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ABSTRACT. We construct rational projective 4-dimensional varieties with the
property that certain Lawson homology groups tensored with Q are infinite
dimensional Q-vector spaces. More generally, for each pair of integers p and
k, with k > 0, p > 0, we find a projective variety Y such that Ly, Hop1(Y) is
infinitely generated.

We also construct two singular rational projective 3-dimensional varieties
Y and Y’ with the same homeomorphism type but different Lawson homol-
ogy groups; specifically, L1 H3(Y") is not isomorphic to L1 H3(Y’) even up to
torsion.

1. INTRODUCTION

This paper gives examples of singular rational projective 4-dimensional varieties
with infinitely generated Lawson homology groups even modulo torsion. This is
totally different from the smooth case ([14], also [§]), where it is known that all
Lawson homology groups of rational fourfolds are finitely generated.

This paper also gives examples of singular rational projective 3-dimensional va-
rieties with the same homeomorphism type but different Lawson homology groups.

For an algebraic variety X over C, the Lawson homology L, Hy(X) of p-cycles
is defined by

L Hy(X) :=mp_2p(Zp(X)), k>2p>0,

where Z,(X) is provided with a natural topology. For general background, the
reader is referred to the survey paper [12].

Clemens showed that the Griffiths group of 1-cycles (which is defined to be
the group of algebraic 1-cycles homologically equivalent to zero modulo l-cycles
algebraically equivalent to zero) may be infinitely generated even modulo the torsion
elements for general quintic hypersurfaces in P* (cf. [2]). E. Friedlander showed
that L1 Ha(X) is exactly the algebraic 1-cycles modulo algebraic equivalence (cf.
[5]). Hence the Griffiths group of 1-cycles for X is a subgroup of L Ha(X).

This leads to the following question:

(Q): Can one show that L, Hop;(X) is not finitely generated for some projective
variety X where j >0 7
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In this paper we shall construct, for any given integers p and 7 > 0, examples
of rational varieties X for which L,Ho,;(X), as an abelian group, is infinitely
generated. Thus, we answer affirmatively the above question:

Theorem 1.1. There exists a rational projective variety X with dim(X) = 4 such
that L1H3(X) ® Q is not a finite dimensional Q-vector space.

By using the projective bundle theorem given by Friedlander and Gabber ([6]),
we have the following corollary:

Corollary 1.2. For any p > 1, there ezists a projective algebraic variety X such
that L,Hap1(X) is not a finitely generated abelian group.

More generally, we have

Theorem 1.3. For integers p and k, with k > 0,p > 0, we can find a projective
variety Y such that L,Hop 1, (Y) is infinitely generated.

Remark 1.4. The lack of smoothness is essential here. Compare Theorem [Tl with
the following result proved by C. Peters.

Theorem 1.5 (Peters [14]). For any smooth projective variety X over C with
Cho(X) ® Q = Q, the natural map ® : L1H,(X) @ Q — H,(X,Q) is injective. In
particular, L1 H,(X) ® Q is a finite dimensional Q-vector space.

Note that a rational variety X (smooth or not) has the property that Cho(X) ®
Q = Q. This property holds on a more general class of varieties called rationally
connected varieties (cf. [I0]), although it was known much earlier on rational vari-
eties.

Applying the same construction to hypersurfaces in P2, we obtain the following:

Theorem 1.6. There exist two rational 3-dimensional projective varieties Y and
Y’ which are homeomorphic but for which the Lawson homology groups LiH3(Y)
and L1H5(Y') are not isomorphic even up to torsion.

Remark 1.7. In fact, the varieties in Theorem [[.6 have exactly one isolated singular
point.

Remark 1.8. As in Theorem [[L3] the existence of a singular point of Y and Y’ in
Theorem [[.Glis essential. If Y, Y/ are two smooth rational projective varieties, then
Lng(Y) = Lng(Y/) and hence Lng(K Q) = Lng(Y/, Q)

2. LAWSON HOMOLOGY

In this section we briefly review the definitions and results used in the next
section. Let X be a projective variety of dimension m over C. The group of p-
cycles on X is the free abelian group Z,(X) generated by irreducible p-dimensional
subvarieties.

Definition 2.1. The Lawson homology L, H(X) of p-cycles on X is defined by
L Hy(X) :=mp_2p(Zp(X)), k>2p>0,

where Z,(X) is provided with a natural, compactly generated topology (cf. [5], [I1]
and [12]).
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Definition 2.2. The Griffiths group Griff,(X) of p-cycles on X is defined by
Griff, (X) := Z,(X)nom/ Zp(X)atg;

where Z,(X)nom denotes algebraic p-cycles homologous to zero and Z,(X )alg
denotes algebraic p-cycles which are algebraically equivalent to zero.

