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ABSTRACT. Let I be a homogeneous ideal of a Noetherian standard graded
algebra A over an Artinian ring Ao, and let M be a finitely generated graded
A-module. It is shown that the regularity index of the Hilbert function of I"™ M
is a linear function of n for all n large enough.

1. INTRODUCTION

Throughout this paper we assume that A is a Noetherian standard graded algebra
over an Artinian ring Ag. For a finitely generated graded A-module M, Hy(m) :=
la,(My,), m € Z, is called the Hilbert function of M. It is well-known that
there is a polynomial Pys(x) € Q] called the Hilbert polynomial of M such that
Hys(m) = Pp(m) for all m large enough. The regularity index of the Hilbert
function of M is defined by

ri(M) := min{mg | Hys(m) = Pyr(m) Vm = mg}.

Let I be a homogeneous ideal of A. In this paper, we are interested in the following
problem posed in [3]: is 7¢(I" M) a linear function of n for all n > 0?7 This prob-
lem comes from the asymptotic behaviour of the so-called Castelnuovo-Mumford
regularity reg(I"M). It was first shown in [2] and [] for the case M = A being a
polynomial ring over a field, and then in [6] for the general case that reg(I" M) is a
linear function of n for all n > 0. Since the regularity index ri(I™M) is less than
or equal to the Castelnuovo-Mumford regularity reg(I” M) + 1, it is bounded by a
linear function of n.

L. T. Hoa and E. Hyry showed that ri(I"™) is a linear function of n for all
n > 0 if I is a polynomial ideal generated in one or two degrees (see [3, Lemma
5 and Theorem 3]). The coefficient of this function is a generating degree of I.
Their method is based on a bigraded free resolution of the Rees algebra SR(I) of
I. To deal with the general case, they used the Hilbert-Poincaré series of :8(1) to
translate the above problem to a purely combinatorial problem in polynomials of
one variable (see [3]). Our method here is somewhat different from the suggestion
by Hoa and Hyry. We also translate the above problem to a combinatorial problem.
In general, instead of studying polynomials of one variable separately as in [3], we

Received by the editors October 29, 2007, and, in revised form, March 18, 2008.
2000 Mathematics Subject Classification. Primary 13D40.
Key words and phrases. Hilbert function, Hilbert polynomial, Hilbert-Poincaré series.

(©2009 American Mathematical Society
Reverts to public domain 28 years from publication

2169



2170 TRAN NAM TRUNG

study them together in an interaction with a formal power series in two variables
(see Theorem [I)). By this method, we can prove the following main result.

Main Theorem. Let I be a homogeneous ideal of a standard graded algebra A over
an Artinian ring Ao, and let M be a Z-graded A-module. Assume that I M # 0
for all n > 1. Then the regularity index ri(I"M) is a linear function of n for
all n large enough. The leading coefficient of this function is one of the generating
degrees of I.

2. A COMBINATORIAL RESULT

In the paper we make the following convention: The degree of the zero polynomial
is —1.

Theorem 1. Given a sequence of polynomials Py(x), Pi(z), Pa(x),... € Q[z], as-
sume that there are a polynomial P(x,y) € Qx,y] and non-negative integers
Viy.ooyVp, N1, ..., Ny sSuch that

n Pla,y)
Z Pn(m)y - (1 _ yx”l)”l . (]_ — ygj”p)"?

Then deg P, (x) is a linear function of n for all n > 0. Moreover, if P(x,y) is not
divisible by (1 —yx*)™ - - (1 —yx¥»)"», then the leading coefficient of this function
is one of the numbers vy, ..., vp.

Proof. We may assume that vy <o <---<y,andn; > 1foralli=1,...,p. For
eachi=1,...,p, let

Qs = TT0 - ey

J#i
In the polynomial ring Q(z)[y] of the variable y over the field Q(z), each polynomial
1 — yz¥¢ is irreducible and any two polynomials 1 — yx** and 1 — yz*7 are coprime
for ¢ # j. Therefore, the polynomials Q;1(y), Qz2(Y),...,Qzp(y) are coprime
and we can find p polynomials A, 1(y), Az2(y),--., Az »(y) € Q(z)[y] such that

Am,l(y)Qz,l(y) + Ar,Q(y)Qr,Q(y) +- 4+ Az,p(y)Qm,p(y) =1
This implies

1 oA,
(]_7yxl’1)'n1...( Z 17 xlﬂn

i=1

and

1) ZPn Plz,y) =y eldaly)

