is called the potential function. Throughout this paper we assume M3 has
strictly positive sectional curvature and is κ-noncollapsed on all scales.

The following claim is due to Perelman (see Remark 11.9 of [10]).

Claim 1.1. I can prove uniqueness in the class of gradient steady solitons.

Related to Perelman’s claim, there is a paper [3] by Sun-Chin Chu. He shows that
towards spatial infinity, the geometry of a steady soliton becomes more and more
rotationally symmetric. Unfortunately, Lemma 2.4 of [3] does not hold because of a
mistake in the proof ([4]), which affects Theorem 2.3 of [3] and some consequences.
In this note, we prove Theorem 2.3 avoiding using Lemma 2.4. Along the way we
will also prove that both the scalar curvature and the mean curvature of the level
surface of f decay linearly.

Since the scalar curvature R is positive and R(x) → 0 if x → ∞ (see Theorem 3.5
of [3]), there is some point O, called the origin, where R assumes its maximum.
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Since ∇R = 2 Rc(∇f, ·) we have

2 Rc(∇f,∇f)(O) = 〈∇R(O),∇f(O)〉 = 0.

Then by the strict positivity of Ricci curvature we get ∇f(O) = 0. Since ∇∇f < 0
we know O is the unique maximum point of f. Without loss of generality we assume
R(O) = 1 and f(O) = 0. Since on a steady soliton R + |∇f |2 = C, evaluating C at
the origin we have R+ |∇f |2 = 1. It is obvious that limx→∞ |∇f | = 1. We have seen
from [3] that −f grows linearly. Precisely, for any 0 < δ < 1 there is a compact set
outside of which we have

δr(x) < −f(x) < r(x),

where r(x) � d(x, O).
Let Σ(σ) � {x|f(x) = σ}, ν � − ∇f

|∇f | , and R(σ) � {x|σ ≤ f(x) ≤ 0}. Then
Σ is a level surface of f and ν is the unit outward normal vector. The second
fundamental form h of Σ is defined by h(X, Y ) � 〈∇Xν, Y 〉, for any X, Y ∈ T (Σ).
The mean curvature H (σ) is the trace of h. Plugging in the formula for ν, we get

h = −∇∇f

|∇f | =
Rc
|∇f | .

Now we present a preliminary lemma which will be used in the next section.

Lemma 1.2. For any δ > 0, there is a compact set outside of which

(1.2) ∆R + δ|Rc |2 ≥ 0.

Proof. Argument by contradiction. Suppose there is a sequence of points {xi} with
xi → ∞ such that

∆R + δ|Rc |2 ≤ 0.

By Theorem 9.66 of [2] we know that

(M3, Rig(R−1
i t), xi)

is a limit in the Cheeger-Gromov sense to a solution of the standard shrinking
cylinder S2 × R by passing to a subsequence. On this cylinder, ∆∞R∞ = 0, and
|Rc∞ | > 0, and we get a contradiction. �

In inequality (1.2), in particular by choosing δ = 1, we have

(1.3) 〈∇R,∇f〉 =
∂R

∂t
= ∆R + 2 |Rc|2 ≥ |Rc |2 ≥ 1

3
R2.

2. Main results

In this section we first show that the scalar curvature R decays linearly. Below
we use C and Ci to denote constants, and they may vary from line to line. We have

Theorem 2.1 (R decays linearly). For r(x) large enough, there are positive con-
stants C1, C2 such that

(2.1)
C1

r(x)
≤ R(x) ≤ C2

r(x)
.
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Proof. By Perelman’s derivative estimate we have |∇R| ≤ CR2 (see inequality
(1.3) in [11]). Apply this along a normal geodesic γ emanating from O. Then
〈∇R, γ̇〉 ≥ −CR2, so that γ̇

(
1
R

)
≤ C. Thus

1
R (γ (r))

≤ 1
R (γ (0))

+ Cr = 1 + Cr,

so that
R (γ (r)) ≥ 1

1 + Cr
.

For r large enough, by choosing an appropriate constant C1 we can rewrite the
above as

R(x) ≥ C1

r
.

On the other hand, by inequality (1.3), we have for r(x) large enough that

〈∇f,∇R〉 ≥ 1
3
R2.