Remark 2.3. It was shown by Friedlander that L,H,(X) = Z,(X)/Z,(X)ag (cf.
[5]). Hence the Griffiths group Griff,(X) is a subgroup of the Lawson homology
L,Hy,(X). Therefore, for any projective variety X (note that its homology groups
are finitely generated), Griff,(X) is infinitely generated if and only if L, Ha,(X) is.

Remark 2.4. For a quasi-projective variety U, L,H(U) is also well-defined and
independent of the projective embedding (cf. [13], [12]).

Let V C U be a Zariski open subset of a quasi-projective variety U. Set Z =
U — V. Then we have

Theorem 2.5 ([13]). There is a long exact sequence for the pair (U, Z), i.e.,
(2.1) -+ — L,H(Z) = LyH(U) — L,H,(V) — L,Hy_1(Z) — -~

Remark 2.6. For any quasi-projective variety U, LoHy(U) = HPM(U), where
HPM(U) is the Borel-Moore homology. This follows from the Dold-Thom The-
orem [3].

As a direct application of this long exact sequence, one has the following results
[13]:
Proposition 2.7. (a) By the Complex Suspension Theorem [11], we have

LpH2n(Cn) = Za Zfo S p S n,
L,H,(C") =0, if0<2p<k#2n.

(b) Let U =C" and V,,_1 C C" be a closed algebraic set. Set V,, =C" —V,,_4.
Then we have

0— LpH2n+1(Vn) - LpHQn(Vn—l) — LpH2n((Cn) - LpHQn(Vn) — LpH2n—1(Vn—l) — 0

and
LkaJrl(Vn) = Lka(‘/n—l)7 k 7é 2”7 2n + 1.
3. AN ELEMENTARY CONSTRUCTION
Construction: Let X = (f(xg, -+ ,zn4+1) = 0) be a smooth hypersurface in

P! with degree d such that X N (zg = 0) is smooth, and let V,, := X — X N {P" =
(ro = 0)} be the affine part, i.e. V,, C C"*1. Define V,, 11 := C"*1—V,,. Then V,, 11

can be viewed as an affine variety in C"*2 defined by z,, 4o f(1,21, -+ ,Tpy1)—1 =
0, where V;, = (f(1,21,--+ ,7n,41) = 0). Denote by V,, 1 the projective closure of
Vpg1 in P2 and set Z, = Vi1 — Vyy1. Note that V1 C P*t2 is given by
Tpyo [(Toy @1,y Tny1) — 1:6”1 = 0. The construction here makes it clear how to

use the localization exact sequence (cf. Theorem [2.3]).
We leave the study of this case, where n = 1 and X is a smooth plane curve, as
an exercise.
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3.1. Application to the case n = 2. In this subsection, we will show that there
exist two rational projective 3-dimensional varieties with the same singular homol-
ogy groups but different Lawson homology.

The following result proved by Friedlander will be used several times:

Theorem 3.1 (Friedlander [5]). Let X be any smooth projective variety of dimen-
sion n. Then we have the following isomorphisms:

Ln—lH2n(X) = Z,

Ly 1Hop1(X) =2 Hyp1(X,Z),
Ln71H2n72(X) = anl,nfl(Xa Z) = NS(X)7
L, 1H,(X)=0 for k>2n.

For a finitely generated abelian group G, we denote by rk(G) the rank of G.
Let X C P3 be a smooth surface with degree d = 4 such that C := X NP? is a
smooth curve in P2, Then Vo = X — X NP2,

Lemma 3.2. I'k(LlHQ(X)) = I'k(LlHQ(VQ)) + 1, I‘k(Lng(VQ)) =0.

Proof. Note that X is a smooth hypersurface in P? and so H3(X) = 0 by the Weak
Lefschetz Theorem. By Theorem Bl we get L1 H3(X) = H3(X) = 0. Now by
applying Theorem to the pair (X, C), we get

0 — L1H3(Va) — L1H2(C) — L1Ho(X) — L1Hy(V2) — 0.