1 — ysz)nL . (]_ — yxl’p pa (]_ — yxl’z nz

Let P(z,y)Az,i(y) = aio(x)+ai (x)y+- - +aim, (2)y™, where aio(x), ..., aim, () €
Q(z). Fix 1 < i < p. Since

(1_yxl/i)ni - Z ( ’I’Li—l x Yo
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we have
P, 9)Auiy)  ~= | (n—j+m—1> (n—j)v:
— =t = aij()" |y
(1 — yave)n nz:;) = n; — 1 /
oo [ m
n—7 + 1 1 v, nv;
:Z ( L )a”(ﬂc)x Wil g™y
n=0 | j=0 ¢
=Y Ri(z,n)z"y",
n=0
where
(2) Ri(x,n) = (“ Jt+n )aij(x)x_]”i.
- n; — 1
=0
Hence, by (), we get
e’} e o] p
> ro =3 |3 mla|
n=0 n=0 L:=0
This gives
P
(3) P,(x) = ZRi(:c, n)x"vi.
i=0
Let ng = max{ms,...,m,}. For all n > ng, the right side of (@) is the value

of a polynomial R, ;(y) € Q(x)[y]. This means that R;(x,n) = R, ;(n) for all
n > ng. Choose p polynomials Q1(z,y),...,Qp(x,y) € Q[z,y] and a polynomial
D(z) € Q[z] with D(x) # 0 such that

R, i(y) = QZD((Z;)y) foralli=1,...,p.
By (@), we then get
P
(4) D(z)P,(z) = Z Qi(x,n)a™ for all n > ng.
i=1
There are two cases:
Case 1. Q1(x,y) = -+ = Qp(x,y) = 0. Then P,(x) = 0 for all n > ny and

deg P, (z) = —1 for all n > ng. This case is equivalent to the condition that P(z,y)
is divisible by (1 — ya¥1)™ -~ (1 — ya's ).

Case 2. Not all Q1(z,y),...,Qp(x,y) are zero. Assume Q. (z,y) # 0 for some
t=1,...,p. Let

Qi(z,y) = co(y) + cx()x + -+ + cq, (y)x™,

where d; = deg, (Q¢(z,y)) > 0 and co(y), c1(y), -, ca, (y) € Q[y] with cq, (y) # 0.
Since ¢q, (y) # 0, there is A¢ such that cg, (n) # 0 for all n > A;. Therefore

(5) deg(Q¢(x,n)x™*) = nvy + d; for all n > M.
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Let k = max{i | Q;(x,y) # 0}. If Q¢(x,y) # 0 and t # k, then t < k. Since vy < vy,
by () we get

(6)  deg(Qi(z)x"") < deg(Qp(x)x*™) for all n > max{d; — di + 1, ¢, A}

Let N = max{ng,d; —dp + 1, \t, \i, | 1 <t <p and Q¢(x,y) # 0}. By @) and (©)
we then obtain

deg(D(z)P,(z)) = deg(Qx(x,n)x"*™) for all n > N.
Hence deg P, (x) = vyn + di, — deg D(x) for all n > N.

3. PROOF OF THE MAIN THEOREM

In order to apply the result of the previous section we first recall a relationship be-
tween the Hilbert-Poincaré series and the regularity index. Let A = Ag[f1,...,0,],
deg(f;) =1 for all i = 1,...,r. Let M be a Z-graded A-module. For an integer
J, M(j) denotes the Z-graded A-module with the grading given by M (j), = Mo+,
for all a € Z. It is obvious that ri(I"M(j)) = ri(I"M) — j for all n > 0. Shifting
M by a suitable integer j, we may assume that M is positively graded, i.e., M, =0
for all a < 0. It is obvious that all modules I™ M are also positively graded. Then,
by the Hilbert-Serre theorem, the Hilbert-Poincaré series of M can be written as

P(z)

(7) HPy(x ZKAO = -z for some P(z) € Z[x].

If M # 0, we have deg P(z) > 0.
Lemma 2. If M #0, then ri(M) = degP(z) —r+ 1.