Let β(σ̄) be the integral curve of − ∇f
|∇f |2 . Since |∇f | → 1 as x → ∞, we have

outside of a compact set U

(2.2)
dR (β (σ̄))

dσ̄
= − 1

|∇f |2 〈∇f,∇R〉 ≤ −1
2
〈∇f,∇R〉 ≤ −1

6
R2.

From this differential inequality we get an upper estimate of R(β(σ̄)) in terms of
σ̄, of the order of 1/σ̄. Since σ̄ indeed takes the value of −f and is comparable with
the distance r, we can get a same kind of upper bound of R(x) in terms of r. With
this intuition in mind, below we give a rigorous argument.

Let S0 be a large sphere outside of U . For any x, there is a maximal integral
curve β passing through x with β(σ̄) = x. Let x0 be a point of intersection of β
and S0 and assume β(σ̄0) = x0. From inequality (2.2) we have

1
R(x)

− 1
R(x0)

≥ σ̄ − σ̄0

6
.

Let c0 � max{R(x̄) : x̄ ∈ S0}. Then

(2.3)
1

R(x)
≥ σ̄ − σ̄0

6
+

1
c0

.

Keep in mind that β is an integral curve of − ∇f
|∇f |2 . We have

−f(x) − (−f(x0)) =
∫ σ̄

σ̄0

d

dη
(−f(β(η)))dη =

∫ σ̄

σ̄0

1dη = σ̄ − σ̄0.

Let c1 � max{−f(x̄) : x̄ ∈ S0}. Then

(2.4) σ̄ − σ̄0 ≥ −f(x) − c1.

Combining inequalities (2.3) and (2.4), we get

1
R(x)

≥ −f(x)
6

− c1

6
+

1
c0

.

Since −f grows linearly, there exist constants c > 0 and c′ � −c1/6 + 1/c0 so that
1

R(x)
≥ cr(x) + c′.
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For r large enough, we can choose an appropriate constant C2 > 0 such that

R(x) ≤ C2

r(x)
.

�
For simplicity, below we will use H to denote H (σ) .

Corollary 2.2 (H decays linearly). There are positive constants C1, C2 such that
when r(x) is large enough we have

(2.5)
C1

r(x)
≤ H ≤ C2

r(x)
.

Proof. We have

Rc(ν, ν) =
1

|∇f |2 Rc(∇f,∇f) =
1

2|∇f |2 〈∇R,∇f〉

and
|〈∇R,∇f〉| ≤ |∇R| ≤ CR2 ≤ C

r2
.

Since |∇f | → 1 we have when r is large enough that

|Rc(ν, ν)| ≤ C

r2
.

Now, by H = R−Rc(ν,ν)
|∇f | and inequality (2.1) we get (2.5). �

Since −f grows linearly in terms of r, immediately we have

Corollary 2.3. There is a compact set outside of which we have

(2.6)
C1

−σ
≤ H ≤ C2

−σ
.

Let Aσ � area of Σ(σ) and Vσ � volume of R(σ). We have

Theorem 2.4. There are constants C1, C2 and a compact set outside of which we
have

(1) Aσ grows linearly: C1 · (−σ) ≤ Aσ ≤ C2 · (−σ),
(2) Vσ grows quadratically: C1σ

2 ≤ Vσ ≤ C2σ
2.

Proof. The flow equation
∂X

∂σ
= − 1

|∇f |ν

evolves the level surfaces into themselves. The area Aσ satisfies

(2.7)
dAσ

dσ
= −

∫
Σ

H

|∇f |dµ.

Suppose x is far enough from O. By inequalities (2.6) and (2.7) we have

(2.8)
C2Aσ

σ
≤ dAσ

dσ
≤ C1Aσ

σ
.

Notice that σ is negative, and it is not hard to see that C1 · (−σ) ≤ Aσ ≤ C2 · (−σ).
The growth rate of Vσ follows from the first part and the co-area formula

dVσ

dσ
= −

∫
Σ

1
|∇f |dµ.

�
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Remark 2.5. Theorem 2.4 is Theorem 2.3 in [3] with a corrected proof.
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