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ON THE NUMBER OF SOLUTIONS
OF THE LINEAR EQUATION IN FINITE CARLITZ MODULES

CHIH-NUNG HSU AND TING-TING NAN

(Communicated by Ken Ono)

ABSTRACT. We deduce an accurate formula for the number of solutions of
the linear equation in generators of finite Carlitz modules, and the equation
always has solutions except for some cases. Therefore, we have a criterion
for the existence of the solutions of the linear equation. Moreover, we have a
similar result in normal bases when we apply our main theorem to a special
case.

1. INTRODUCTION

In the 1950s, Carlitz [I],[2] proved that in a finite field F), with p elements where
p is a prime number, for any fixed integer n, the linear equation

a1y +agre + -+ apTy, = a (a €Ty a; € Fy =F, —{0})

such that z1,--- ,x, are primitive roots in I, has solutions for a sufficiently large
prime p. The basic technique for estimating the number of solutions, which are
all primitive roots in terms of Gauss sums over F,, yields the estimation that
depends on the number of positive divisors of p — 1. However, if the solutions play
another important role in finite Carlitz modules, generators for example, then we
may receive not only an estimation but a beautiful formula.

In this paper, let [, denote the finite field with ¢ elements where ¢ is a prime
power and let A = F,[T] be the polynomial ring with coefficients in F,. The degree
of the polynomial a in A is denoted by dega, and the valuation of a is denoted by
‘a| — qdega'

Let k = F,(T) be the quotient field of A and let 7% be the qith—power Frobenius
mapping, i.e., 7%(z) = 29 for all z in k. Let A{7} be the ring of F;-linear polyno-
mials in one indeterminant x with coefficients in A under composition, that is, for
p(z) in A{7}, p(z +y) = p(x) + p(y) and p(cx) = cp(z) for all z,y in k, ¢ in F,.
The Carlitz A-module defined over A is the F;-algebra homomorphism 1 from A
to A{7} defined by

(1) =709(T) =T7° + 7.
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The structure of the Carlitz A-module A is given by

AxA — A
(a, b) +— b

where b® is defined by ¥ (a)(b).

Throughout this paper, we fix a monic prime f in A of degree d. Then F; =
A/(f) is a finite field with ¢? elements. Let E,, be the finite extension of E; of
degree m. We have a canonical projection ¢ from A to E; = A/(f), i.e., t(a) = a for
all a € A. Applying ¢ to the coefficients of ¢)(a) for all a in A, we obtain elements
in Eq{7} where L{r} is the ring of F,-linear polynomials in one indeterminant x
with coefficients in L under composition for any field L containing F,. Thus, a

finite Carlitz A-module is the F;-algebra homomorphism ¥ : A EA A{r} — Ei {7}
defined by

(1) =7 WT)=T7"+7",
and the structure of the finite Carlitz A-module E,,, denoted by C(E,,), is

AxE, — E,
(a,a) +— a°

where o® is defined by a® = ¥(a)(«) for all @ in A, « in C(E,,).

It is known that the finite Carlitz A-module C(E,,) is isomorphic to A/(f™—1)
as an A-module; i.e., C(E,,) is a cyclic A-module. More details can be found in
D. Goss [3].

For any « in C(E,,), we define the order of a, denoted by ord(«), to be the monic
polynomial g in A of the least degree such that o9 = 0. Since C(E,,) is isomorphic
to A/(f™—1), ord(«) divides f™—1. Particularly, any generator of C(E,,) is of
order f™—1.

The main theorem of this paper is

Theorem B.Il Let n be a fixed integer, a be an element in C(E,,) of order H,
G= %, d = deg f, and N be the number of solutions in E]} of the linear equation

Cc1x1 + Ccxo + -+ Cpx, =«

with ¢; € F; such that zi,---,z, are generators of the finite Carlitz A-module
C(E,,). Then N is

groma [T Kl _ 1)” - (1)”] I Kl _ 1)" N (1)"¢(P)} ’

1P| [P 1P| [P
P|H,PIG P|G

where P runs over all monic primes in A and ¢ is the Euler ¢-function for polyno-

mials.

Further, we can deduce that N is always positive if ¢ is greater than 2.

A normal basis of E,, over F; is a basis of the form {g, ﬂqd, e ,ﬁq(mﬂ)d}, and
the element (3 is called a normal element of E,, over E;. For any a in E,,, we
also establish some similar results for the number of solutions in E, of the linear
equation

C1T1 + Coxg + -+ Cpty =«
with ¢; € ]F; such that x1,--- ,x, are normal elements of E,, over Ej.