Note that L1 Hy(C) = Z and the map L1 H3(C) — L1 Hy(X) is injective because
the composition of it with LiHy(X) — Ly Hy(P3) = Z is the degree map. So
we get L1H3(V3) = 0. Therefore, by the above long exact sequence, we have
rk(L1H2(X)) = rk(L1Hz(V2)) + 1. O

Lemma 3.3. I'k(LlHQ(ZQ)) = 1, I‘k(Lng(ZQ)) = 6, rk(L1H4(ZQ)) = 2.

Proof. Note that Zy = V3 — V3 is defined by (x4 - f(0,21,...,23) = 0,20 = 0) in P*.
Let C' = (24 = 0) N (f(0, 21, -+ ,23) = 0) in the hyperplane (x¢ = 0) C P3. It is
easy to see that C’ = C. Then Z, = P? U XC, where ©C means the join of C' and
the point p=[0:---:0: 1]. By applying Theorem [2.3] to the pair (Z2, 2C), we get

(31) L L1H3(Z2 — EC) — LlHQ(EO) — LlHQ(Zg) — LlHQ(ZQ — EO) — O

Note that Zy — ¥C = P2 — O, LiH3(P?2 — C) = 0 and LiHy(P? — C) = 0.
So L1H3(Zy — £C) = 0 and L1Hy(Zy; — XC) = 0. Therefore rk(Ly1H2(Z2)) =
tkL1 H3(XC) = 1 by Equation (BI)).

By applying Theorem to the pair (Z,,P?), we get

(3.2) oo — LiHy(P?) — L1Hy(Zy) — LyHy(Zo — P?) — LiH3(P?) — --- .

Since Z2 — IPQ ~¥C — O, we have L1H5(Z2 — PQ) = L1H5(ZO — C) = 0 and
L1H4(Zg - ]P)Q) = L1H4(EC — C) ~ 7. Note that L1H4(]P>2) = H4(]P)2) ~ 7 and
L1 H3(P?) 2 H3(P?) = 0. Hence the last statement follows from Equation (B.2).

Recall that the Complex Suspension Theorem says that the suspension map
¥ Y — XY induces an isomorphism L, Hx(Y) = Ly, 1 Hy2(XY) for k > 2m >0
and any complex projective variety (not necessarily smooth or irreducible). In
particular, we have LiH5(XC) = LoH;(C). By the Dold-Thom Theorem, we
have LoH,(C) = H;(C). By assumption, C is a smooth plane curve of degree 4.
The adjunction formula gives rk(H;(C)) = 6. The second statement follows from

Equation (&1). O
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Lemma 3.4. I‘k(LlHQ(E)) S 1, I‘k(Lng(

Proof. Applying Theorem to the pair (V3,

Z3) with p = 1, we have

0 — L1Hs3(Z2) — L1H3(V3) — L1H3(V3) — L1H2(Z2) — L1Ha(V3) — 0

since Lemma gives L1Hy(V3) = 0 and Proposition 271 gives Ly Hy(V3) =
LHs(V2) = 0. Hence r&(Lng(vg)) < 1 by Lemma Moreover, we have
I'k(Lng(ZQ)) 7I'k(L1H3(V3)) +I‘k(L1H3(V§)) 7I'k(L1H2(ZQ)) +I‘k(L1H2(V3)) =0.

By Lemmas and B3] and part (b) in Proposition 271 we get

6 — I'k(Lng(Vg)) + (I‘k(LlHQ(X)) - 1) -1 + I‘k(LlHQ(V:;)) =0

and the second formula follows.

O

Lemma 3.5. Sing(V3) 2 {X N (20 =0)}U{p} = CU{p}, wherep=1[0:---0:1].

Proof. The proof follows from a direct computation. By definition,

Sing(V3) = {

F(xo, 1,22, 23,24) =0,
dF($07x1,$2,$3,$4) - 0
zft — 24 fz0, 21,22, 73) = 0,
(d—|— 1)330 — Iy - éijfo =0,
—2y - % =0,
Jé]
—xy - 2L =,
s

—x4- 5L =0,
f(xo,z1,22,23) =0

|

xo =0,
Ty -+ daxf :0,
o $4'g:0,
o $4-%:0,
$4-88—£ :0,
f(xo, w1, 22,23) =0
= {xo=x4:f(xo,x1,x2,x3) :0}U{x0 =f= 38—3{0 = 38—3{1 =

af _of _
3332 B 3333 B

= {ZEO = T4 = f(x07x1,$2;x3) = O}U {p} =CU {p}

since C' = (f = 0) is smooth by our assumption.