Proof. See [Il, Proposition 4.1.12] or [5, Theorem 1.1 and Proposition 1.2]. O

Now we can prove the main theorem as follows. In order to study the behaviour
of 7i(1" M) we use a bigraded structure on the Rees algebra R(I) = €P,,5 " de-
fined by R(I)(4,n) = [["]a- The Rees module R(I, M) = €P,,5, 1" M is a finitely
generated bigraded R(I)-module with R(I, M) n) = [["M],. Assume that I
is generated by homogeneous polynomials fi,..., fs with d; := degfy, do =
deg fa,...,ds := deg fs. Then R(I) = Ag[b1,...,0, fit,..., fst] is a finitely gen-
erated blgraded algebra over the Artinian rlng Ap with degf;, = (1,0), for all
i =1,...,r and deg f;t = (d;,1) for all j = 1,...,s. Since M is a positively
graded A module the Rees module R(I,M) is a p081t1vely bigraded SR(I)-module,
ie., R(I,M)(qn = 0 for all a < 0 or n < 0. The multi-graded version of the
Hilbert-Serre theorem (see [5, Theorem 2.3]) says that the Hilbert-Poincaré series
of the R(I)-module R(I, M) can be written as

HPyrany(@,y) = Y Lay(RIM)(@m)zy" = > a,(I"M],
a,n>0 a,n>0

P(x,y)
(I=2)r (1 —yzh). (1 —yad)’

(8) =
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where P(z,y) € Z[z,y]. For each n > 0, by (@), there is a polynomial P, (z) € Z[z]
such that
Py (z)

9) HPpng(x) =) La, ([["M]g)z" = =z
a=0

Together with (&), we then have the identity

(10) > Pulo” =
n=0

L=yt (1= yats)’

Note that P(z,y) is divisible by (1 — yz®)--- (1 — ya?) in the ring Q[z,y] if and
only if P,(z) = 0 for all n > 0. But then I"M = 0 for all n > 0. Hence
by the assumption, P(z,y) is not divisible by (1 — yz®)--- (1 — yz?). By (I0)
and Theorem [I deg P, (z) is a linear function of n for all n > 0. The leading
coefficient of this function is d; for some i € {1,...,s}. By (@) and Lemma [2]
ri(I"M) = deg P,(z) —r + 1. Hence ri(I"M) is a linear function of n with the
leading coefficient d; for all n > 0. O
The following consequence answers the question posed in [3] on the asymptotic
behaviour of the function ri(I™) for a homogeneous ideal I in a polynomial ring.

Corollary 3. Let A= K[Xy,...,X,] be a polynomial ring over a field K and I a
non-zero proper homogeneous ideal of A. Let f1,..., fs be a minimal homogeneous
basis of I and d; = deg f; for alli=1,...,s. Then we have

a) ri(I™) is a linear function of n for all n > 0.

b) ri(I™) is a linear function of n for all n > 0, where I™ is the integral closure
of I"™.

In each case, the leading coefficient of the corresponding linear function is one
of the numbers dy, ..., ds.

Proof. The statement (a) is the main theorem in the case M = A. The statement
(b) follows from the fact that I® = """ ] for some ng > 0 and all n > ny. O

Remark. Let A = K[zq,...,2,] be a polynomial ring over a field K. Let M be
a finitely generated graded R-module. Assume that M has a minimal graded free
resolution:

0—F,— - —F —Fp— M-—0.
Let b;(M) denote the maximal degree of the generators of F;. The Castelnuovo-
Mumford regularity of M is defined by

reg(M) = max{b;(M) —i|i=0,...,p}.

If T is a non-zero proper homogeneous ideal of A, then reg(I™) = p(I)n + b for
all n > 0, where p(I) is a certain well-defined generating degree of I (see [2] and
[]) and b € N. Let ri(I"™) = d(I)n + ¢ for all n > 0. Since ri(I"™) < reg(I™), we
always have d(I) < p(I). Of course, the equality occurs if the ideal I is generated
by elements of the same degree. In general, d(I) may be arbitrarily less than p([).

Ezample ([3, Example 6]). Let r,s > 1, and
I = (2123, 2213, 212924)" (03, 2503)° C A = K21, 29, T3, 34, T5, T).

This ideal is generated in r + s+ 1 degrees: 2(r +s),...,2(r+s)+s,...,3(r +s).
One can show that ri(I"™) = (2r 4+ 3s)n — 1 for all n > 1, while there is b € N such
that reg(I™) = 3(r + s)n + b for all n > 0.
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