Unless otherwise stated, D, g, h, fi, gi, g}, h; will denote the monic polynomials

in A and P will denote the monic prime in A.
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2. AUXILIARY LEMMAS
In this section, we present some lemmas that will be used in section 3.

Lemma 2.1. Let a be an element in C(Ey,) and ¢ in F;. Then a and ca have the
same order in C(E.,). Moreover, a and ca are generators of C(E,,) simultaneously
if one of them is.

Proof. Since c is in Fy, we have ¢? = ¢ and (ca)® = ca® for any a in A. Thus, «
and ca have the same order in C(E,,). O

Lemma 2.2. Let N be the number of solutions in E) of the linear equation
(2.1) cxry+ - tepr, =«
with ¢; € B such that x1,- -+ ,z, are generators of C(E.).
Let N’ be the number of solutions in ET, of the linear equation
(2.2) T4+ T, =«

such that x1,- - ,x, are generators of C(E,,). Then we have N = N’.

Proof. It (ay,---,ay) is a solution of the equation (ZIJ), then by Lemma 2]
(ciai, -+ ,cpay) is a solution of the equation ([Z.2). Hence, N < N'.
Conversely, we can get N > N’ and this concludes the proof. Il

Let E be the group of additive characters of E,, and let )y be the trivial
character in E . For any a in A and ) in Em, Y is an additive character of F,,
defined by A*(« ) = Ma®) for all a in C(E,,). Then E,, has the A-module structure
defined by

A x E;L — E,:
(a, A) +— A%
We define the order of A in E‘;, denoted by Ord()), to be the monic polynomial g

in A of the least degree such that A% = Ag. Since M) = Maf" ) = A(0) =1
for all A in Em, ain E,,, A" = )¢, and hence Ord(\) divides f™—1.

For any monic polynomial g in A dividing f™—1, let
Enlgl ={A€Em : X = Ao}
and let

£

1] ={a€elC(Ey):a ¢ =0}

We know that E’;[ ] is an A-submodule of E,, and E,, [ —L1is an A-submodule of
f’"—l]

"=

-

C(Ep,). Moreover viewed as an A- module En [g] is isomorphic to E,,/E,|

and E,, [ 11 is isomorphic to A /(=L 7 —1)  Therefore, #( 'mlg]) = |g], where #(S)
denotes the cardinality of a set S (cf. D. Goss [3]). Combining the above discussion
with the formula 3, ¢(h) = |g|, we have

#{\ € By, : Ord(\) = g} = ¢(9),

where ¢ is the Euler ¢-function for polynomials. Hence, E;L is a cyclic A-module
and is isomorphic to A/(f™—1).
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Letting p be the Mobius p-function for polynomials, we define the characteristic
function 2 : E,, — C by

(2.3) Q) = ulg) > Mo
i 0 R
g EE,A9=Xo

Lemma 2.3. For any « in the finite Carlitz A-module C(E,,), we have

| 1 ifais a generator of C(Ey,),
2(a) = { 0 otherwise.

Proof. Let H be the order of o in C(E,,). Since {\ € E; : A9 = X} is isomorphic

—

t0 Ep /B [£22], we have

if a A
Z )\(a){ ‘g| f EEm[ g ]7

_£ 0 otherwise.
AEE,,A9=Xo

i A
(2.4) 3 M@{WfH|g’

_Z 0 otherwise.
AEEm,A9=Xo
Applying (2.3) and 24), we have

Qa) = Z #9) Z Aa)

glfm—1 9 AEE A9=X\o

Y

stz V1
= > ulg)

gl 5
1 itH =,
L0 i H A,

| 1 if ais a generator of C(E,,),
1 0 otherwise.

O

Lemma 2.4. Let n be a positive integer and let M be a monic polynomial in A.
Then we have

s ) -5

PIM

where (h1,--- , hy) denotes the greatest common divisor of hq,- -+ ,hy in A.
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. For any monic prime P in A and posi-

Proof. Let Fy (M) = Z ﬁ g

Ary= X T

S
1\" (=1
= 1_ﬁ P

Since F} is a multiplicative function of A into R, we obtain

s d ) -5

O

Lemma 2.5. Let n be a positive integer and G a monic polynomial in A. We have

D|G |D|n—1 Z . 1;[1 7l IH 1 P + Yo .
fly'“,fn\5 7 IE
(fi»D)=1,(f1- fn)=1

D)" = ulfi
Proof. Let F5(G) = /gn)_l Z H M(f|) For any monic prime
i=1 *

Dl fl, Sl S
(fw ) (fl '7fn):1
P in A and positive integer k, we have

p(D)" o 1(fi)
F2(Pk) = | D[ 1 Z H
bip e fal B
(flaD) 1 (fl '7fn) 1
1% fz n _ :U'(fl)
=1x Z H £l |P|n 1 Z H £l
k 1 k—1 =1 v
fi, ",fn\P i= oo fnl P v
(fi fn)=1 (fi,P)=1,(f1- fn)=1