O

Remark 3.6. Note that p is an isolated singular point and the singularity C' =
X N (xg=0) is of Ay-type since degX = 4. From the computation in the proof
of Lemma B3] we know p is not on C. We can resolve the singularity of the A4-
type part by blowing up twice over the singularity, i.e., by blowing up over the
singularity for the first time and then blowing up the singularity of the proper

transform of the first blowup (cf. [4]). We denote by V3 the proper transform of V3

with the exceptional divisor D for the first blowup and by Vs the proper transform

of V3 with the exceptional divisor Dy for the second blowup. Both D; and D, are
isomorphic to a fiber bundle over C' with fibre the union of two P! intersecting at
exactly one point. See the appendix for the computation of a concrete example.

Now V3 has only one singular point, denoted by g.
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Lemma 3.7. The singular point q in Vi can be resolved by one blowup whose
exceptional divisor is isomorphic to X.

Proof. Note that V3 is obtained by taking the proper transform of blowups away
from ¢ and so the singularity type of ¢ is exactly the same as that of p in V5. In
the following we focus on the resolution of the singularity for V3 at p. We need to
show that the proper transform of V3 under the blowup of P4 at p is smooth away
from the 1-dimensional singularity and the exceptional divisor is isomorphic to X.

Recall that V3 C P* is defined by a single equation x4 - f(z9, 71,22, 73) — 25 =0
andp=[0:0:0:0:1]. Hence locally, p is in the open affine subset (x4 # 0) C P*.
Note that (x4 # 0) = C* with affine coordinates (x¢, x1, z2, 23). Then p is the origin
of C* and the defining equation of V3 in (x4 # 0) = C* is f(x¢, 71, 22, 23) — 2§ = 0.
Set Uz := V3N (24 # 0).

Let C* be the blowup of C* at the origin. Hence C* is given by the system of
equations (z;y; = z;y;, 0 < i # j < 3) in C* x P3, where [yo, 1,2, ys] are the
homogeneous coordinates of P3. Hence the inverse image p~!(Usz) of Us under the
blowup p : Ct—Ctis given by the system of equations

Ty = x5y, 0<i# 5 <3,
f(xo, 1,9, 23) — x5 = 0.
Note that C* is covered by 4 affine parts: (y; # 0), i = 0,1,2,3. On (yo # 0),
the defining equations for C* are simplified to be the system of equations

T = ToVYi, 1= 152737
and p~1(Us) in (yo # 0) is given by

Ty = xoyhi = 1) 2737
f(zo, 21,20, 23) — 2§ = 0.

Plug in @; = xoy;,i = 1,2,3, to the equation f(zg,z1,22,23) — 25 = 0. Then
we get f(z0,xoy1, woys woys) — o = 0 e, x- F(1,y1,y2,ys) — 2 = 0 since f is
homogeneous of degree 4. So either 23 = 0 or f(1,91,%2,%3) — ¥o = 0. Therefore
the proper transform of Us on the affine part (yo # 0) is defined by

T = Z’Oyiai = 17 2737
f(]-vylayQ,yb’) — Lo = Oa

for which the smoothness is easy to see from the definition and the choice of f.
The exceptional divisor is defined by

T; = xoy’i;i = 1a2537
f(]-,ylayQay?)) — Lo = Oa
x4 =0,
which is equivalent to f(1,y1,v2,y3) = 0 in 0 x (yo # 0) C C* x P3. This is the

affine part of X in P3. The computation on other open affine parts is the same as
above. This completes the proof of the lemma. O

We denote by W3 the proper transform of the blowup in the above lemma. Note
that W3 is a smooth rational threefold. We have the following property on Wi:
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Proposition 3.8. For a smooth surface X C P3 of fized degree d = 4 such that
X N (zo = 0) is smooth, the W3 thus constructed is a smooth rational threefold
with a fized homeomorphic type; i.e., for two smooth surfaces X and X' of the
same degree d in P3, the corresponding smooth rational threefolds W5 and W} are
homeomorphic.