- 2 H” —
n—1"
fiooe fa| PR =T |P|
(fl fn) 1

Applying Lemma 2.4 we get

Fy(P*) = (1 _ >n+ EDme(P)

1P| [P
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Since F3 is a multiplicative function of A into R, we obtain
p(D)" o w(fi) K 1 )n (—1)"¢(P)]
= l—— ) +—F———|.
2 |D|1 2 11 | fil 11 |P| |P|™

DlG froe fal§ i1
(fi,D)=1,(f1-,fn)=1

3. THE MAIN THEOREM

Let f be a monic irreducible polynomial in A of degree d. Then E; = A/(f) is
a finite field with ¢? elements. Let E,, be the finite extension of E; of degree m.
The finite Carlitz A-module C(E,,) is a cyclic A-module and C(E,,) is isomorphic
to A/(f™—1). Our main theorem in this paper is

Theorem 3.1. Let n be a fized integer, a be an element in C(E,,) of order H,
G = %, d = deg f, and N be the number of solutions in L}, of the linear
equation

C1T1 + Coxg + -+ Cpy =«

with ¢; € By such that x1,--- ,x, are generators of the finite Carlitz A-module
C(Ey,). Then N is

L) =Sl

P|H,P{G P|G

Proof. According to Lemma 2.2 without loss of generality we may assume that
¢y =+ =c¢p, =1. By Lemma[Z3 and the definition of Q in (Z3]), the number N is

S Q) 0a)

(az,an)EE,

m
ar+-ta,=a

= > Qay) - Uan_)a—a; — - — an_1)

a1, ,an—1€E,

- ¥ ) (H M(%‘)) 3 M) At Al —ar - — )

" 9i —
a1, Qn-1€Em gy, ,gn | fM—1 \i=1 | X\ E€E,

Ai=Xo

= Y ( Mgi)) > )\n(a)< > )\1>\;1(a1)>--- > A Han))-

g1, gn | fm—1\i=1 |gz| a1€E,, an—1€Em
Ai=Xo

For any A in E,,, since #(Ey,) = ¢™?, the character sum

o QMd ifA::Am
Z Me) _{ 0  otherwise.

acE,,
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Combining these, we obtain

N= 2 (ﬁ’jgl) X @)

g1, agnfm—1 \i=1 An€Em
A== =2
(n—1)md - M(gi)
=q H o E AMa).
. Gi —
g1y sgnl fi—t \i=1 AEE,,

By @I, we get
N =gmmd (H ij”) (g1, gn)
. K3

n
_ 11(gi)
= q(n Dmd Z ( |(gl > |(glv"' agn)l'
g1, ",infm 1 \i=1 !
(91 gn)|G

Putting D = (g1,--- ,gn) and g; = % for all 4, we have

N = q(n—l)md Z (H ,u /D| )
Apaes

D|Gg =1
(917- gn) 1
n
= gy > H“
Dn 1
DlG | | ’o |fm—1 =1 gz

915
(97,D)= 1(91,~ 195,)=1

Define H* = H P. By the definition of 4 and H*, we obtain
P|H,P{G

o (R f)
A = D VD VN | i
n— 1 . .
D‘G |D| ",hn‘H* f17"'7fn‘% i=1 ‘h2||f2|
<h1v-- Pn)=1(fi,D)=1,(f1, ,fn)=1

3

Cm O (i D)"
:q(n 1)md Z HM( ) rg|n)_1 Z
; D|G o ] G i=1

(P, shn)=1 (fi,D)=1,(f1,+ . fn)=1
Applying Lemma 2.4l and Lemma 2.5 we get
- LA™ (=p" L\" (=1)"¢(P)
N = (n—1)md 1— — _ 1— —
! 11 7))~ )LL)
P|H,P{G PlG

This completes the proof.

Here, we illustrate two examples.
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Example 3.2. We know that f = T3 + T + 1 is an irreducible function of degree
3in A = Fo[T] and T2, T2 + T + 1 are the two generators of the cyclic A-module
C(Ey).

By a simple computation, there is no solution in E? of the linear equation x; +
xo = T such that z1, 2o are generators of C(E;). In fact, the order of T in C(E})
is T, and N is indeed zero according to our formula for N in Theorem [B.I] with
m=1n=2a=T,H=T,and G=T2+1.