Proof. Note that V3 is a hypersurface in P4. Let (Fy(zo, -+ ,24) = 0) C P4 be a
family of hypersurfaces such that V3 = (Fy = 0) is transversal to the hypersurface
H = (xo = 0). Let A be a neighborhood of ¢t = 0 such that (F; = 0) is transversal
to H for all t € A. Let I' C P* x A be the (analytic) variety defined by F(z,t) :=
Fi(z) = 0. Then we have the following incidence correspondence:

I ¢ P*xA
lm I
A = A

)

with 771(t) N T =T

The same type of computation in Remark and Lemma 3.7 works for a fam-
ily of singularities. The reader is referred to a more general discussion for the
simultaneous resolution of rational singularities to [I] and [I5]. The singularity in
Lemma [3.7] is not rational, but in this case, the proof of Lemma [B.7] word-for-word
works for the family case except that z4- f(z¢, 21, T2, 73) —23 = 0 (resp. C*) must be
replaced by F(xg,- -+ ,x4,t) = 0 (resp. C*x A). Therefore, we get a smooth variety
r by blowing up twice along the 2-dimensional singularity of Sing(I") and once for
the remaining 1-dimensional singularity of Sing(I"). Denote by F the exceptional
divisor of the last step. We claim that the map 7 : I — A is a smooth proper sub-
mersion. In fact, let v be a vector field of A and let ¢ be a lifting in I'(T", TT) such
that 7.(0) = v. Denote by ¢; (resp. @;) the flow generated by v (resp. ©). Then
Dy - [0t gives the homeomorphism between two fibers of 7 from Ehresmann’s
Theorem (cf. [I6]). This implies the result of the proposition. O

From this proposition, we have the following:
Corollary 3.9. For all smooth surfaces X C P of fived degree d = 4, the V3 thus
constructed has a fized homeomorphism type.

Remark 3.10. A similar statement in Corollary holds for arbitrary fixed degree
d. However, in the general case, the 2-dimensional singularity V5 can be resolved by
[%] blowups (cf. Appendix and [4] for more details). The last proper transform
of these blowups has a fixed homeomorphism type.

The proof of Corollary B39, For a smooth projective surface X C P3, we can find
suitable coordinates such that (g = 0) N X is a smooth irreducible curve. In the
proof of the proposition, we actually can choose © such that 1) v is tangent to
[; 2) ¢ is tangent to the exceptional divisor E defined in Proposition B8 So the
exceptional divisor E* of each fiber at t € A is the intersection of the fiber 771(¢)
and the exceptional divisor E, i.e., #~1(t) N E = E*. Then the flow of ¥ gives the
homeomorphism of any two fibers of 7 since E is smooth.

To see this, let X, X’ C P? be two smooth hypersurfaces of degree d and let

V3 (resp.VJ) be the corresponding varieties constructed in Remark We also
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denote W3 (resp. Wj) to be the proper transform of V3 (resp. V3) by resolving
the corresponding isolated smgular point. (If we use the notation as in the proof

of Proposition BR then Wy = I'o (resp. W3 = I for some to,ty € A).) Then
Bt = ENTh = ENW; (resp. E'o — ENTH = ENW)).

Since the flow @; preserves E, the horizonal map ¢ induced by the flow ¢, in
the following diagram

W 5 W
lo 1o’
v v

maps E™ onto E%. Hence we have a homeomorphism ¢ : Vi — {p} = Vi —{p'},

where p (resp. p') is the corresponding singular point of Va3 (resp. V7).
Then the homeomorphism G : V3 — 73’ is defined by

_ g(.’L‘), if z # p,
Glw) = { P, if x =p.

Note that the continuity of G thus defined can be verified by the definition.
Indeed, the inverse image of any open set U’ > p’ under G is o o o=t o o/~1(U'),
which is open since o is the quotient map and E C ¢! o o/~ 1(U’).

Therefore, G is a continuous bijective map between compact complex algebraic
varieties and so G is a homeomorphism. O

We want to show that some Lawson homology group of V3 may vary when the
smooth X varies in P3.

Theorem 3.11. There ezist two rational 3-dimensional projective varieties Y, Y’
such that'Y is homeomorphic to Y’ but the Lawson homology group L1Hs(Y') is not
isomorphic to L1 H3(Y') even up to torsion.

Proof. If X C P? is a general smooth quartic surface, then the Picard group
Pic(X) = Z by the Noether-Lefschetz Theorem. For details, see e.g. Voisin [16].
But it is well known that there are still many special smooth quartic surfaces X’
in P? such that X' N (zo = 0) is smooth and rk(Pic(X")) is as large as 20. Note
that by Theorem BIland the Weak Lefschetz Theorem, L; Ho(X) 2 Pic(X) for any

smooth surface X in P3.
Now we choose smooth X with L;H(X) =2 Z and X' with L Hy(X') =2 720,

Set Y := V3 and Y’ := V4. Let W3 (resp. W) be as in Proposition B8 From the
proof of Lemma 2.1 in [§], we have the commutative diagram
= LiH3(E) — LiHs(Ws) — LiHs(Ws—E) — LiHy(E) —

1 ! 1= 1
+— LiHs(q) — LiHs3(Y) — LiH3(Y —q) — LiHa(q) —

By Lemma B7 we know that £ = X. By Theorem Bl we have L H3(X) =
H3(X). By the Lefschetz Hyperplane Theorem, we know that X is simply con-
nected. Since ¢ is a point, we have L1 H3(Y) = L1H3(Y — q) =& L1H3(W3 — E) and
LlHQ(Y) = LlHQ(Y - q) = LlHQ(Wg - E)
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The top row of the above commutative diagram turns into the long exact se-
quence

04>L1H3(Wg)HLng(Y)HLlHQ(X) — LlHQ(Wg) — LlHQ(Y) — 0.
Therefore, we have
(33) I‘kLng(Wg) - I‘kLng(Y) + I‘kL]_HQ(X) - I‘kLlHQ(Wg) + I‘kLlHQ(Y> =0.

Since W3 is a smooth rational threefold, we have LiH3(W3) = H3(W3) and
L1 Hy(Ws3) = Hy(W3) (cf. Prop. 6.16 in [7]). By Proposition B.8 we have H;(W3) =
H;(W3) for all i. Hence from Equation ([B3), we get the following formula for
I'kLlHd(Y)

(34) I‘kLlH3(Y) = I‘ng(Wg) + I‘kL]_HQ(X) - I‘kHQ(Wg) + I‘kLlHQ(Y)
By applying Theorem to (Av;, Dy), we get

-+ — L1Hs(D1) — L1H>(V3) — L1Hy(V3 — Dy) — 0.

Hence N N
l“kLng(Vg) < I'kLlHQ(D1) +l"kL1H2(V3— Dl)
= tkLiHy(D:) +1kLiHy(V5 — q)
= rkLyHo(D1) + tkL1 Ho(V3)
< rtkL1Hy(Dq1) +1 (Lemma [B7).
Similarly, .
rkLng(vg) < rkLlHQ(DQ) + rkLng(vg)
Therefore,

kL Ho(Vs) < rkLyHa(Ds) + rkLyHa(D1) + 1.

Since D; (also Dy) is isomorphic to a P! UP!-bundle over a smooth curve C, it
is easy to compute, by using Theorem and the Projective Bundle Theorem [@],
that

I'kLlHQ(Dl) < I‘kLlHQ(C) +2- I'kLoHo(C) =14+2x1=3.

Therefore

kL Hy(V3) <3 +3+1="1.

The same computation applies to 73’, and we get

vkL Hy(VY) <3+3+1=T.
From this together with Equation ([34]), we have

kL Hy(Vs) < vk Hy (W) + Ly Ho(X) — tkHy (W) + 7
= rkH3(W3) —rkHy(W3) 4+ 8 (since L1Hy(X) = Z).

On the other hand, we have

kL Hy(V]) > rkHy(W34) + rkLy Ho(X') — rk Ho(W3)
= I‘kH3(W3) + rkLlHQ(X,) - l”ng(Wg)
= tkH3(W3) —rkHo(W3) +20 (since Ly Ho(X') = Z20).

This shows that L1 Hj (%3) is not isomorphic to Ly Hz(Vy). O



2260 WENCHUAN HU

3.2. Application to the case n = 3. With this construction, if we choose n =3
and X C P* to be a general hypersurface of degree d = 5, then V3 = X — X NP3
and S := X NP2 is a smooth surface in P3.

The proof of Theorem [L1l: By applying Theorem 28] to the pair (X, 5), we get

The above long exact sequence ([B.3]) remains exact after being tensored with Q.
Note that L1 H2(X) ® Q D Griff; (X) ® Q is an infinite dimensional Q-vector space
by [2]. Recall that LiH>(S) is finitely generated since dimS = 2 by Theorem
Hence L1 H2(V3) ® Q is an infinite dimensional Q-vector space. By Proposition 7]
we have L1H3 (V) ® Q = L1 Hy(V3) ® Q is an infinite dimensional Q-vector space.

Note that Z3 = V; — Vj is defined by (z5- f(0,21,...,24) = 0,29 = 0) in P?. Let
S" = (x5 =0)N (f(0,21,...,24) = 0) in the hyperplane (zo = 0) C P°. It is easy to
see that S’ 2 S. Then Z3 = P3 U %, (5), where X,(S) means the join of S and the
point p=[0:---:0: 1]. By applying Theorem 2.5 to the pair (Z3,¥.5), we get

(36) ce Lng(Zg - ZS) - LlHQ(ES) i L1H2(Z3) — Lng(Zg - ES) — 0.