If we consider another equation x1 + x2 + 3 = T2 + 1 such that z1, z2,x3 are
generators of C(Ey), then N is zero again. Actually, the order of T2 + 1 in C(E})
is T? + 1, and N = 0 also satisfies our formula in Theorem B.I] with m = 1, n = 3,
a=T2+1,H=T?>+1,and G=T.

Example 3.3. We know that f = T2 + 1 is an irreducible function of degree 2
in A =TF3[T] and 1, 2, T, T + 2, 2T, 2T + 1 are the six generators of the cyclic
A-module C(Ey).

By simple computation, (T'+ 2,2), (27,T), and (1,27 + 1) are the three solu-
tions in Ef of the linear equation z; + 2xzs = T such that 1, xs are generators of
C(E,). In fact, the order of T in C(F;) is T2, and N = 3 by Theorem B.I] with

m=1n=2a=T,H=T? and G = 1.

Corollary 3.4. Suppose the hypotheses of Theorem [31] are satisfied. Then N =0
if and only if ¢ = 2 and there exists a monic prime P of degree 1 in A satisfying
one of the following conditions:

(1) When n is even, P divides H but P does not divide G.
(2) When n is odd, P divides G.

Proof. When n is even, by Theorem [B.I], we obtain that N = 0 if and only if there

is a monic prime P such that P | H, P{ G, and 1 — ﬁ = ﬁ that is, |P| = 2.

This leads to the conclusion that ¢ = 2 and deg P = 1.
When n is odd, by Theorem B again, we obtain that N = 0 if and only if there

n
is a monic prime P such that P | G and (1 - ﬁ) = %, that is, |P| = 2. This
implies that ¢ = 2 and deg P = 1. (I

According to Corollary B4l we have

Corollary 3.5. Suppose the hypotheses of Theorem Bl are satisfied. If ¢ > 2, then
N is always positive.

4. APPLICATION TO NORMAL BASES

Now, taking f = T, we have E1 = A/(T) is F;; E,, is Fym, the finite field with
g™ elements; and the Fj-algebra homomorphism ¥ : A 4, A{r} — F{r} is given
by

() =70 9(T) =7, 9(T?) =12, .

In this case, the structure of a finite Carlitz A-module is o' = (a) = a? for all
ain C(Ey,).

A normal basis of E,,, over Ej is a basis of the form

m—1

{ﬁaﬂq7"'aﬂq }:{ﬁlaﬁTa"'aﬁTM7l}a

and the element 3 is called a normal element of F,, over Fj.
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The following is an important relationship between the normal element 3 of E,,
over E; and the order of 8 in C(E,,), mentioned in Lenstra and Schoof [4].

Lemma 4.1. Let 8 be an element in C(E,,). Then [ is a normal element of E,,
over Ey if and only if the order of B in C(E,,) is T™—1.

Proof. See Lenstra and Schoof [4], (1.9). O

Applying Theorem [B.1] and Lemma (1] we obtain

Theorem 4.2. Let o be an element in C(E,,) of order H, let G = T?I_l, and let
N be the number of solutions in E) of the linear equation

C1T1 + Coxg + -+ Cpty =«

with ¢; € ¥y such that x1,--- ,x, are normal elements of Ey, over Ey. Then N is
- L\" (=" L\"  (=1)"¢(P)
q +
A=) e )\ Ik

Corollary 4.3. Under the conditions in Theorem 2], let m be in the form of 2°m’
with nonnegative integer s and odd m’. Let o be an element in C(E,,) of order H,
and let G = % Then we have N = 0 if and only if ¢ = 2 and H satisfies one of
the following conditions:

(1) When n is even, (T — 1)?5 divides H.
(2) When n is odd, (T —1)%" doesn’t divide H.

Proof. Applying Corollary B4 we only consider the case for ¢ = 2. Since T™—1 =
(Tm/ — 1)25 and T™ —1 is separable, the only monic prime P of degree 1, dividing
T™—1,is T — 1 and the multiplicity of 1 in T —1 is 2°.

When n is even, N = 0 if and only if T'— 1 divides H, but T'— 1 doesn’t divide
G. That is, (T — 1)?" divides H.

When 7 is odd, N = 0 if and only if T — 1 divides G; i.e., (T — 1)?" doesn’t
divide H. O

According to Corollary [£3] we have

Corollary 4.4. Suppose the hypotheses of Theorem are satisfied. If ¢ > 2, then
N is always positive.
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