Note that Z3 — BS = P3 — S. Therefore L1 Hy(Z3) ® Q is finite dimensional
since both L; Ho(XS) ® Q & LoH(S,Q) = Q ([11]) and L1 H2(P? — S) ® Q are.
By the same type of argument, we have L H3(Z3) ® Q is finite dimensional since
both L1 H3(XS) ® Q = LoH1(S,Q) = 0 (note that S is simply connected) and
L1H3(P3 — S) @ Q are.

By applying Theorem to the pair (Vj, Z3), we have the following long exact
sequence:

(37) s —> Lng(Zg) — L1H3(74) — Lng(V4) — LlHQ(Zg) b S
From (B7), the infinite dimensionality of L1 H3(V3) ® Q, and the finite dimen-

sionality of L;H(Z3) ® Q and Ly H3(Z3) ® Q, we obtain that L; H3(V,) ® Q is an
infinitely dimensional Q-vector space. This completes the proof of Theorem[T Il O

We can continue the procedure. Set Vs := C® —V,. Then V; can be viewed as an
affine variety in C% defined by zg-(z5-f(1, 21, -+ ,24)—1)—1=0. Set Z, = V53—V,
and so on. It can be shown in the same way that L; H3(Z,) is finitely generated
by using Theorem and Lawson’s Complex Suspension Theorem. Note that
L1H4(V5) = L1H3(Vy) by Proposition 27 and so Ly Hy4(Vs) is infinitely generated
since Ly H3(Vy) is.

By applying Theorem to the pair (Vs, Z4), we get the long exact sequence

(38) s — L1H4(Z4) — L1H4(75) — L1H4(V5) — L1H3(Z4) e S

Since Ly H3(Zy) is finitely generated, we obtain that L Hy(V3) is infinitely gen-
erated by Equation (3.8).

Proposition 3.12. In this construction, L1 Hy(Viy1) is not finitely generated for
k> 3.

By the Complex Suspension Theorem [I1], Ly41Hoptk (P Vig1) = L1 Hg(Vit1).
Therefore we get:

Theorem 3.13. For integers p and k, with k > 0,p > 0, we can find a rational
projective variety Y such that L,Hopyi(Y') is infinitely generated.



INFINITELY GENERATED LAWSON HOMOLOGY GROUPS 2261

Remark 3.14. If kK = 0 and p > 0, there also exist projective varieties Y such that
L,H,,(Y) is infinitely generated. This follows from the Projective Bundle Theorem
[6] and a result of Clemens [2].

Remark 3.15. All the Y thus constructed above are singular projective varieties.
Can one find some smooth projective variety such that the answer to the question
(Q) is positive? Yes, we can. By using a completely different method, the author
has constructed examples of smooth projective varieties such that (Q) is true (cf.

A1)

Remark 3.16. Note that all Vi1 are singular rational projective varieties. For
smooth rational projective varieties Y, L1H.(Y) ® Q are finite dimensional Q-
vector spaces ([14]). The author showed that L; H.(Y") are finitely generated abelian
groups [§].

4. APPENDIX

Let f(xo,- - ,x4) be a general homogeneous polynomial of degree 5, and let X be
a hypersurface of degree 6 in P given by F(zq, -+ ,x5) := x5f(z0, -+ ,24)— 2§ = 0.
It is easy to see from the proof of Lemma [3.5] that the singular point set of X is the
union of a smooth 2-dimensional variety Y given by zg = x5 = f(zo, 21, -+ ,24) =0
and an isolated point ¢ defined by {zo = f = g—gg; = aa—gfl = aa—zfz =...= aa—gfs =0}.

It can be calculated that ¢ = [0 :---0: 1]. The two dimensional singularity Y of
X is a singularity of As-type. Recall that a point O € V' C C? is a singularity of
A,-type on V if locally V is defined by zy — 2" = 0 and O = (0,0,0) € C3. The
reader is referred to [4] for the resolution of singularities of A, -type.

Let 0 : P§. — P5 be the blowup of P? along the surface Y and Xy be the proper
transform in the blowup P§.. Denote by E = P(Ny/ps) the exceptional divisor of
the blowup. Then D = ENXy C P(Ny ps) corresponds to the image of the tangent
cones T,X C T,(P®) in P(Ny/ps) at points p € Y.

Now
0*F , , }
T,X = Yo ———al el =07,
P { dxlo .. ogls 0 TP

lo+-i5=2

a degree 2 polynomial in P?. Direct computation shows that

T,X = {g—i(p)xoxg, +---+ g—i(p)mxs) = 0}

= (25 =0)U {%(p)$0+---+ g—i(p)u) = 0}.

Hence D = Xy N E is a fiber bundle over Y with singular conics as fibers.
Clearly, Xy is smooth away from D and §, where § = 0~ '(¢). Since D C E is a
3-dimensional variety with singular point set Sing(D) =Y, we can show that the
singularity of Xy is Y U {G}:

Proposition 4.1. The proper transform Xy is a 4-dimensional variety in P(Ny ps)
with singularity S = Y U {q}, where ¢ is an isolated singular point and Y is the
singularity of As-type.
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Proof. From the proof of Lemma [3.5] we see that the singular points S of X consist
of two components. One is a smooth surface and the other is an isolated point g.
Since f is nonsingular on Y = {xg = f(0,z1, - ,z4) = 0}, we have df # 0 on
Y. Let us restrict ourselves to a neighborhood of a point p in Y. There, we can
take the neighborhood of p as the affine space C° with p the origin. Hence we can
choose y = f as a coordinate in the neighborhood of each point on Y since it is
smooth. Locally, Y is defined by g = 5 = y = 0 in C°. We denote it by Y. For
convenience, we denote by x = xg and z = x5 the other two normal coordinates to

Yy. The blowup (C?)y, of C® along Yj is defined by the system of equations

TV = Uy,
TW = uz,
Yyw = 2v

in C° xP?, where [u : v : w] is the homogeneous coordinate on P2. Let o : (C5)y, —
C5 be the map of this blowup. Then the inverse image of X is given by the following
equations:

20 —yz =0,
(4.1) TV = uy,

TW = uz,

yw = zv.

The above equations define two divisors on (C?)y,. One of them is the excep-

tional divisor Ejy, the intersection of E with (C%)y, and the other is exactly the
proper transform Xy, of Xg in (C3)y,, where Xj is the part of X in C5.
We want to show that Xy, is smooth away from Y. Now it is clear. The blowup

aég)yo is covered by 3 open charts: (u # 0), (v # 0) and (w # 0).
On the chart (u # 0), we can set © = 1. The equations for the inverse image of
Xy under ¢ are given by

20 —yz =0,
v =Y,
TW = 2,
yw = zv.

The equations zv = y and zw = z imply yw = zv. Replacing y and z by xzv and
Tw, respectively, we can factor 2 in the first equation 2% — (zv)(zw) = 0. Hence
the proper transform Xy, is given by

2t —ow =0,

TV =1y,
TW = 2,

and the exceptional divisor for )?yo — X is given by

22 =0,
zt —vw =0,
v =y,
Tw = z;

ie,z=y=z=v=0o0r
line over (
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From the definition, the singularity of )~(yo is given by equations z* — vw =

0,y —xv =0,z —2zw =0 and

4 _ _ —
rank O(z* —vw,y — zv, 2z — W) <9,
a(x7y7zvvvw)

which is t =y =z =v =w = 0; i.e., it is isomorphic to Y.
A similar calculation works for the charts (v # 0) and (w # 0), and the proper
transform Xy, is smooth everywhere. This completes the proof of the proposition.
O

Denote by Y the 2—dimer}§ional singularity of Xy. Let & : Iﬁ’;g, — Iﬁ’;g, be the

blowup of IE?, along Y. Let X y be the proper transformation of )}y under &. Set

q=a""9.

Proposition 4.2. The singularity of the proper transform X y 1s isomorphic to
Y U {q}, where q is an isolated singular point and the 2-dimensional singularity is
of Aq-type.

Proof. One blowup at the singularity reduces the singularity of A,-type to A, _o-
type (cf. []). A detailed computation from As-type to As-type has been given in
Proposition 1] O

Remark 4.3. The 2-dimensional singularity of X can be resolved by blowing up
one more time. In general, an A,-type singularity can be resolved by blowing up
[2+1] times (cf. [4]). The 1-dimensional singularity in the example we used in
subsection Bl is of A4-type, as stated in Remark [3.6] so it can be resolved by two
blowups. The isolated singularity g can be resolved by one blowup, as we have done
in Lemma B.7
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